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ERRATA IN VOL. III. 



Page 17, tine 8 from bottom, for ellipse read hjrpeibola. 

33, line 1 1 from bottom, for three read four. 

49, line 2 from top, for in c, read in </. 

56, line 4 from bottom, for triangles read angles. 

61,. table, art. 17, for o put cyph«Mrs, and for sines read signs. 

74, line 17, for sum read same sum. 

92, line 16, for snbstracting road subtractinff. 
116, lines 6, 7, 11 from bottom, for x read x • 
121, bottom line of note, for measures read measurers, 

144, line 11, for — m> sin- 1 read m' sin. L 
r 157, line 1 1 from bottom, for ib. 4, cor. 1 read th. 3, cor. 1. 
bottom line, dele + before 33^ 36* 34'. 
158, line 2, for second read first 
316, bottom line, for sin. 2tt read cos. Su. 
319, line 17, for i|f read ff. 
267, line 5, for lkn read lks. 
376, line 5 from bottom, for analogiee read analogy* 
277, line 6 from bottom, for appression read eipression. 
384, line 15 from bottmn, for 8932 read 3980. 
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PREFACE 



TO THE THIRD VOLUME. 



; «Hiiig »rnnf, 



1 HE beneficial improyements lately niiidkf iind still nial:in^, 
ill ti^ p\m of the sciehtifib edUcattbn of th^ Cadets, ib the 
Itb^ MilitaV^ Abatdemy it Woolwich, having rendered I 
ftihher ektenBioh of the Math^hiatical Cotirs^ adviseabte, I 
<^ hbtibtti^d ^H the orders bf his Lordship the Mast^ 
i^tt'dha of the Ol^'&be^ f 6 pi^p^e a tUrd volume, iii addi- 
Hbh ib th^ t^d fdfther Volom^ 6i the Course, to contaiil 
itabh ddditidiis to s(bme of the subj^t^ before tr^ted of iH 
those two volumes, with such other new branches of military 
Sci^ce, a(s ihight appear best ^apted to promote the ends of 
fllil nhp6tN:2tht institution. From m^ adivanced age, and the 
^V^dtriou^ state of thy heahh, I Pta desirous of declining such 
i task, and pl#s(£fed my doubts of being able, in such a statei 
t6 answer ^tlsf^ctoHiy Hi ^ lbi*cUhip^s ^shes. This difficult]^ 
htii^iiSit Was obviated by the r^piy, that, to preservcf ai uni- 
formity between the former and the' dddltiondl par^s of tfid 
CtM^ it Wasf feqtitsite th^ tshbiJItA tind^ftake the direction 
^dic^ ithfsisgein^tiU ^^ SttS^i^o^i iMch p^ts of th^ wbflc H 
Afight^ 6^ feii^ coisvetA^, or- as related id topics in Which 
I Itid i&itd« ^drimdftV eft iiO^dve^eiHii and for the rei£t» 

A 2 I might 
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I might take to my assistance the aid of any other person I 
might think proper. With this kind indulgence being en- 
couraged to exert my best endeavoursy I immediately an- 
nounced my wish to request the assistance of Dr. Gregory of 
the Royal Military Academy, than whom, both for his ex- 
tensive scientific knowledge) and his long experience, I know 
of no person more fit to be associated in the due performance 
of such a task. Accordingly, this volume is to be considered 
as the joint composition of that gentleman and myself, hav- 
ing each of us taken and prepared, in nearly equal portions, 
separate chapters and branches of the work, being such as, 
in the compass of this volume, with the advice and assistance 
of the Lieut. Governor, were deemed among the most useful 
additional subjects for the purposes of the education esta- 
blished in the Academy. 

The several parts of the work, and their arrangement, ar^ 
as follow. — In the first chapter are contained all the proposi- 
tions of the course of Conic Sections^ first printed for the use 
of the Academy in the year 1787, which remained, after 
those that were selected for the second volume of this Course: 
to which is added a tract on the algebraic equations of the 
several conic sections, serving as a brief introduction to the 
algebraic properties of curve lines. 

The 2d chapter contains a short geometrical treatise on the 
elements of Isoperimeirj/ and the viaxima and minima of 
surfaces and solids ; in which several propositions usually in- 
vestigated by fluxionary processes are effected geometrically ; 
and in which, indeed, the principal results deduced by Thos. 
Simpson, Horsley, Legendre, and Lhuillier are throvm into 
the compass of one short tract. 

The 3d and 4th chapters exhibit a concise but compre* 
hensive view of the trigonometrical anab/sis^ or that in which 
the chief theorms of Plane and Spherical Trigonometry are 
deduced algebraically by means of what is commonly deno* 

minated 
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xninated' the Arithmetic of Sines. A comparison of the 
ixlodes of investigation adopted in these chapters, and those 
pursued in that part of the second vohime of Qiis cotirse 
which is devoted to Trigonometry, will enable a student tO 
trace the relative advantages of the algebraical and geome- 
trical methods of treating this useful branch of science. The 
' fourth chapter includes also a disquisition on the nature and 
measure of solid angles^ in which the theory of that peculiar 
class of geometrical magnitudes is so represented, as to render 
their mutual comparison (a thing hitherto supposed impos- 
sible except in one or two very obvious cases) a matter of 
perfect ease and simplicity. 

Chapter the fifth relates to Geodesic Operationis, and that 
more extensive kind of Trigonometrical Surveying which is 
employed with a view to detemiine the geographical situa* 
tiDn of places, the magnitude of kingdoms, and the figure of 
the earth. This chapter is divided into two sections ; in the 
first of which is presented a general account of thi^ kind of 
surveying; and in the second, solutions of the most import* 
ant problems connected with these operations. This porti6n 
of the volume it is hoped willbe found highly useful; 'as 
there is no work which contains a concise and connected ac- 
count of this kind of surveying and its' dependent problems f 
and it cannot fail to be interesting to those who know how 
much honour redounds to this country from the great dull, 
•accuracy, and judgment, with which the trigonometric^ 
survey of England has long been carried on. 

In the 6th and 7th chapters are developed the principlet 
of Pdygonametryf and those which relate to the Division of 
lands and other surfaces, both by geometrical construction 
and by computation. 

The 8th chapter contains a view of the nature and solu- 
tion of equations in general, with a selection of the best rules 
for equations of different degrees. Chapter the 9th h devoted 

to 



tp.t)ie iuu(iirp, and properties, of rurt^» and.th^ Cfiosirt^cfig^ 
^[■eqmfions,. These ch^pt^.are manif^y conn^ed, 294^1 
s|^,^^l)ow the, mutusd, ration sviliusting b^tv^eep ,esq\ationS: 
ol'jdi^emt ^egr^jt ai^ curves of various ..orderSf servp fqf.^ 
tb? re<;iprpcal tiUustration of « the pix>perti^ pCxboth. 

In the lOtIv chap<;e^ the sul;i)cct$ pi Flupits and Fluxwn^ 
^ff ^ipJV,?^. ^91^9^17 P^^^ The.yaripu?fqrms.o£Fli^iUs.i 
C9^Dy[)|^d^jt|^ us^fyil, t^eof tben^ ii^.the 24 vplmn^^ are,. 
inTeft)gat;e4.:: a^^PS^Yf^ <3(ch^rru]l^.afe^ given,} such.as.iti^: 
b^Ji/eye^ pj}l.^^d mi^ch to %il^ta((p the.pr9gre^s.of «tude^^. 
in^^ tjffs intere^jiK. dJ^Pf^:^Ul^nt of, sqiepce^ especially , thQf^ 
• which relate to the mode of finding fluents by ,cominualiqsu. 

The. 1 It^^clu^pti^ contains solutions, ojFthe most, u^^^l 
I^Uffinf^ cpftfi^piing , tb^ ^mff^imi^^ efecfs of niqchmes Mi. 
msiifB: an4;d«ye|qpe^ thpsfi priapiples.whicix.sbouWjcgi^r.. 

% thJR impwx^up^^^t, of insifthinfss., 

h^,ihs i?th|fJ^iBlW^wgjJbftfQup4A€^^ presr. 

^iMj^rS^fi^¥Lfl9^4^'H^^.y^3^^^^ fQrtifijcation3i audi 

dlg^jhgqryjBvJ[iic>5j^if4s,.tQjtbe . b^t xronatwcUQA oifim^-f 

Thft^l*tb,.chiyjiter.,iat*djBvoted ito that, highly interesting,, 
sift^ifi^ a^w£U;,tQ,^tbe ..philosopher as to military nlen, the. . 
Amy mipKO^tict qf.gmmexj/.. Many.o£thB difficultie& at^. 
tcj^ing Jthif .abstruse enquiry are. surmounted by.as6uming.t; 
th« jrQ9ult« pf ^m»te e^iperimentsj as. to the resistance expen.. 
rienced by bodie;. , moving .thrpugh .the-air» as ^the basis o£> 
tl^ c^iQpulations*- S^v,er.al of the most useful problems ace 
so^y^.b]C.means of this es^pedienty/witha facility scarcely to^v 
be.expected9«and with an.accm^cy hr beyond om^most san*> 
guine expectations. 

T)m .Hth^and last. chapter contains a promiscuous but.«x<* 
teosiye collection of problems.in ^taties^^dynamicSj^hydro^^. 
^^tq/Wy hydraulics, prq/eciiles^.k^ &'c; serving at once io.<. 
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umdm! Anpupl ior the vari^osi teiMhfiS o£ mthcmadfigi 
cmBprieedifttliQ conrse^ to dfORMittatfiDdittc ulilttyye^mialljir 
'te^tbosft^devQUdtootheomilitai^r profesBbiv to emte.-a.thini: 
fQD-]qpKMriedgi^and^;8e7eniJ fusipoortaat j-e^ptcu^agratifyjti . 
This volMQe» brings p a r afe wdlyt aHpfdcmantayy/to tht pirav* 
ceding tvBO ^Tolomes'of the-Goivae^ laay'^vai bftusMl in t uitif i 
by^a^d^^^tmataal incoipQntioiicQf its conteotiiwitlL thwr 
o£itlKki sacQiid volttmes^. Tfacimetfaod.of3efi«cttBgithistwiHy« 
ofox)iii!8ef vapyigcQopdingc to-ctreinnstifiri*3i . anribtthB^ppeciiiB 
e^otployoMntstfac ^silucli >th&pQ]^(areL' destined.: . but imgae* 
npp^ntf iii.pBesiunedifthe fUbwingif ma^bei^adsrantagedad^ 
adopttdii IlBt^tks fixat seyeEMcfa^>tcr»d>6 tangbt ammcdiatriyr 
aftbr the Conic Sections in the 2d .volwne.*. Useit let^thad 
stt)i9<Aii^e<o£tho:0diryolume;*succeed^ .as^fanotfatfaBrBiractikal 
Efetfctss^onlfctnnd {Vubfiophfr, inohiOT^ Letithe 8di>«idb 
9di)c]»ptt9S'4ntthss«dd£ivcljipi;eecdejtfajiittnatiaor^^ 
ia«th»-6d4 and\'VBlie» theiyiqftaAaa sbeenia ftg^ t ^he i pm if c »^ 

* 

hJtinig^^^fttumiairkthbA trCTtise>^letimn:i Bi iiM dia tely berTColBHf 
dtil«dn]Mioagh>thfti4edidbftptfiipro£it]i£ddt/voliiaiBiv Aftnrr 
h^4AS'^Mie'0?ift<!th:& rei£anBder«'€f;ths/.'FhiKianii«rat)iDthec 
2ffXixsaild6n»'»to:itukf^tB^^ .rcdtifioationsy^^ 

q^iadrnprosi 8^rthe4 ItttpandiidtbcchapteEs^ofrthe SdfrdTii. 
sh^ukLsb^A'taughttff Tlu» pfublens ioi t]ieTl3tkraa(k(14tfec 
chapters must be blended with the practical exescises atithen 
end^itliA^d vohimey in such manner as shall be found best 
suited to the capacity of the student^ and best cadctilat«d!clo 
ensure his thorough comprehension of the several curious 
problems contained in those portions of the work. ' 

In the composition of this 3d volumey as well as in that of 
the preceding parts of the Course, the great object kept con- . 
stantly in view has been utility j especially to gentlemen in^ 
tended for the Military Profession. To this end^ all such 
investigations as might serve merely to display ingenuity or 
talent» without any regard to practical benefit, have been care^ 

- ' fully 
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fiilivitKCfucu:'.. lut btMQvnz bos pq: inoc nis hmdr die tiVD 

f^/w«/fa. #;jb(runieuis of the anci«n: auc the mcxiem or siii>- 

iM^. jt/ttMUfcity \ h<: is uught the use of both« and tncir rela- 

tivf: ^a^kd»Uj^t:-> ^re »c exhiouec 2^ tc guard hxzc, x: is hoped, 

if Mr. 4»riy uiiCiue ukI exciibive pre f erence for either. Much 

M/veit y of Kj^tter is uoc to be ej&pecced in a work like diis ; 

XLoagitf cofisideriiifr itb ma^^nituue^ and the frequency with 

wi\*cii ^.^isf'di of tiic bubjecu Ixave been discussed, a randid 

f«»cWr wiU fiOt, (Mrriiaps, be entirely disappointed in this re- 

ft^;t . K:i ipicuiiy afid coudensation have been uniformly 

aMii«<i <•> tiirougii tlic- performance : and a small dear type, 

Wktit n full page, iiave been chosen for die introduction of a 

Ukf^i' <{HMkth^y of matter. , 

A 4 aiidid pubtir will accept as an apology for any slight 
dk^jiiiar 01 iriiigularity thai may appear in the compoution 
Mid ajrruiigiiiiieut of this Course, the circumstance of the di& 
iiiiiiiii voiuuii:b having been prepared at widely distant times, 
diid wiib giudually expanding views. But, on the wholes I 
iru»t it will be louud ihat, with the assistance of my fiiend « 

iuid uiiMJjutoj- in this supplementary volume, I have now 
prii4iu4.e<j M 0>urse of Mathematics, in which a greater variety i 

1^^ uhtiul Mil>ji:i tb drc ijAtroduced, and treated with perspicuity 
iiimI i4>rjc« ijicbs, ih4Ji in any three volumes of equal size in 
liny liiiigusigtf. 

CHA. HUTTON. 
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CHAPTER I. 



COimNUATION OF THE CONIC SECTIONS. 

IN the year 1787 was published, by order of th^ Mastlst 
General of the Ordnance, for the use of th^ Royal Military 
Academy, a volume of miscellaneous exercises^ which had, 
for many preceding years, been employed in manuscript, in 
the education of the cadets in the academy. The first and 
principal article in the contents of that volume^ was an ex- 
tensive geometrical treatise on Conic Sections^ treated in m 
new and a more methodical, as well as easier way, than had 
been usual.1 — In the year 1798, when the 2d volume of the 
Academical Course was first published, by order of the Ma9^ 
ter General also, the leading propositions of that treatise on 
Conic Sections were introduced into it.— -And now, on the 
further extension of the Course, by order of his lordship the 
present Master General the remaining propositions, of the 
said first treatise of Cotiics, are introduced/into this 3d 
volume. ^ -, 

It will be observed that the theorems or propositions in this 
volume, are nutnbered' in the regular succession from thosd in 
the 2d, volume, in each of the three sections, commencing 
here, in the 3d volume, with the number next following the 
last in the 2d volume^ so as to form these propositioils in bo\lx 

Vol* hi. B \^<«fe 
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those volumes into a continued series. To each number also 
will be found annexed, in the Indian fi^^ures inclosed in a 
fi9r«nthe&is) the number of the same proposition as it was 
numbered in the first miscellaneous treatise of the year 1787. 
The additional theorems are as follow. 



SfedtioN i. 

OF THE ELLIPSE. 




THEOREM XII (5). 

The iJifference between the Semi-transverse and a Line 
drawn from the Focus to any Point in the Curve, is equal 
to a Fourth Proportional to the Semi-transverse, the Dis- 
tance from the Centre to the Focus, and the Distance from 
the Centre to the Ordinate belonging to that Point of the 
Curve. 



That is, 

AC — PE = CI, or FE = AI ; 

and/E — AC = CI, or/E =r bi. 
Whfcre CA : cp : : CD : ci the 4th 
^pc^ional to ca, cp, cd. 



' For, draw ag parallel and equal to ca the semi-conjugate ; 
and join co meeting the ordinate de in h. 
Thto, by theor. 2, ca* : ag* : : ca* - cd* : de* : 
and, by sim. tri. ca^ : ag* : : ca* — cd* : ag* — dh*; 
consequently de* = ag* — dh* sb c«*— dh*. 

Also PD = CF 03 CD, and fd* = ci^ — 2cp . cd + cd*; 
btrt by right-angled triangles, PD* + de* = fe* ; 
thierefore pe* = cp* 4- ca* — 2fcF . cd -^ cd* — dh*. 
Btit by theor. 4, cilJ 4- cf* =: ca* 
and, by supposition, 2cf'.'cd =*2<iA.ci; 
theref. fe* == CA* — 2c a . ci -f cic^* — dh*. . 
But. by supposition, CA* : cd* : : CF* or ca® — AG* : ci*; 
atrd, by Sim. tri. CA* : CD* : : ca* — ag* : CD* -^ DH* j 
therefore - - ci* = cd* — Dri*; 
consequently - fe* = ca* — 2ca . ci + ci*. 
And the rocrt: or side of this sqnare is fe = cA — ci is av 
In the same maimer is foundyk as cA + ci =: Hi. q.b.d. 

* - Cdrol. 




OF THE ELLIPSE. 3 

Carol, 1. Hence ci or ca — fb is a 4«th proportional to 

Cl, CF, CD. 

Carol. 2. And yk — fe = 2ci ; tl^t is, the difference 
between two lines drawn from the foci, to any point in the 
curve, is double the 4th proportional to CA, cf, cd. 

THEOREM XIII (ll). 

If a Line be drawn from either Focus, Perpendicular to a 
Tangent to any Point of the Curve ; the Distance of their 
Intersection from the Centre will be equal to the Semi- 
transverse Axis. 



That is, if FP,^ 
be perpendicular to 
the tangent TPp, 
then shall cp and 
cp be each equal 
to CA or CB. ' 



For, through the point of contact £ draw fe, and^B 
meeting fp produced in o. Then, the Z.oep= Z.F£P, 
being each equal to the /./Ep, and the angles at p being 
right, and the side ps being common, the two Criangles gePj 
PEP are equal in all respects, and so as zz fe, and OP3= f^ 
Therefore, since FP = ^fo, and fc = |-^ and the angle ^at 
p common, the side cp will be = ijo or ^ab, that is cP^ 
CA or CB. And in the same manner cp = CA or CB. a.fi.D. 

Carol. 1. A circle described on the transverse axis, sfs a 
diameteri will pass through the points p,p ; because all the 
lines CAy cp, cp, OB, being equal, will be radii of the circle* 

* Carol. 2. cp is parallel toyk, and cp parallel to PB. 

Coral. 3. If at the intersections of any tangent, with the 
circumscribed circle, perpendiculars to the tangent be drawn, 
they will meet the transverse axis in the two fodu That is, 
the perpendiculars pf, ^give the foci F,yi 

THEOREM XIV (1^). ^ 

The equal Ordmates, or the Ordinates at equal Distances 
from the Centre, on the opposite Sides and Ends of an 
Ellipse, have their Extremities connected by one Right 
Line passing through the Centre, and that Line is bisected 
by the Centre. 

B2 "^^^aa^ 
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That is, if CD =: CG, or the ordinate db = OH ; 
then shall ce :;: CH, and £CH>will be a right line. 




For when CD = cg, then also is de = gh by cor. 2, th. !• 
But the Z.D == Z.G> being both right angles; 
.therefore the third side ce == ch, and the /Ldcb = /.och> 
and consequently ech is a right line. 

CoroL 1. And, conversely, if ech be a right line passing 
through the centre ; then shall it be bisected by the centre, 
or have ce =: ch ; also de will be == gh, and <:t> = CG. 

Carol, 2. Hence also, if two tangents be drawn to the two 
ends E, H of any diameter eh ; they will be parallel to each 
other, and will cut the axis at equal angles, and at equal dis- 
tances from the centre. For, the two cd, ca being equaiTto 
the two CO, CB, the third proportionals ct, cs will be equal- 
also ; then the two sides ce, ct being equal to the two ch, 
CS, and the included angle ect equal to the included angle 
Hcs, all the other corresponding parts are equal ; and so d^e 
Z.T= /.s, and TE parallel to HS. 

Carol. 3. And henct the four tangents, at the four ex- 
tremities of any two conjugate diameters form a parallelogram 
circumscribing the ellipse, and the. pairs of oppK)site sides are 
each equal to the corresponding parallel conjugate diameters. 
For, if the diameter eh be drawn parallel to the tangent TE 
or HS, it will be the conjugate to eh by the definition ; and 
the tangents to ^, A will be parallel to each other, and to the 
diameter eh for the same reason. 



THEOREM XV (13). 

If two Ordinates ed, ed be drawn from the Extremities e, e, 
of two Conjugate Diameters, and Tangents be drawn to 
the same Extremities, and meeting the Axis produced in 
T and R ; 

Then 



' * 
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Then shall CD be a mean proportior:al between c^/, </r, 
and cd a mean proportional between CD, dt. 



^ 




For, by theor. 7, 
and by the same, 
theref. by equality, 
But by sim. tri. 
theref. by equality. 
In like manner^ 

Corol. 1. Hence cd : cd 



CD : CA : : ca 


• 

: CT, 


erf : CA : : ca 


: cr; 


CD : cd ',: cr 


: CT, 


DT : erf : : CT 


: CR-, 


CD : erf : : erf 


: DT. 


erf ; CD : : CD 


: rfR. 


? : : CR : ct. 


V 


: cd :: de : de. 



a. E. D 



CoroL ,2. Hence also cd : erf 
And the rectangle cd . de = erf . de, or a cde = A cde, 

CoroL 3. Also erf* = cd . dt, 
and CD* =^ erf . rfR. 
Or erf a mean proportional between cd, dt ; 



fj 



and CD a mean proportional between erf, rfR. 



THEOREM XVI (14). 

The same Figure being constructed as in the last Theorem, 
each Ordinate will divide the Axis, and the Semi-axis added 
to the external Fart, in the same Ratio. , 

[See the last fig.] 



That is, DA : dt 
and rfA : rfR 









DC 

rfc 



DB, 

rfs. 



. For, by theor. 7, CD 
and by div. cD 

and by comp. cd 
or, - - - - DA 
In like manner, rfA 

CoroL 1 . Hence, and from cor. 3 to the lasf, it is, 

erf* = CD . DT = AD . DB = CA* — CD*, 
CD* = erf . rfR = Arf . rfe = CA* — erf*^. 



CA 
CA 
DB 
DT 

rfR 



CA 
AD 
AD 
DC 

rfc 



CT, 
AT, 
DT, 
DB. 

rfs. 



a. £. D. 



y 



CoroL 



CONIC SECTIONS. 

# 

Cord, 2. Hence also, ca* = cd* 4- ci*, 

and Cfl* = DE* 4- de^. 
Caf'ol. 3. Further, because ca* : ca* : : ad . DBor cd* : db% 

therefore ca : ca :: cfi^ : de. 

likewise ca : ca :: cD : de. 



THEOREM XVII (15). 

If from any Point in the Curve there be drawn an Ordinate, 
and a Perpendicular to the Curve, or to the Tangent at 
that Point : Then, the 

Dist. on the Trans, between the Centre and Ordinate, cd : 

Will be to the Dist. pd : : 
As Sq. of the Trans. Axis : 
To Sq. of the Conjugate. 



CA* : 



That is, 
car :: do 



DP. 




For, by theor. 2, ca* : ca* : : ad . db : de, 
But, by rt. angled As, the rect; td .dp = de* ; 
and, by cor. 1, theor. 16, cD . dt = ad . DB j 

therefore - - ca* : ca* : : td . dc : td . dp. 



or 



- - AC' 



ca' 



• * 



DC 



DP. 



a. E. D. 



THEOREM XVIII (18). 

If there be Two Tangents drawn, the One to the Extremity 
of the Transverse, and t!ie other to the Extremity of any 
other Diameter, each meeting the other's Diameter pro- 
duced ; the two Tangential Triangles so formed, will be 
equal. 



That is, 

the triangle cet == the 

triangle can. 




For, draw the ordinate DE. Then 
By sim. triangles, CD : ca : : CE :. cn ; 
but, by theor. 7, cd : ca : : Ca : ct ; 
theref. by equal, ca : ct : : ce : CN. 



The 



OF THB ELUPSB. 



The two triangles cet, can have then the angle c common^ 
and the sides about that angle reciprocally proportional; those 
triangles are therefore equal, namely, the '^ cet = A can. 

CoroL 1. From each of the equal tri. CET, can, 
take the common space cape, 
and there remains the external A pat == A pne. 

CoroL 2. Also from the equal triangles 'ceT; can, 
take the common triangle ced. 

and there remains the A ted ss trapez. anbd. 

THEOREM XIX (19). 

The same being supposed as in the last Proposition ; then 
any Lines Ka, ao, drawn parallel to the two Tangents^ 
shall also cut off* equal Spaces. That is. 



AKaG: 

and AKqg : 



trapez. anhg, 
trapez. AJuhg. 




For, draw ttie ordinate de. Then 
The three sim. triangles can, cde, coh, 



CA*, CD^% CG- 



CD' 



:cA*— cg*. 
:CA*— CG*. 
: Ga*. 
: Ga*; 

: KGG. 



are; to each other as 
th. by div, the trap. *aned : trap, anhg ::ca*— 
But, by theor. I, DE* : GC^ ::ca* — CD' 

theref. byequ; trap, a'ned : trap, anhg : : de* 
But, by sim. 4s> tri. ted : tri, kqg : : de* 
theref. by equality, aned : ted : : anhg 

But, by cor. 2, theor. 18, the trap, aned =^ A ted ; 
and therefore the trap, anhg sc a kqg. 
In like manner the trap. A^hg = A Kggf a.E.D. 
Carol. 1. The three spaces anhg, tehg, kqg are all equaL 
CoroL 2. From the equals anhg, kqg, 
take the equals anA^, Kqg, 
, and there remains^AHG zz gqQ.G. 

CoroL 3. And from the equals ghuGy gqoG, 
take the common '^ace ^<^hg, 
and there remaixis the A lqh = A hqh. 

CoroL if. Again from the equals kog, tehg, 
take the common space klhg, 
and there remains tblk == A iiQCB.* 



i 



CONIC SECTIONS. 




CoroL 5. And when, 
by . the lines Ka, gh, 
moving with a parallel 
motion, Ka comes into 
the position ir, where 
CR is the conjugate to 
CAj then- 

the triangle Kao l^ecomes the triangle IRC, ' 
and the space anhg becomes the trianjrle anc \ 
and therefore the A irc = A anc = A tec. 

CoroL 6. Also when the lines Ka and na, by moving 
'trith a parallel motion, come into the position ce\ Me, ' 
the triangle Lan becomes the triangle c^m, 
and the space XEtK becomes the triangle tec ; 
and theref. the A ce'M =: A tec — A /^ no == A irc. 



THEOREM XX (20). 

Any Diameter bisects all its Double Ordinates, or the Lines 
drawn Parallel to the Tangent at its Vertex, or to its Con- 
jugate Diameter. 



That is, if Q^ be parallel 
to the tangent te, or to ce, ^ 
then shall La = l^. 




For, draw an, gh perpendicular to the transverse. 
Then by cor. 3 theor. X 9, the A loh = A i,qh ; 
but these triangles are also equiangular ; 
consequently their like sides are equal, or lq=l^. 

CoroL Any diameter divides the ellipse into two equal 
parts. 

For, the ordinates on each side being equal to each other, 
and equal in number ; all the ordinates, or the area, on one 
side of the diameter, is equal to all the ordinates, or the area, 
on the other-side of it. 



theorem 




OF THE BLLIPSB. ^ 



•THEORBMXXI (21). 

As the Square of any Diameter : 
. Is to the Square of its Coiyugate : : 
So is the Rectangle of any two Abscisses : 
To the Square of their Ordinate. 

That is, CE* : C€* : : EL'. LG or CE* - CL* : LQ*. 

For, draw the tangent 
TB, and produce the or- 
dinate QL . to the trans- 
verse' at K. Also draw 
i aH, CM perpendicular 
to the transverse, and 
meeting eg in h and m. ^^ ^ 

Then, similar triangles ^tA 

being as the squares of their like sides, it is, 
by sim. triangles, A cET : A clk : : CE* : CL- j 
or, by division, a cet : trap, telk : : CE* : ce* — CL*. 
Again, by sim. tri. A c<?m : A lqh : : ce* : lq*. 
Bu;,t, by cor. 5 theor. 19, the A c^M == A get, 
and, by cor. 4 theor. 19, the A Lan = trap, telk; 
theref. by equality, CE" : ce' : : CE* — CL* : La*, 
or - - ' CE* : ce^ :: el .LG : lq*. q.e.d. 

CoroL 1. The squares of the* ordinates to any diameter, 
are to one another as the rectangles of their respective 
abscisses, or as the difference of the squares of the semi- 
diameter and of the distance between the ordinate and centre. 
For they are all in the same ratio of CE* to ce\ 

CoroL 2. The above being the same property as that be- 
longing to the two axes, all the other properties before laid 
down, for the axes, may be .understood of any two conjugate - 
diameters whatever, using^only the oblique ordinates of these 
diameters, instead of the perpendicular ordinates of the axes; 
namely, all the properties in theorems 6, 7, 8, 14, 15, 16-, 
18 andri9. 

THEOREM XXII (22). 

If any Two Lines, that any where intersect each other, meet 
the Curve each in Two Points ; then 
The Rectangle of the Segments of the one : 
Is to the Rectangle of the Segments of the other ; : 
As the Square of the Diam. Parallel to the former : 
• To the Square of the Diam. Para\le\ to t\vfe Vaxxet . 
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CONIC SECTIONS. 



P_R^ 



That IS, if OR and or be 
Parallel to any two Lines 
PHa, pnq ; then shall 
CR* : or* :: PH . Ha : />H . uq. 







For, draw the diameter che, and the tangent te, and its 
paraHels pk, ri, mh, meeting the conjugate of the diameter 
CR in the poiniis T, R, i, M. Then, because similar triangles 
are as the squares of their like sides, it is, 

by sim. triangles, CR* : gp* : : A cri : A gpk, 

and - - - CR* : GH*:: A CRi : A ghm; 

theref. by division, cr* : gp* — gh* : : cri : kphm. 

Again,' by sim. tri. ce* : ch* : : A CTE : A cMH j 

and by division, CE* : ce* — ch* : : A cte : tehm. 
But, by cor. 5 theor. 19, the A cte = A cir, 
and by cor. 1 theor. 19, tehg = kphg, or tehm = kphm; 
theref. by equ. ce^ : CE^ — ch* ; : CR* : gp*— gh* or ph. ho. 
In like manner ce* : ce* — ch* : : cr* : pH . ng. 
Theref. by equ» cr* : cr* : : ph . Ha : pH . ny. a. e. d. 

Carol. 1. In like manner, if any other line p'hY,. parallel 
to cr or to py, meet PHa ; since the rectangles pn'a, p'n'y' 
are also in the same ratio of CR^ to cr* j therefore rect. 
PHa : png : : ph a : p'vrq* 

Also, if another line p'Aa' be drawn parallel to pa or CR ; 
because the rectangles p'Aa', phq' are still in the same ratio, 
therefore, in general, the rect. PHa : puq : : p'Aa' : p'/iq\ 

That is, the rectangles of the parts of two parallel lines, 
are to one another, as the r-ectkngles of the parts of two other 
parallel lines, any where intersecting, the former. 
, CoroL 2. And when any of the lines only touch the curve, 
instead of cutting it, the rectangles of such become squares, 
and the general property still attends them. 



CR* 

or CR 
and CR 



That is, 
cr^ :: te* : Te^, 
cr :: TB : Te, 
cr : : /e : te. 




Carol, 3. And hence tb i TC : : (9 : te. 



SECTION 



( 11 ) 



SECTION II. 



OF THE HTPERBOLA. 

TH£OREM XIV (5). 

The Sum or Difference of the Semi-transverse and a Line 
drawn from the Focus to any Point in the Curve, is equal 
to a Fourth Proportional to the Semi- transverse, the Dis- 
tance from the Centre to the Focus, and the Distance from 
the Centre to the Ordinate belonging to that Point of the 
Curve. ' 




That is, 
• FE + AC = ci, or FE = AI; 
and yE — AC=:CI, oryE=:Bi. 
, Where ca : cf : : cd : ci the 
4th propor. to ca, cp, cd. 



For,Hh^w AG parallel and equal to ca the semi- conjugate; 
and join CG meeting the ordinate de produced in h. 

Then, by theor. 2, ca* : AG* : : cd* — ca* : de* ; 

and, by sim. ^ s, ca* : AG* ; : CD* — CA* : dh* — AG* ; 

consequently de*= DH* — ag* = dh* — ca*. 

Also FD = CF CO CD, and fd* = cp* — 2cf . cd + CD*j 
but, by right angled triangles, fd* + de* = fb* \ 
therefore fe* = cf* .- ca* — 2cf . cd + cd* + dh*. 

But by theor. 4, - cf* — ca* =c ca*, - 
and, by supposition, 2cf . cd =: 2cA ; ci ; 
theref. fe* = ca* — 2ca . ci -f cd* + dh*. 

But, by supposition, c A* : cd* : : cf* or ca* 4- AG* : ci* ; 
and, by sim As, ca* : cd* : : ca** + AG* : CD* + dh* ; 
therefore - ci* == cd* + dh* = ch* ; 

consequently - fe* = ca* — 2ca . ci -f ci*. 
And the root or side of this square is fe = ci — ca = ak 
In the same manner is found /e = ci + ca = bi. cu e. d. 

CcroL 1. Hence ch = ci is. a 4th propor. to CA> cf, cd. 
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CONIC SECTIONS. 



Corol. 2. AndyE + fe = 2ch or 2ci ; or fe, ch,/e are 
in continued arithmetical progression, the common difference 
being ca the semi-ti^isverse. 

Corol, 3. From the demonstration it appears, that de*= 
DH* — AG* = DH* — ca*. Consequently dh is every where 
greater than de ; and so the asymptote cgh never meets 
the curve, though they be ever so far produced : but dh and 
l>E approach nearer and nearer to a ratio of equality as they 
recede farther from the vertex, til J ^t an infinite distance they 
become equal, and the asymptote is a tangent to the curve at 
an infinite distance from the vertex. 




THEOREM XV (11). 

If a Line be drawn from eitheir Focus, Perpendicular to a 
Tangent to any Point of the Curve ; the Distance of their 
Intersection from the Centre will be equal to the Semi- 
transverse Axis. 



That is, if FP, /p be perpen- 
dicular to the tangent tp/?, 
then shall cp and cp be each 
equal to ca or cb. 



For, through the point of contact E draw FE and^E, meet- 
ing FP produced in G. Then, the ^ gep= z. fep, being each 
equal to the ^JiE,pf and the angles at p being right, and the 
side PE being common, the two triangles gep^ fep are equal 
in all respects, and so ge = fe, and gp = fp. Therefore, 
since fp = ^^fg, and fc = i?/^ and the angle at f common, 
the side cp will be = ifo or ^ab, that is cp = ca or cb. 

And in the same manner cp = ca or cb. q. e. d. 

CoroL I . A circle described on the transverse axis, as a 
diameter, will pass through the points p, j? ; because all the 
lines ca, cp, cp, cb, being equal, will be radii of the circle. 

Coj'oli 2, CP is parallel to^E, and cp parallel to fe. 

, Coj^oL 3. If at the intersections of any tangent, with the 
circumscribed circle, perpendiculars to the tangent .be drawn, 
they will meet the transverse axis in the two foci. That is, 
the perpendiculars ff, pfgrwe the foci f,^ 

theorem 
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THEOREM XVI (12). 

The equal Ordinates, or the^ Ordinates at equal Distances 
from the Centre, on the opposite Sides and.Ends of an 
Hyperbola, have their Extremities connected by one Right 
Line passing through the Centre, and that Line b bisected 
by the Centre. 




That is, if CD = co, or the 
ordinate de = oh ; then shall 
CE = CH, and ech will be a 
right line. 



For, when cd 2= cg, then also is de = gh by cor. 2 theor. L 

I But the Z.D= Z.G, being both right angles; 
therefore the third side ce = CH, and the ^ doe = Z. gch, 
and consequently ech is a right line. 

Coral. 1. And, conversely, if ech be a right line passing 
through the centre; then shall it be bisected by the centre, 
oi" have ce = CH ; also DE will be = gh, and cd = co. 
CoroL 2. Hence also, if two tangents be drawn to the two 

• ends e, h of any diameter eh ; they will be parallel to each 
other, and will cut the axis at equal angles, and at equal dis- 
tances from the centre. For, the two cd, ca being equal to 
the two CG, CB, the third proportionals CT, cs will be equal 
also ; then the two sides ce, ct being equal to the two CH, 
cs, and the included angle ect equal to the included angle 
HCS, all the other corresponding parts are equal : and so the 
i^ T =2 /. s, and TE. parallel to hs. 

CoroL 3. And hence the four tangents, at the four ex- 
tremities of any two conjugate diameters, form a parallelogram ' 
inscribed between the hyperbolas, and the pairs of opposite 
sides are each equal to toe corresponding parallel conjugate 
diameters. — ^For, if the diameter eh be drawn parallel to the 
tangent te or hs, it will be the conjugate to eh by the defi- 
nition ; and the tangents to eh will be parallel to each other, 
and to the diameter eh for the same reason. 

THEOREM XYII (13). 

If two Ordinates ed, ed be drawn from the Extremities e, e, 
of two Conjugate Diameters, and Tangents be dr^wn to the 
same Extremities, and meeting the Axis produced in t 
and R ; 
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CONIC SECTIONS. 



Then shall cd be a mean Proportional between cd^ rfR, 
and cd a mean Proportional between cd, dt. 




For, by theor. 7, CD : ca 
and by the same, cd : ca 
theref. by equality, cd : cd 
But by sim. tri. dt : cd 
theref. by equality, CD : cd 
In like manner, cd : CD 
CoroL 1. Hence cd : erf : : cr : 












CA : CT, 
CA ^CR; 
CR : CT. 



CT 

cd 

CD 
CT. 



• * 



CR; 
DT. 
dR. 



Q. B. D. 



Corol. 2. Hence also cx> : cd :: de : db. 
And the rect. cd.de =r cd.de, or A cde = A cdc. 

Corol. 3. Also erf* = CD . dt, and cd* = erf. rfR. 
Or erf a mean proportional between cd, dt ; 
and CD a mean proportional between erf, rfR. 



THBORBM rVIII (14). 

The same Fi^re being constructed as in the last Proposition, 
each Ordmate will divide the Axis, and the Semi-axis 
added to the external Part, in the same Ratio. 

[See th^ last fig.] 

That is, DA 
and rfA 



DT : : DC : DB, 

rfR : : rfe : rfs. 



For, by theor. 7, cd 

and by div. cd 

and by comp. cd 

or - - DA 

In like manner, rfA 



CA : : ca 
CA : : AD 
DB : : AD 
DT : : DC 
rfR :: rfe 



CT, 

AT, 
DT, 
DB. 
rf!B. 



a. e. d* 



CoroL 1. Hence, and from cor. 3 to the last prop, it is, 

erf* = CD . dt = AD . DB = CD* — Ck\ 

and erf . rfR = Arf . rfB = ca* — erf*. 
Corol 2. Hence also c A*=: cd* - erf% and Cfl*c=:rfa* - de*. 

CoroL 3t Farther, because ca* : c^;? : : ad . db or erf*: de* 

therefore c A i ca : : erf : DE. 
likewise ca : ca : : CD : de» 

THEOREM 



OF THB HTPBBBOLil. 
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THEORBM XIX (15}. 

If from any Point in the Curve there be drawn an Ordinate^ 
and a Perpendicular to the XTurvey or to the Tangent at 
that Point : Then the 

Oist. on the Trans, between the Centre and Ordinate, CD : 

Will be to the Dist. Fb : : 
As Square of Trans. Axis : 
To Square of the Conjugate. 

That is, 
CA* : CO* :: DC : DP 



For, by theor. 2, CA* : ca* : : AD . DB : DE*, 

But, by rt. angled A s, the rect. td • dp =: de* ; 

and, by cor. 1 theor. 16, cd . dt = ad . db ; 

therefore - - ca* : ca* : : td. DC : TD . DP, 

or - - - , - ca* : Cfl^ : : DC : DP. a. E. D. 




THEOREM XX (18). 

If there hie Two Tangents drawn, the One to the Extremity 
of the Transverse, and the other to the Extremity of any 
other. Diameter, each meeting the other's Diameter pro- 
duced V the two Tangential Triangles so formed> will be 
equals : 



That is, 
the triangle ceI* = 
the triangle can 




For, draw the ordinate de. Then 
By shu. triangles, CD : ca : : ce : cn •, 
but, by theor. 7, cp : ca : : c/^ t crj 
theref*^ by eqaal. ca : ct : : ce : ck. 

The two trisngle^ ClST, can have then the angle c common, 
and the sides about thtit- angle reciprocally proportional; those 
triangles are ^hereford equal, viz. the A cbt = Ac an. q.e..d. 
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CONIC SECTIONS. 



CoroL 1. Take each of the equal tri. cet, can, 
from the common space cape, 
and there remains the external A. pat = A pne. 

CoroL 2. Also take the equal triangles cbt« can, 
from the common triangle ced, 

and there remains the A ted = trapez. ANXO. 



THEOREM XXI (19). 

The same being supposed as in the last Proposition ; then 
any Lines xa, ca, drawn parallel to the two Tangents, 
shall also cut off equal Spaces. 



That is, 
the A xao = trapez. anhg. 
and A K,qg = trapez. huhg. 




T KA5 D 



r» 



For, draw the ordinate de. Then 
The three sim. triangles can, cde, cgh, 
are to each other as ca*, cd*, cg* j 

th. by div. the trap, aned : trap, anhg :: CD*— CA*; co*— CA*. 
But, by theor. 1, de* : (KI* : : CD*— CA*: co*— ca* ; 

theref. by equ. trap.AKED : trap. ANHG :: de* : oa*. 
But, by sim. As, tri. ted: tri. xao :: de* : oa*; 
theref. by equal, aned : teo : : anhg : xao. 
But, by con 2 theor. 20, the trap, aned = A ted ; 

and therefore the trap, anhg = Akqg. 

In like manner the trap. anA^" = a Kqg. a.E.D. 

CoroL 1. The three spaces anhg, tehg, xqg are all 
equal. 

CoroL 2. From the equals anhg, X(^, 
take the equals anA^, Kqg, 
and there remains ^Ahg = gqao. 

And from the equals ^^Ahg, gqaa, 
take the common space ^^li^g, 
and th^re remains the A Laii = A t,qh. 

CoroL 4. Apin, from the equals xao, Tehg, 
take the common space klhg, 
and there remains telx =: A loh. 

• 

CoroL 



Corol. 3. 



OF THS HTPBRBOL^. 
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CoroL 5. And when^ by 
the lines KQ, GH, moving 
with a parallel motion, kq 
tomes into the position ir, 
where cr is the conjugate to 
Ca; then 

the triangle KQG becomes the triangle IRC, 
and the space anhg becomes the triangle anc; 
and therefore the A irc = A anc = A tec. . 

CoroU 6. Also when the lines Ka and Ha, by moving with 
a parallel motion, come into the position c^. Me, 
the triangle LOH becomes the triangle c^m, 
and the space telk becomes the triangle tec \ 
and theref. the A ceu = A tec = A anc = A irc. 



THEOREM XXII (20); 

Any Diameter bisects all its Double Ordinates, or the Lines 
drawn Parallel to the Tangent at its Vertex, or to its Con- 
jugate Diameter. 



^hat is, if iij be paral- 
lel to the tangent te, or 
to ci?, then shall lq=:l^. 




For, draw qh, qh perpendicular to the transverse. 
Then by cor. 3 theor. 21, the A lqh = A -Lqh ; 
but th^se triangles are also equiangular ; 
jconseq. th^ir like sides are equal, or lq = tq. 

C&rol. 1. Any diameter divides the ellipse intatwo equal 
^arts. ^ . . 

-Fof, the ordinates on each side being equal to each other^ 
and equal in number ; all the ordinates, or the area, oh one 
nde of the diameter, is equal to all the Ordinates, of the area, 
on the other side of it. 

Corol. 2, In like, manner, if the ordinate be produced to 
the conjugate hyperbolas at Q^, 9', \l iD»7\it \ftQri^ ^Soax^ 
VouiiL C --• 



xs 



CONIC SECTIONS. 




La'=L^'. Or if the tangent te be produced, then ev=ew. 
Also the diameter gceh bisects all lines drawn parallel to te 
or -Q^, and limited either by one hyperbola, or by its two con» 
jugate hyperbolas. 

THEOREM XXIII (2l). 

As the Square of any Diameter : 
Is to the Square of its Conjugate : : 
So is the Rectangle of any two Abscisses t 
To the Square of their Ordinate. 
That is, CE* : c^ : : el . LG or CL* — CE* : La*. 

For, draw the tangent 
te, and produce the ordi- 
nate aL to the transverse 
at K. Also draw an, eM 
perpendicular to the trans- 
verse, and meeting eg in 
H and M. I'hen, similar 
triangles being as the 

squares of their like sides, 

•I • 

It IS, 

by sim. triangles, A cet : A clk : : ce 

or, by division, A get : trap, telk : 

Again, by sim. tri. A ceu : A lqh : : ce* : La 

But, by cor. 5 theor. 21, the A c^m = A cet, 

and, by cor. 4 theor. 21, the A LaH = trap, telk; 

theref. by equality, ce* : ce* : : cl* — ce* : La*, 

or - - - CE* : ce* : : EL . lg : La*. a E. D» 

Corol. 1 . The squares of the ordinates to any diameter, 
are to one another as the rectangles of their respective ab- 
scisses, or as the difference of the squares of the semi-diame- 
ter and of the distance between the ordinate and centre. For 
they are all in the same ratio of ce* to ce\ 

CoroL 2. The above being the same property as that be- 
longing to the two axes, all the other properties before laid 
down, for the axes, may be understood of any two conjngate 
diameter^ whatever, using only the oblique ordinates of these 
^diameters instead of the perpendicular ordinates of the axes ; 
namely, all the properties in theorems 6, 7, 8, 16, 1 7, 20, 21. 

CeroL 3. Likewise, when the ordinates are continued to 
the conjugate hyperbolas at a', q'y the same properties still 
obtain, substituting only the sum for the difference of the 
squares of ce and cl, 



CL* ; 
CE* : CL* — CE*. 

2 



That is, CE* 
And so La* 



ce* : : CL* + ce* : La' 



Ld'* : : 



CL'* — CE* : CL* + CE*. 



CoToL 
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or c^ : EV* : 
or c^ : EV : 



CoroL 4. When, by the motion of La' parallel to itself, 
that line coincides with by, the last corollary becomes 

2cB* : EV*, 
1 : 2, 
1 .V2, 

or as the ^de of a square to its diagonal. 
That is, in all conjugate hyperbolasi and all their diame- 
ters, any diameter is to its parallel tangent, in the constant 
ratio of the side of a square to its diagonal. 

THEOBEM XXIV (22)* 

If any Two Lines, that any where intersect each other, meet 
the Curve each in Two Points ; then 
The Rectangle of the Segments of the one : 
Is to the Rectangle of the Segments of the other : : 
As the Square or the Diam. Parallel to the former : 
To the Square of the Diam. Parallel to the latter. 



That is, if cr and 
CT be parallel to any 
two lines PHa, pHy; 
then shall CR* : cr* : : 
PH.Ha:pH.H^. 




For, draw the dia.neter chE, apd the tangent te, iand its 
jparal^els pk, Ri, Mit, meeting the conjugate of t}ie diameter 
CR. in the points t, k, i, m. Then, because similar triangles 
are as the squares of their like sides, it is, 

by sim* triangles, cr"^ : op* : : A cri : A GPfc, 

GH* : : A CRI : A ohm ; 
GP* — GH : : CRI : KPHM. 
CH* : ; A CTE : A CM H ; 
CH* — C]^* : : A CTE : TEHM. 

JBut, by cor. 5 theor. 21, the A cte = A cir, 

and by con 1 theor. 21,.tehg =s kphg, or tbhM =:KPHM; 

theref. by equ. ce'' : ch* — ce\: : CK* : gp*— gh* or PH.a<2. 

In like manner CE* : CH* — (?E' : : cr^ : pk. Hy. 

Theref* by equ. cr* : cr* : : ph. Ha : pH, ^q* - ^^a-"^- 

C 2 ^"^^ 



and - - CR* 
tkerrf* by division, cr^ 
Again, by sim* tri. ce^ 
and by division, cfi* 



»o 
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CoroL 1 . la like manner, if any other line p'^^^ parallef 
to cr or topq^ meet PHa ; since the rectangles ph'q^ p^H'^ 
are also in the same ratio of cr^ to cr^ \ therefore the rect* 

Also, if another line p'^a' be drawn parallel to p<^or cr \ 
because the rectangles p'Aq', p'hq are still in the same ratio, 
Irherefore, in general, the rectangle PHOi : pH^ : : P^Aa' : p'^hq. 
That is, die rectangles of the parts of two parallel lines, are 
to one another, as the rectangles of the part» of twa other 
parallel lines, any where intersecting the former. 

Corol. 2. And when any of the lines only touch the curve, 
instead of cutting it, the rectangles of such become squares^ 
and the genersd property still attends them^ 



That is, 
CR? : cr* : : TE* : T^, 
or CR : cr : : te : Ttf, 
and CR : cr : : /s : te^ 



CoroL Z. And hence te : t^ : : /e : te. 

THEOREM XXV (23). 

If a line be drawn through any Point of the Curves, Parallel 
to either of the Axes, and terminated at the Asymptotes ; 
the Rectangle of its Segments, measured from that Poiat,^ 
will be equal to the Squ^e of the Semi-axis to which it is. 
parallels 




That is, 
the rect. her or H^K=ca% 
and rect. hjik or hek =ca*. 




For, draw Air- parallel to ca, atod OL to ca. , Then 
by the parallels, CA* : Ctf* or al* : : cd^ ; DH* ; 
and; by theor. 2, ca* : ca* : : CD* — c A* : DE* } 
theref. by subtr. ca* : tea* : : ca* : dh* -^ de* or HEK. 
But the antecedents CA*, ca* are equal, 
theref. the consequents ca*, hbk must also be equal. 



In 
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In tike manner it is again, 
1^ the parallels, ca* : Cfl* or al* : : CD* : DH* ; 
and, by theor 3, ca* : ca'^ : : cd* + CA* : d^; 
theref. by subtr. ca* : ca* : : ca* : ne;* — dh* or HOC. 

But the antecedents ca*, ca* are the same, 

theref. the conseq. ca*, h^k must be equaL 

In like manner, by changing the axes, is AeX: or hek s ca*. 

Corol. 1. Because the rect. hek = the rect. H«, 
therefore bh : ^h : :' ^K : EK. 
And consequently he is always greater than H<. 

• Cor^. 2. The rectangle Aek = the rect. heAt. 
For, ty Mm. tri. bA : eh : : eA: : EK. 

SCHOLIUM. 

It is evident that this proposition is general for any line 
oblique to the axis also, namely, that the rectangle of the 
segments of any line, cut by the curve, and terminated by the 
msymptotes, is equal to the square of the semi-diameter to 
which the line is parallel. Sinc^ the demonstration is drawn 
/rom properties that are common to all diameters. 

THEOREM XXVI (24). 

AU the Rectangles are equal which are, made of the Segr 
ments of any Parallel lines cut by the Curve, and limited 
l)y tie Asymptotes. 



That is, 
the rect. hek = h^k* 
fmdrect. hzk = hek. 




For, each of the rectangles hek or h^k is equal to the 
square of the parallel semi-diameter cs ; and each of the rect- 
angles ht,k or hek is equal to the square oJF the parallel semi- 
diameter CI. And therefore the rectangles of the segmenfiS 
of all parallel lines are equal to one another. a. e. b. 
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CoTQh 1. The rectangle hbk beiiig constantly the same, 
whether the point e is taken on the one side or the other of 
the point of contact I of the tangent parallel to hk, it fol- 
lows that the parts he, ke, of any line hk, are equal. 

And because the rectangle h^l is constajiit, whether the 
point e is taken in the one or the other of the opposite hy«i 
perbolas, it follows, that the parts h^, ne^ are also equal. 

CoroL 2. And when hk comes into the position of the 
t^gent DiL, the last corollary becomes IL = id, and im=in, 
and LM = DN. 

Hence also the diameter ciR bisects all the parallels to dl 
which are terminated by the asymptote, namely rh = RK. 

. Co7^ol, 3. From the proposition, and the last corollary, it 
follows that the constant rectangle hek or ehe is = IL*. And 
the equal constant rect. h^k or ene ziz mln or im* — IL*. 

CoroL 4. And hence il = the parallel semi-diameter cs, 
. For, the rect. ehe = iL% 
and the equal rect. eue = im* — IL*, 
theref. IL* = im* — il*, or im* = 2iL* ; 
but, by cor. 4 theor. 23, im* = 2cs% 
and therefore - - il = cs. 
And so the asymptotes pass through the opposite angles of ' 
«ll the inscribed parallelograms. 

THEOREM XXVII (25). 

The Rectangle of any two Lines drawn from any Point la 
the Curve, Parallel to two given Lines, and Limited by 
the Asymptotes, is a Constant Quantity. 

That is, if ap, eg, di be parallels, 

as also AQ, £K| DM parallelsi 

then shall the rect. PA(^=i= rect. gek = rect. tDM» 




For, 
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For, produce ke, md to the other asymptote at h, l. 
Then, by the parallels, he : GE : : ld : id j 
iMit • - - £K : EK : : DM : dm ; " 
theref. the rectangle hek : gek : : ldm : idm. 
But, by the last theor. the rect. hek = ldm ; 
and therefore the rect. gek = idm = pa<^ q. e. d. 

THEOREM XXVIII (27). 

Every Inscribed Triangle, formed by any Tangent and the 
two Intercepted Parts of the Asymptotes, is equal to a 
Constant Quantity ; namely Double the Inscribed Paral- 
lelogram. 

That is, the triangle CTS = 2 paral. GK. 

For, since the tangent ts is 
bisected by the point of contact 
£, and E& is parallel to to, and 
ce to CK ; therefore ck, ks, ge 
are all equaU ^ ^i*^ ^^^o CG, gt^ 
KE. Consequently the triangle 
GTE = the triangle kes, and 
€ach equal to half the constant inscribed parallelogram gk. 
And therefore the whole triangle cTS, which is composed of 
the two smaller triangles and the parallelogram, is equal to 
double the constant inscribed parallelogram gk. a. £. d. 

THEOREM XXIX (29). 

If from the Point of Contact of any Tangent, and the two 
Intersections of the Curve with a Line parallel to the 
Tangent, three parallel Lines be drawn in any Direction, 

' and terminated by either Asymptote ; those three Lines 
shall be in continued Proportion. 

That is, if hkm and the 
tangent il be parallel, then 
are the parallels dh, e^, gk 
jin continued proportion. 





For, by the> parallels, £i : il :: dh : hm; 

and, by th^ same, ei : il : : gk : km ; 

theref. by compos. ei* : il* : : dh . GK : hmk ; 

but, by theor. 26, the rect. hmk = il^* ; 

and theref. the rect. dh . gk = eiS 

or - - - dh : £1 : : ex : CK. a.E.D. 



T'«»o^^'*' 
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THEOREM XXX (SO). 

Draw the semi-diameters ch^ cin, CK ; 
Then shall the sector chi = the sector cii^. 




For^ becanse hk and all its parallels are bisected by ciKj^ 
therefore the triangle cnh = tri. cnk, 
and the segment inh = seg. ink $ 

consequently the sector cih = sec. cik. 
CoroL If the gepmetricals DHy Ely gr be parallel to the 
oth^er asymptote, the spaces dhie> eikg will be equal \ for 
th^ agre equal to the equal sectors CHi, CIK. 

So that by taking any geometricals CD, C£, CG, &c, and 
drawing. DH> ei, gk, &C| parallel to the other asymptote^ as 
also the radii ch, ci, ck ; 

then the sectors chi, cik, &c, 
or the spacps dhie, eikg, &c, 
will be all equal among themselves. 
Or the sectors chi, chk, &c, 
pj the spaces dhie, dhkg, &c, 
will be in arithmetical progression. 
And therefore these sectors, or spaces, will be analogous to 
the logarithms of the lines or bases ct), CE, CG, &c ; namely 
chi or dhie the log. of the ratio of * 

pD to CE, or of CE to CG, &C ; or of EI to'pH, or of GKtOEI,&C \ 

and CHK or dhkg the log. of the ratio of ': 

CD tOXG, &C, or of 6K tO DH, &C. 



SECTION III. 
OF THE PARABOLA. 

7HEOREM XX (7). 

If an Ordinate be drawn to the Point of Contact of any 
Tangent, ahd another Ordinate produced to cut the Tan-* 
gent ;' It will be, as the Difference of the Ordinates : 

Is tq the Difference added to the external Part : : 

So is Double the first Ordinate : " ' 

T'O the Sum of the Ordinates, ^ 

That: 
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That is^ KH t Ki : : KL ; KQ. 



r- 




For, by cor. 1 thepr. 1, p : dc : : 
and .- - - p : 2dc : : 
But, by sim. triangles, ki : kc : : 
therefore by equality, p : 2dc : : 
or, - - - p : KI : : 
Again, by theor. 2, p : kh ; : _ _ 
therefore by -equality, kh : ki : : kl 

CfOroL I, Hepce, by composition and division. 



DC 

DC 

DC 

KI 

KL 

KG 



DA, 

DT or 2d A, 
dt; 

KC, 
KC. 
KC; 
KG. a.E.D. 



GK 
HK 

;: IK 






KL, 

ig; 



It IS, KH : KI 

and HI : hk 
also IH : IK 
that is, IK is /a mean proportional between IG and ih. 

Con^oL 2. And from this last property a tangent can easily 
be drawn to the curve from any given point i. Nanifely, 
draw IHG perpendicular to th^ axis, and take ik a mean pro* 
portional between IH, IG \ then draw kc parallel to the axis, 
and c will be the point o^ contact, through which and the 
g^yen point i th^ tangent ic is to be drawn. 

THEOREM XXI (16). 

Jf a Tangent cut any Diameter produced, and if an Ordinate 
to that Diameter be drawn from the Point of Contact ; 
then the Distance in the Diameter produced, between the 
yertex and the Intersection of the Taiig^nt^ will be equal 
%q ^he Absciss of that Ordinate. 



That is, IE = Ek. 
For, bythe last th. ie: ek :: ck:kl. 
But, by theor. 11, CK = kl, 
and therefore iB = ek. 



CcroL 1. The two tangents ci, li, at the extremities of 
jmy double ordinate cl, meet in the same point of the diame-* 
tfr of that double ordinate produced. And the diameter 
djrawn through th^ intersection of two tangentSj bisects the 
^ne connecting the points of contact*^ 

COTOI, 
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CoroL 2. Hence we have another method of drawing a 
tangent from any given point i without the curve. Namely, 
from I draw the diameter ik, in which take EK = ei, and 
through K draw CL parallel to the tangent at e ; then c and L 
are the points to which the tangents must be drawn from i. 



THEOREM XXII 



(18). 




GI 
GI 
Sd 
2d 
GH 



AD 
AD 
PE* 

1st* 
:: 2d 

GH 












AG; 
AG; 

GH%. 

2d*; 

3d, 

Gi. 



a. E. D. 



If a Line be drawn from the Vertex of any Diameter, to cut 
the Curve in some other Point, and an Ordinate of that 
Diameter be drawn to that Point, as also another Ordinate 
any where cutting the Line, both produced if necessary : 
The^ Three will be continual Proportionals, namely, the 
two Ordinates and the Part of the Latter limited by the 
said Line drawn from the Vertex. 



That is, DE, GH, GI are 
continual proportioiials^ or 
DE : GH : : gh : gi. 



For. by theor. 9, - - - de^ 
and, by sim. tri. - - - de 
theref. by equality, - - de 
that is, of the three de,gh,gi, 1st 
therefore - - - . 1st 
that is, - - - - DE 

^ CoroL 1. Or their equals, gk, gh, GI, are proportionals; 
where ek is parallel to the diameter AD. 

Carol. 2. Hence it is de : AG : : /? : gi, where p is 
the parameter, or aq : Gi : : de : p. 
For, by the defin. AG : gh : : gh : p. 

Carol. 3. Hence also the three^ mn, mi, mo, are propor- 
tionals, where mo is parallel to the'diameter, and am parallel 
to the ordinates. 

For, by theor, 9, - mn,*mi,. mo, 
or their equals^ - ap, ag, ad, 
are as the squares of pn, GHf de, 
or.of their equals gi, gh, gk, 

which are proportionals by cor. 1. 

theorem xxiii (19). 

If a Diameter cut any Parallel Lines terminated by the Curve; 
the Segments of the Diameter will be as the- Rectangle of 
the Segments of those Lines. 

That 
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That is, EK : EM : : CK . kl : nm . mo. 
Or, EK is as the rectangle ck . KL. 

For, draw the diameter 
PS to which the parallels 
CL, no are ordinates, and 
the ordinate £a parallel to 
them. 

Then ck is the difier- 
ence, and kl the sum of 
the ordinates Ea, CR ; also 

NM the difference, and mo the sum of the ordinates. Ea, ns. 
And the differences of the abscisses, are aR, as, or ek, em. 

Then by cor. theor. 9, qr : as : : ck . kl : nm . mo, 
that is - - EK : em : : CK . KL : nm . mo. 

CoroU 1. The rect. ck.kl = rect. ek and the param. of PS. 
For the rect. ck. kl = rect. or and the param. of pS. 

Cord. 2. If any line cl be cut by two diameters, ek, oh; 
the rectangles of the parts of the line, are as the segments of 
the diameters. 

For EK is as the rectangle ck. kl. 
and GH is as the rectangle ch . hl ; 
therefore ek : gh : : ck . kl : ch . hl. 

Corah 3. If two parallels, cl, no, be cut by two diame- 
ters, em, gi; the rectangles of ihe parts of the parallels, will 
be as the segments of the respective diameters. 

For - - - EK : em : : CK . KL : NM . MO, 
and - - » EK : GH :: ck . kl : ch . hl> 
theref. by equal, em : gh : : nm . mo : ch . hl. 

CoroL 4. When the parallels come into the position of 
the tangent at p, their two extremities, or points in the curve, 
unite in the point of contact p \ and the rectangle of the parts 
becomes the square of the tangent, and the same properties 
still follow them. 

So that, BV : PV : : PV : /> the param. 
Gw : pw : : pw : p, 
E V : ow : : pv^ : PW*, 
EV : OH : : PV* : ch • hl. 
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THEOREM XXIV (20). 

If two Parallels intersect any other two Parallels ; the Rect« 
angles of the Segments will be respectively ProporticmaL 

That iSj c^.fii, : DK . KB : : G^ . IH : NX • lO. 




For, by cor. 3 theor. 23, PK : oi : : CK • kl : <>l . IH ; 

and by the same, pK : ai : : DK . ke : NI . lO ; 

theref. by equal. CK . kl : DK . ke : : GI . IH : Nl . IQ. 

CoroL When one of the pairs of intersecting lines comes 
into the position of their parallel tangents^ meeting and limit- 
ing each other, the rectangles of their segments become the 
squares of their respective tangents. So that the constant 
ratio of the rectangles^ is that of the square of their parallel 
tangents, namely, 
CK.KX : DK. KE : : t^ang^. parallel to c^ ; tang*, parallel to PE. 

THEOREM XXV (21). 

If there be Three Tangents intersecting each other \ the ir 
Segments will be in the same rroportion. 

That is, OI : IH : : CO : 6D : : DH : he. 

For, through the points 
G> I, D, |H, draw the diamer 
ters GK, IL, DM, HN ; as 
also the lines ci, £i, which 
are double ordinates to the 
diameters gk, hn, by cor. 1 
theor. 16} therefore 
the diameters OK> dm, hn> 
bisect the lines CL, CE, le ; ^ ^ 

hence km = cm — ck == icB — -jcL = ^le = ln or ne, 
and*MN = me — ne =: icE — ^LE == idt = CK or KL. 
But, by parallels, oi : ih : : kl : ln> 
:uid - - . CO : gd : : CK : km, 
also - - DH : he : : mn : ke. 
But the 3d terms kl, ck, mn are all equal; 
as also the 4th terms l^, km, ne. 
Therefore the first and second terms, in all the lines, are 
proportional, namely oi : ih ; ; CG : OD : ; dh : he. q.b.d. 

SECTION 




( 29 > 



SECTION IV. 

ON THE CONIC SECTIONS AS £:£PRESS£D BY' ALOEBRAIC 
EQUATIONS^ CALLED THE EaUATIONS OF THE CURVE. 





1. For the Ellipse. 

l»et d denote ab, the transverse, or any diameter; 
c s: IH its conjugate ; 

X =± AlC, any absciss, from (he extremity of the diam^ 
y = DK the coirespondent ordinate. 
Then, dieor.'2, ab* : Hi* : : ak . K6 : dk% 
that is, d* : c* : : x{d—x) : j/*, hence (/*y* = c^(c/vr— x*), 
OT dyzz. C ^(rfr— i^), the equation of the curve. 

And from these equations, any one of the four letters or 
quantities, d^ r, x, y, may easily be found, by the reduction 
of equations, when the other three are given. 

Or, if p denote the parameter, = r" -f- J by its definition ; 
then, by cor. th. 2^ d : p : : xid—x) : j/*, or {h/^=:p{dx^x% 
which is another form of the equation of the curve^ 

Otherwise. 

Or, ltd ^ AC the semiaxis j c = ch the semiconjugate ; 
p ssi^ '■T'd the semiparameter j a: = ck the absciss counted 
from the centre ; and 3^ = dk the ordinate as befoi^e. - 
Then is AK = rf— :r, and KB^d+x, and ak.kb = (</— x)x 
{d + x) = d^ — x\ 

Then, by th. 2, «f* : c* : r cP.- jr* : y\ and dy =rc*(<i* - a:*>, 
or dy :z cV(d^-^x^\ the equation of the curve. 

Or, dip i: rf*— :!?* :^, and dy^ rsz p{(l^ -^ x% another form 
oi the equation to the curve j from which any one of the 
quantities may be found, when the rest are given. 

2. For the Hyperbola. 

Because the general property of the opposite hyperbolas, 
with respect to their abscisses and ordiuates^ \% \]kkft ^tei^ ^^ 
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that of the ellipse, therefore the process here is the very same 
as in the former case for the ellipse ; and the equation to the 
curve must come out the same also, with sometimes only the 
change of the sign of a letter or term, from + to — , or from 
— to +, because here the abscisses lie beyond or without 
the transverse diameter, whereas they lie between or upon 
them in the ellipse. Thus, making the same notation for the 
whole diameter, conjugate, absciss, and ordinate, as at first in 
- the ellipse ; then, the one absciss ak being ^, the other bk 
will be fi^ + JVy which in the ellipse was d -^ x\ so the sign 
of X must be changed h\ the general property and equation, 
by which it becomes d* : c* : : : x{ji + x) i y^ ; hence ^!j/* = 
c^{dx -\- x^) and di/ == c^/ {dx -\- .i*), the equation ot the 
curve. 

Or,«usIng /? the parameter as before, it iSy d:p:: x((l-\-x):j/^, 
or fl(j/* = pldx + x*), another form of the equation to the 
curve. 

Otherwise^ by using the same letters rf, c, /), for the halves 
of the diameters and parameter, and x for the absciss ck 
counted from the centre , then is AK=Ji' — r/, and bk— t4-(/, 
and the property c^* : c* : : (.r — rf) x {.r + rf) : j/*, gives 
d^y"- = e[x' — d/*), or dy = c^(.r* -- e/'), where the signs of 
d^ and x^ are changed from what they were in the ellipse. 

Or again, using the semiparameter, d : p : : x^ — d'^ : j/% 
and dj/^ = p{x^ — d^) the equation of the curve. 

But for the conjugate hyperbola, as in the figure to theo- 
rem 3, the signs of both x^ and d^ will be positive ; for the 
property in that theorem being CA* : az* : I CD* h CA* : De% 
it is d^ : c^ :: x^ -{- d^ :i/^= jye\ or d'^j/* = t*(.r* + rf^), and 
dy = Ca/{x^ + c?*), the equation to the conjugate hyperbola. 

Or, zs d :p :: x^ '\- d^ : j/% and dj/^ z= /?(.r* + d^)y also the 
equation to the same curve. 

-On the Equation to the Hyperbola between the Asi/viptotes, 

Let CE and CB be the two asymptotes to 
the hyperbola rfpD, its vertex being f, and 
BP, bdj AF, BD ordinates parallel to the 
asymptotes. Put af or ef = cr, cb = Xy 
and BD = J/. Then, by theor. 28, af. bf 
= CB . BD, or a* = xijy the equation to the _ 

hyperbola, when the abscisses and ordinates «> A B 

arc taken parallel to the asymptotes; 

3. For the Parabola. 

If JT denote~any absciss beginning at the vertex, and j/ its 
grdin^te, also p the parameter. Then, by cor. thebrdm i , 

Ms. 
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AK : KD : : KD : p^ox X \ y \\y \ p\ hence p.r = J^ is the 
equation to the parabola. 

4. For the Circle. 

Because the circle is only a species of the ellipse, in which 
the two axes are equal to each other ; therefore, making the 
two diameters d and c equal, in the foregoing equations to the 
ellipse, they become ^ = flfj: — r*, when the absciss x begins 
at the vertex of the diameter ; and y^ ^^ d^ t- ^*, when the 
absciss begins at the centre. 

Scholiurtu 

In every one of these equations, we perceive that they rise 
to the 2d or quadratic degree, or to two dimensions; which 
ss also the number of points in which every one of these 
curves may be cut by a right line. Hence it is also that these 
four curves are said to be lines of the 2d order. And these 
four are all the lines that are of that order, every other curve 
being of some higher, or having some higher equation^ or 
may be cut in more points by a right line» 



CHAPTER II. 



ELEMENTS OF ISOPERIMETRY. 

Def, 1. "When a variable quantity has its mutations regu- 
kited by a certain law, or confined within certain limits, it is 
called a maximtim when it has reached the greatest magni- 
tude it can possibly attain; and, onthe contrary, when it 
has arrived at the least possible magnitude, it is called a 
minimum. 

Def. 2. IsoperimeterSf or Isoperimetrical figures^ are 
those which have equal perimeters. . 

Def. 3. The Locus of any point, or intersection, &c, is 
the right line or curve in which these are always situated. 

The problem in which it is required to find, among figures 
of the same or of diflFerent kinds, those which, within equal 
perimeters, shall comprehend the greatest surfaces, has long^ 
engaged the attention of mathematicians. Since the admir- 
able invention of the method of Fluxions, this^ problem has 
been elegantly treated by 5ome of the wnx^x^ ot\. iC!aaX.\«'«w^ 
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of analysis ; especially by Maclaurin and Simpson. A mucit 
niore extensive problem was investigated at the time of 
** the war of problems^" between the two brothers John and 
James Bernoulli : namely, " To find, among all the isoperi-: 
metrical curves between given limits, such a curve, that>^ con- 
structing a second curve, the ordinates of which shall be 
functions of the ordinates or arcs of the former, the area of ' 
the second curve shall be a maximum or a minimum." While, 
however, the attention of mathematicians was drawn to the 
most abstruse inquiries connected with isoperimetry, the ele* 
fnents of the subject were lost sight of. Simpson was the first 
who called them back to this interesting branch of research, 
by giving in his neat little book of Geometry a chapter on the 
maxima and minima of geometrical quantities, and some of 
the simplest problems concerning isoperimeters. The next 
who treated this subject in an elementary manner was Simon 
Lhuillier, of Geneva, who, in 1782, published his .treatise 
De Relatione mutua Capacitatiset Termiruyrum Figuraniiit^ 
hxL, His principal object in the compositioQ of that tvork 
was td supply the deficiency in this respect which he found itt 
most of the Elementary Courses, and to determine, with re"- 
gard to both the inost usual surfaces and solids, those which 
possessed the minimum of contour with the same capacity ; 
'jind, reciprocally, the maximum of capacity with the same 
boundary. M. Legendre has also considered the same sub* 
Ject, in a manner somewhat different from either Simpson or 
Lhuillier, in his Elements deGeometrie. An elegant geometri- 
cal tract, on the same subject, was also given, by Dr. Horsley, 
in the Philos. Trans, vol. 75, for 1 775 ; contained also in the 
New Abridgment, vol. 13, page -653. The chief propositions 
deduced by these three geometers, together with a few addi- 
tional propositions, are reduced into one system in the follow- 
ing theorems^ 



SECTION I. SURFACES. 

THEOREM I. 

Of all Triangles of the same Base, and whose Vertices fall 
in a right Line given in Position, the one whose Perimeter 
i^ a JMinimum is that whose . sides are equally inclined to 
that Line. 

Let AB be the common base of a series of triangles abc', 
kBS, &c> whose vertices c', c, fall in the right line lm^ given 

irv 




in positioh, then is the triangle of least 
perimeter that whose sides ac, bc, are 
inclined to the line lm in equal angles. 

For, let BM be drawn from b, per-» 
pendicularly to lm, and produced till 
DM = BM : join AD, and from the point 
c where i[D cuts lm draw bc : also, from any other point c', 
assumed in lm, draw c'a, c'b, c'd. Then the triangles dmc, 
BMC, having the angle dcm == angle acl (th. 7 Gfeom.) =: 
MCB (by hyp.)j PMC = bmc, and dm = BM, and mc common 
to both, have also dc =: bc (th. I Geom). 

So also, we have cd = c'b. Hence ac + CB = AC + CD 
= AD, is less than ac' + c'd (theor. 10 Geom.), or than its 
equal ac' + c b. And consequently, ab + bc -f AC is less 
than A3 + bc' + Ac'. a. e. d. 

Cor. 1. Of ail triangles of the same base and the same al- 
titude, or of all equal triangles of the same base, the isosceles 
triangle has the smallest perimeter. ' 

For, the locus of the vertices of all triangles of the same 
altitude will be a right line lm parallel to the base ; and 
when LM in the above figure becomes parallel to ab, since 

MOB = ACL, MCB = CBA (th. 12 Geom.), ACL = CAB ; it 

follows that CAB = CBA, and consequently ac = cb (th. 4 
Geqm.). 

Cop. 2. Of all triangles of the same surface, that which 
has the minimum perimeter is equilateral. 

For the triangle of the smallest perimeter, with the same 
surface, must be isosceles, whichever of the sides be consi-. 
dered as base : therefore, the triangle of smallest perimeter 
has each two or each pair of its sides equal, and consequently 
it is equilateral. 

. Cor, 3. Of all rectilinear figures, with a given magnitude 
and a given number of sides, that which has the smallest pe- 
rimeter is equilateral. 

For so long as any two adjacent sides are not equal, we 
may draw a diagonal to become a base to those two sides, and 
then draw an isosceles triangle equal to the triangle so cut 
oS, but of less perimeter : whence the corollary is manifest. 

Scholium, 

To* illustrate the second corollary above, the student may 
proceed thus : assuming anr isosceles triangle whose base is 
not equal to either of the two sides, and then, taking for a new 
base one of those sides of that triangle, he may construct an- 
other isosceles triangle equal to it, but of a smaller perimeter. 
Afterwards, if the base and sides of this second iso^<i«\s.s \.x\-^ 

Vol. hi. D "^^^^ 
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angle are not respectively equal, he may construct a tUtd 
isosceles triangle eaual to it, bur of a still smaller perimeter : 
and so on. In performing these successive operations* he will 
find that the new tri^gles will approach nearer and nearer 
to an equilateral triangle. 



THEOREM II. 

Of all Triangles of the Same Base^ and of Equal Perimeters, 
the Isosceles Triangle has the Greatest Surface. 

I^et ABC, ABDybe two triangles of the same 
base AB and with equal perimeters, of which 
the one abc is isosceles, the other is not : 
then the triangle abc has a surface (or an 
akitude) greater than the surface (or than 
the altitude) of the triangle abd. . , 

Draw c'd through o, parallel to ab, to 
cot CE (drawn perpendicular to ab) in c' : then it is to be 
demonstrated that cb is greater than c'e. 

The triangle^ ac'b, adb, are equal both in base and alti^ 
tude^but the triangle ac'b is isosceles, while adb is scalene: 
therefore the triangle ac'b has a smaller perimeter than the< 
triangle adb (th. 1 cor. l)» or than acb (by hyp.)* Conse« 
qnently AC'<AC; and in the right-angled triangles aec', aec, 
having ab co^imon, we have c'e < ce*. a. b. 0. 

Ctrr. Qf allisoperimetrical figures, of which the number 
of sides is f^ven, that which is the greatest has all its sides 
equal.. And in paxticular, of all isopenmetrical triangles, that 
whose surface is a maximum, is equilateral. 

For, so long as any two adjacent sides are not equal, the 
surfiice may be augmented without increasing the perimeter. 

Remark. Nearly as in this theorem may it be proved 
that, of aQ triangles of equal hei|[hts, and of which the sum 
of the two sides is equa.^ that which is isosceles has the great- 
est base. And, of all triangles standing on the same base 
and having equal vertical angles, the isosceles one is the 
greatest. 



i^«"*"«"**»W*» 



* When two mathemattcit qukotitics are separated by the oHaracter <^ 
it deno^ that the preceding quantity is Itsi than the succeeding one: when, 
on the contrary, the separating character is >, it denotes that the pceceding^ 
quaati^is grttUr thttn the sueceedhig one. , 
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THEOREM ril. 

6f all Right Liiifes that can be duawn through a Given Point, 
between Two Right Lines Given in Position, that which is 
Bisected by the Given Point forms with the other two Lines 
the Least Triangle. 

Of air right lines G0, ab, od, that 
can be drawn through a given point 
p to cut the right lines ca, cd, given 
in posirion, that, ab, which is bisect- 
fed by the given point P, forms with 
CA, CD, the least triangle, ABc. 

For, let EE be drawn through A 
parallel t& CD, meeting Jbtr (produced ' if necessary) in E j 
then the triangles pbd, pae, are manifestly equiangular} ah(ji| 
since the corresponding sides Pfi, pa are equal, the triangles 
are equal also. Hence pud will be less or greater than pao, 
according as cg is greater or less than CA.^ In the former 
case, let pacd, which is common, be added to both; then will 
BAC be less than dgc (ax. 4 Geom.)* In the latter case, it 
^GCB be added, pco will be greater than bag; and conse- 
quently in this case also bag is less than dog. a. E. d. 

Cor. If PM and Pn be drawn parallel to cB and CA r^^ 
f spectively, the two triangles pam, pbn, will be equal, and 
these two taken together (since am = pn^mc) will be equal 
' to tlie parallelogram pmcn : and consequently the paralielo< 
gram pmcn is equal to half ABc, but less titin half dgc^ 
From which it follows (consistently with both the algebraical' 
and geometrical solution of prob. 8, Application of Algebra 
to Geometry), that a parallelogram is always less than half a 
triangle in which it is inscribed, except when the base of the 
one is half the base of the other, or the height of the former* 
' half the height of the latter ; in which case the parallelogram 
is just half the triangle : this being the maximum parallekn 
gram inscribed In the triangle. 

Scholium. 

From tli€ preceding corollary it might easily be shown^ 

that the least triangle which can possibly be described about, 

and the greatest parallelogram which can be inscribed in, any 

curve concave to its axis, will be when the subtangent i^ equal 

to half the b^se of the triaftgle, or to the whole base of the 

parallelogram : and that the two figures will bfe in the ratio of 

«2to L But this is foreign to the present exvc^\r^* 

D 2 ♦ 'KTgtB.o^is.^ 
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THEOREM IV. 

Of all Triangles in which two Sides are Given in Magnitude^ - 
• the Greatest is that in which the twa Given Sides are Per* 
pendicular to each other. 

For, assuming for base one of the given sides, the surface 
is proportional to the perpendicular let fall upon that side 
froih th<e opposite extremity of the other given side: there- 
fore, the surface is the greatest when that perpendicular is 
the greatest; that is to say, when the other side is not in- 
clined to that perpendicular, but coincides with it : hence the 
surface is a maximum when the two given sides are perpendi- 
cular to each other. 

, Otherwise. Since the surface of a triangle, in which twa 
sides are given, is proportional to the sine of the angle in- 
cluded between those two sides ; it follows, that the triangle 
is the greatest when that sine is the greatest: but the greatest 
sine is the sine total, or the sine of a qu&drant ; therefore the 
two sides given make a quadrantal angle, or are perpendicular 
to each other, q. e. d. 

THEOREM V. 

Of all Rectilinear Figiu'es in which all the Sides except one 
are known, the Greatest is that which may be Inscribed in 
a Semicircle whose Diameter is that Unknown Side. 

For, if you suppose the contrary to be the case, then when- 
ever the figure made with the sides given, and the side un- 
known, is not inscribable in a semicircle of which this latter 
is the diameter, viz, whenever any one of the angles, formed 
by lines drawn from the extremities of the unknown side to 
one of the summits of the figure, is not a right angle ; we 
may make a figure greater than it, in which that angle shall 
- be right, and which shall only differ from it in that respect : 
therefore, whenever all the angles, formed by right Hnes 
drawn from the several vertices of the figure to the extremi- 
ties of the unknown line, are not right angles, or do not fall 
in the circumference of a semicircle, the figure is not in its 
maximum state, o. b. d. 

THEOREM VI. 

Of all Figures made with Sides Given in Number and Mag- 
nitude, that which may be Inseribed in a Circle is the 
Greatest. 

Let 
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Let ABCDEro be the 
polygon inscribed, and 
iAcdefg a polygon with 
«qual sides, but not in- 
^ribable in a circle; 
sothatAB=aft,BC=:6c, 
&c; it is affirmed that 
the polygon abcdefo 
is greater than the polygon abcdefg. 

Draw the diameter ep ; join ap, pb ; upon ab = ab msJce 
the triangle flip, equal in all respects to abp •, and join ep. 
Then, or the two figures edcbpy pagfty one at least is not {by 
hyp.) inscribable in the semicircle of which ep is the 'diame- 
ter. Consequently, one at least of these two figures is smaller 
than the corresponding part of the figure apbcdefg (th. 5), 
Therefore the figure apbcdefg is greater than the figure 
apbcdefg : and if from these there be taken away the respect- 
ive triangles apb, apb^ which are equal by construction, there 
will remain (ax. .5 Geom.) the polygon abcdefo greater than 
die polygon abcdefg. a. e. o. 



THEOREM VII. 

■ 

The Magnitude of the Greatest Polygon which can be con- 
tained under any number of Unequal Sides, does not at all 
depend on the Order in which those Lines are connected 
with each other. 

For, since the polygon is a maximum under given sides, it 
is inscribable in a circle (th. 6). And this inscribed polygon 
is constituted of as many isosceles triangles as it has sides, 
those sides forming the bases of the respective triangles, the 
other sides of all the triangles being radii of the circle, and 
their common summit the centre of the circle. Consequently, 
.the magnitu4e of the polygon, that is, of the assemblage of 
these triangles, does not at all depend on their disposition, 
or arrangement around the common centre, a. £. d. 



THEOREM VIII. 

If aPolygon Inscribed in a Circle have all it? Si4es Equal, all 
its Angles are likewise Equal, or it is a Regular Polygon. 

For, if lines be drawn from' the several angles of the poly- 

5 on, to the centre of the circumscribing circle, they will 
ivide the polygon into as many isosceles triangles as it has 
sides ; aud each of these isosceles triangles will be equal to 
either of the others in all respects, and o£ co\xc^ Ociei "^"^ 
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have. the angles at their bases all equal: consequently', the 
angles of the polygon, which are each made up of two angles 
at tfaebasesoftwoconti;;uous isosceles triangles, will be et^ual 
t^ one another. Q.E. D. . 

THEOREM IX. 

Of all Figures having the Same Number of Sides and Equal 
Perimeters, the Greatest is Regular. 

For, the greatest figure under the given conditions has 
■11 its sides'equal (th. 2 cor.). But since the sum of the 
sides and the nun.ber of them are given, each of theUi is 
.given : therefore (th. 6), t'he figure is inscribabie in a circle ; 
and consequently (ch. 8) all its angles are equal; that is, it is 
regular, a. e. d. « ~ 

Cor. Hence we see that regular 'polygons possess the pro- 
perty of a maximum of surface, when compared with any 
other figures of the same name and with equal perimeters. 

THEOREM X. 

A Regular Polygon has a Smaller Perimeter than an Irregu- 
lar one Equal to it in Surface, and having the Same 
Number of Sides. ' , ' 

This is the converse of the preceding' thedrem, and may 
be demonstrated thus : Lei B and i be two figures equal in 
surface and having the same number of sides, of which » is 
regular, i irregular : let also b' be a regular figure similar to 
it, and having a perimeter equal to that of I. Then (th- 9) 
B' > I J but I = B J therefore k' > R. But b' and r are si- 
milar ; consequently, perimeter of b' > perimeter of r ; while 
-per. r' = per. i (by hyp.). Hence, pe^. i >per. r. a.E.i>. 

THEOREM ^t. 

ITie Surfaces of Polygons, Circumscribed about the Same or 
Equal Circles, are respectively as their Perimeters*. 
Let the polygon abcd be circumscribed 
about the circle EFGH ; and let this polygon 
be divided into triangles, by lines drawn 
from its jeveral angles to the centre O of 
the circle. Then, since each of the tan- 
gents AB, BC, &c, is perpendicular |o its 

• This lhpf.rf m, toMlhcr with the araloROin on« reipf ctinj bodies circum- 
(Cribin' >'y!in<lris aid tphprrs, veirgiTen by Emerfon id his Geonelry, and 
tbeir mc in Ihe theory of laoiieriint'tcrf wH juit Bugseited: but the fbll 
■Fplicaiiou of Llicm (o that iheury Is due to Sinum puiUier. 
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corresponding radius oe, of, &c, drawn to the point of con- 
tact (th. 46 Geom.) ; and since the arqa of a triangle is equal 
to the rectangle of the perpendicular and half the base (Mens, 
of Surfaces, pr. 2) ; it follows, that the area of each of the 
triangles abo, boo, &c, is equal to the rectangle of the radius 
of the circle and half the corresponding side AB, BC, &c : and 
consequently, the area of the polygon abcd, circumscribing 
the cir<;le, will be equal to the rectangle of the radius of the 
circle and half the perimeter df the polygon. But, the sur- 
hce of the circle is eq'ial to the rectangle of the radius and 
half the circumference (th. 94 Geom.). Therefore, the sur- 
face of the circle, is to that of the polygon, as half the or* 
cugiference of the former, to half the perimeter of the latter) 
or, as tlie circumference of the former, to the perimeter of 
the latter. Now, let P and p' be any two polygons circum"* 
scribing a circle c : then, by the foregoing, we have 
surf, c : surf, p : : circum. c : perim. p, 
surf, c : surf, p' : ; circum. C : perim. p'. 
But, since the antecedents of the ratios in both these propor- 
tions, are equal, the consequents are proportional : that isj 
surf, p : surf, p' : : perim. p': perim. p'. €L E. D. 

Coi\ I . Any one of the triangular portions abo, of a po- 
lygon circumscribing a circle, is to the corresponding circular 
sector, as the side ab of the polygon, to the arc of the circle 
included between ao and Bo. 

. Cor. 2. Every circular arc is greater than its chord, and 
less than the sum of the two tangents drawn from its ex- 
tremities and produced till they meet. ^ 
, The first part of this corollary is evident, because a rig^t 
line is the shortest distance between two given points. Tht 
second part follows at once from this proposition : for E a -4- 
AH being to the arch eih, as the quadrangle aeoh to tht 
circular sector hieo-; and the quadrangle being greater than 
the sector, because it contains it; it follows that £▲ +'ABis 
greater than the arch. eih *. 

Co7\ S. Hence also, any single tangent B a, is greater than 
its corresponding arc Ei. . 



i» 



.* This g^Qod coronary is ihtrodaeed, inot because of its immediate con* 
nection with the subject under discussion, .but because, Qotivith standing its 
simplicity, some authors have employe^ whole pagM in sttc&iptiiig its .4f» 
monittntiODj ftiid failed At last. 
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THEOREM XII. 

If a Circle and a Polygon, Circumscribable about another 
Circle, are Isoperimeters, the Surface of the Circle is a 
Geometrical Mean Proportional between that Polygon and 
:a Similar Polygon (regular or irregular) Circumscribed 
about that Circle- 
Let c be a circle, P a polygon isoperimetrical to that circle, 
and circumscribable about some other circle, and p' a polygon 
similar *to p and circumscribable about the circle c : it is af- 
firmed that p ; c : : c : p'. 

For, p : p' : : perim*. P : : perim*. p' : : circum*. c : perim*. p' • 

by th. S9, Geom. and the hypothesis. 
But (th. 1 1 ) p' : c : : per. P : cir. c : : per*, p' : per. P* X cir. c. 
Therefore P : c : : - - - - cir*. c : per. p' x cir. c 

: : cir. c : per. p' : : c : v. Q. e. d. 

THEOREM XIII. 

If a Circle and a Polygon, Circumscribable about another 
Circle, are Equal in Surface, the Perimeter of that Figure 
is a Geometrical Mean Proportional between the Circum- 
ference of the first Circle and the Perimeter of a Similar 
Polygon Circumscribed about it. 

* 

Leti c =:: p, and let p' be circumscribed about c and similar 
to c : then it is affirmed that cir. c : per. p : per. p : per. p\ 

For, cir. c : per. p' : : c : p' : : P : P' : : per*, p : per*, p'. 
Abo, per. p' : per. p - - - : : per*, p' ; per. p X per.p'. 
Therefore, cir. c : per. p - - : : per*, p : per. p x per. p' 

; : per. p : per. p'. a. E. d, 

THEOREM XIV. 

The Circle is Greater than any Rectilinear Figure of the Same 
Perimeter; and it has a Perimeter Smaller than any Recti- 
linear Figure of the same Surface". 

For, in the proportion, p ; c : : c : p', (th. 12), since c<p', 

therefore p < c. 
And, in the propor. cir^ c : per. p : : per. p : per. p' (th. 1 3), 

or, cir. c : per. p': : cir*. c : per*. P, 
cir. c<per.p'; 
therefore, cir*. c < per*, p, or cir. c < per. p. a. E. D. 

Cor, 1. It follows at once, from this and the two preced- 
ing theorems, that rectilinear figures which are isoperimeters, 

. : . • and 
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«nd each ciFCumscribable about a circle, are respectively in 
th^ inverse ratio of the perimeters, or of the surfaces, of 
figures similar to them, and both circumscribed about one 
and the same circle. And that the perimeters of equal rec- 
tilineal figures, each circumscribable about a circle, are re- 
spectively in the subduplicate ratio of the perimeters, or of 
the surfaces, of figures similar to them, and both circumscribed 
about one and the same circle* 

Cor. 2. Therefore, the comparison of the perimeters of 
v^qual regular figures, having different numbers of sides, and 
that of the surmces of regular isoperimetrical figures, is re- 
duced to the comparison of the perimeters, or of the surfaces 
of regular figures respectively similar ta them, and circum- 
scribable about one and the same circle. 

Lemma 1. 

If an acute angle of a right-angled triangle be divided into 
any number of equal parts, the side of the triangle opposite 
to that acute angle is divided into unequal parts, which are 
greater as they are more remote from the right angle. 

Let the acute angle c, of the right- Cn 
angled triangle acf, be divided into equal 
|>arts, by the lines cb, cd, ce, drawn from 
that angle to the opposite side \ then shall 
the parts ab, bd, &c, intercepted by the 
lines drawn fi'om c, be successively longer as they are more 
remote from the right angle a. ^ 

For, the angles acd, bcb, &c, being bisected by cb, cd, 
&c, therefore by theor. %3 Geom. Ac : cd ; : ab : bd, and 
BC : CE : : BD : de, and DC : cF : : de : ef. And by th. 21 
Geom. CD > ca, ce > cb, cf'> cd, and so on : whence it 
follows, that db > ab, de > db, and so on. cu e. d. 

Cot. Hence it is obvious that, if the part the most remote 
from the right angle A, be repeated a number of times equal 
to' that into which the acute angle is divided, there will re- 
sult a quantity greater than the side opposite to the divided 
angle* 

THEOREM XV. 

- If twfa Regular Figures, Circumscribed about the Same Circle, 
differ in their Number of Sides- by Unity, that which has 
the Greatest Number of Sides shall have the Smallest Pe- 
rimeter; 

■ Lei cA be the radius of a circle, and ab, ad, the half sides 
of two regular polygons circumscribed about thai dxcXfti^C 
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which the number of sides differ by unity, being 
• respectively 71 + I and ?i. The angles acb, acd, 

therefone are respectively the — - and the— th 

part of two. right angles: consequently these ^ 
angles are as n and n -\- I : and hence, the angle may be 
conceived divided into ?i-h 1 equal parts, of which BCD is one. 
Consequently, {cor. to the lemma) (n f- 1 ) bd > ad. Taking, 
then, une(|ual qunmities fiom equal quantities, we shall have 

{71 + 1) AD — '{n -f I) BD < (/i -V- AD — AD> 
or, (/t + I ) AB < 7i . AD. 

That is, the semi peri meter of the polygon whose half side is 
AB is smaller than the semipmmeter of the polygon whose 
half side is ad : whence the proposition is manifest. 

Cor. Hence, augmenting successively by unity the num- 
ber of sides, it follows generally, that the perimeters of 
polygons circumscribed about any proposed circle, become 
smaller as the number of their sides become greater. 

THEOREM XVI* 

The Surfaces of Regular Isoperi metrical Figures are Greater 
as the Number of their Sides is Greater : and the Perimeters 
of Equal Regular Figures are Smaller as the Number rf 
their Sides is Greater. 

For, 1st. Regular isoperimetrical figiu;es,are (cor. I th. 1^ 
in the inverse ratio of figures sifhilar to them circumscribed 
about the same circle* And (th. 15) these latter are smaller 
when their number of sides is greater : therefore, on the 
contrary, the former become greater as they have more sides. 

2dly. The perimeters of equal regular figures are (cor* 1 
th. 14) in the subduplicate ratio of the perimeters of similar 
figures circumscribed about^ th,e same circle : and (th. 15) 
these latter are smaller as they have more sides : therefore 
the perimeters of the former also are smaller wlien the num-* 
ber of their sides is greater, a. E. D. 



SECTION II. SOLIDS. 



THEOREM XVII. 



Of aH Prisms of the Same Altitude, whose. Base is Given in 
Magnitude and Species, or Figure, or Shape, the Right 
Prism has the Smallest Su^bce. 

For, 
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For, the ar^ of «ach face of the prism is proportional to 
its height ; therefore the area of each face is the smallest 
when its height is the smallest, that is to say, when it is equal 
to the altitude oE the prism it^^elf :. and in that case the prism 
is evidently a right prism, gl B. D. 



THBORBM XVIII. 

Of all Prisms whose Base is Given in Magnitude and Species^ 
and whose Lateral Surface is the Same, the Right Prism 
has the Greatest Altitude, or the Greatest Capacity. 

This is the converse of the preceding theorem, and may 
readily be proved after the nianner of theorem 2. 

THBORBM XIX. 

r 

Of all Right Prisms of the. Same Altitude^ whose Bases are 
Given in Magnitude andof a Given Number of Sides, that 
whose Base is a Regular Figure has the Smallest Sur£ice. 

For, the surface of a right prism of given altitude, and base 
given in magnitude, is evidently proportional to the perime- 
ter of its base. But (th. 10) the base being given in magni- 
tude, and having a given number of sides, its perimeter is 
smallest when it is regular : whence, the truth of the propo- 
sition is manifest. , 

THBOBBM XX., 

Of Two Right Prisms of the Same Altitude, and with Irre- 
gular Bases Equal in Surface> that whose Base has the 
Greatest Numl^r of Sides has the Smallest Surface : and, in 
partic jiar, the Right Cylinder has a Smaller Surface than 
any Prism of the Same Altitude and the Same Capacity. 

The demonstration is analogous to that of the preceding 
tiiec»:em, being at once deducible from theorems 16 and 14. 

THEOREM XXI. 

Of all Right Prisms whose Altitudes and whose WKole Sur- 
faces are Equal, and whose Bases have a Given Number of 
Sides; that whose Base is a Re^ar Figure is the Greatest. 

Let p, p', be twb right prisms of the same name, equal in 
altitude, and equal whole surface, the first of these having a 
regular, the second an irregular base; then is the base of the ' 
prism. P> less than the base of the prism p'. 

For, let p" be v prism of equal altitude, and whose base is 
equal to that of the prism p' and similar to that of the orisati.P* 
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Then, the lateral surface of the prism p" is smaller than the 
lateral surface of the prism p' (th. 19) : hence, the total sur- 
face of p" is smaller than the total surface of p', and therefore 
(by hyp.) smaller than the whole surface of p. But the prisms 
p'' and p have equal altitudes and similar bases ; therefore the 
dimensions of the base of p'' are smaller than the dimensions 
of the base of p. Consequently the base of p", or that of p', 
is less than the base of p j or the bsSe of p greater than that 

of p'. Q. £. D. 

THEOREM XXII. 

Of Two Right Prisms, having Equal Altitudes, Equal Total 
Surfaces, and Regular Bases, that whose Base has the 
Greatest Number of Sides, has the Greatest Capacity. 
And, in particular, a Right Cylinder \s Greater than any 
Right Prism of Equal Altitude and Equal Total Surface. 

The demonstration of this is similar to that of the preced- 
ing theorem, and flows from th. 20. 

THEOREM XXIII. 

The Greatest Parallelopiped which can be contained under 
the Three Parts of a Given Line, any way taken, will be 
that constituted of Equal length, breadth, and depth. 

For, let AB be the given line, and, 

if possible, let two parts AE, ed, be l~l !■' ■ 

unequal. Bisect ad in c, then will A c e d b 
the rectangle under ae ( = ac 4- ce ) 

and ED (=AC — ce), be less than ac% or than ac. cd, by the 
square of c^ (th. 33 Geom.)- Consequently, the solid ae . 
ED . DB, will be less than the solid ac . cD . db ; which is 
repugnant to the hypothesis. 

Cot. Hence, of all the rectangular parallelopipeds, hav- 
ing the sum of their three dimensions the same, the cube is 
the greatest. 

THEOREM XXIV. 

The Greatest Parallelopiped that can possibly be contained 
under the Square of one Part of a Given Line, and the 

. other Part, any way taken, will be when the 'former Part 
is the Double of the latter. 

Let AB be a given line, and | | 1— |. 



AC = 2cb, then is AC* . CB the a d' d c' c b 
greatest possible. 

For, 
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For, let Ac' and c'b be any other parts into which the ^f en 
line AB may be divided ; and let ACi ac', be bisected in D^ 
d', respectively* Then shall AC* . cb = 4ad . dc • cb (cor. to 
theor. 31 Geom.) > 4ad'. d'c. cb, or greater than its equal 
c'a' • c'b, by the preceding theorem. 

THEOREM XXV. 

Of all Right Parallelepipeds Given in Magnitude, that which 
has the Smallest Sumce has all its Faces Squares, or is a 
Cube. And reciprocally, of all Parallelopipeds of Equal 
Surface, the Greatest is a^Cube. 

For, by theorems 19 and 21, the right parallelepiped hav* 
ing the smallest surface with the same capacity, or the great- 
est capacity with the same surface, has a square for its base. 
But, any face whatever may be taken for base : therefore, in 
the parallelepiped whose surface is the smallest with the same 
capacity, or whose capacity is the greatest with the samcsur- 
face, any two opposite faces whatever are squares : conse- 
quently, this parallelopiped is a cube. 

THEOREM XXVI. 

The Capacities of Prisms Circumscribing the Same Right 
Cylinder, are Respectively as their Surfaces, whether Total 
or Lateral. 

For, the capacities are respectively as the bases of the 
prisms; that is to say (th. 11), as the perimeters of their 
bases \ and these are manifestly as the lateral surfaces: whence 
the proposition is evident. 

Cor, The surface of g right prism circumscribing a cylin- 
der, is to the surface of that cylinder, as the capacity of the 
former, to the capacity of the btter. 

Def. The Archimedean cylinder is that which circum- 
scribes a sphere, or whose altitude is equal to the diameter of 
its base* 

THEOREM XXVII. 

The Archimedean Cylinder has a Smaller Sur£u:e than any 
other Right Cylinder of Equal Capacity; and it is Greater 
than any other Right Cylinder of Equal Surface. 

Let c and c' denote two right cylinders, of which the first 
is Archimedean, the other not : then, 

I St, If . . . c = d', stirf. c < surf, c' : 
2dly, if surf, c = surf, c', c > c'% 
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For^ having circumiscrib^ abocft the cyitnders c, c\ th# 
right pmms Pj p', with * sqeare base^, the former wiH be z 
ciiDe, the second not : and the following series of equal ra-^ 
tios will obtain, viz, c : i> : : surf, c : surf, p :: base c : base ^ : ; 
base c' : base f ' 2 : c' : p' : : surf d : surf. p'. 

Then, 1st : when c :±: c'. Since c : p : : t:' : p', it follows 
that p r= p' ; and therefore (th. 25) 'Surf. P < surf. p'. But, 
surf, c ^ surf, p : : surf, c' : surf, p' % consequently surf, c < 
surf. c'. Q. E. 1 n. 

2dly : when surf, c = surf. c'. Then, since surf, c : surf. 
P : : surf, c' : surf, p', it follows that surf. P = surf, p ; and 
therefore (th. 25) p > p'. But c : P : : c' : p' ; consequently 

C > c'. GL E. 2d. 

TtlEOI^BM XXVIIl. 

Of all Right Prisms whose Bases are Circumscribable abouf 
Circles, and Given in Species, that whose Altitude \9 
Double the Radius of the Circle Inscribed in the Base^ 
ha$ the Smallest Surface with the Same Capacity, and the 
Greatest Capacity with the Same Surfece. 

This may be demonstrated exactly as the preceding theo^ 
rem, by supposing cylinders inscribed in the prisms. 

Scholium. 

If the base cannot be circumscribed about a circle, the right 
prisiti which has the minimum surface, or the maximum ca** 

Eacity, is that whose lateral surface is quadruple of the sur- 
ice of one end, or that whose lateral surface is two^thirds 
of the total surface. This is manifestly the case with the 
Arcl^imedean cylinder j and the extension of the property 
depends solely on the mutual connexion subsisting between 
the properties of the cylinder, and those of eifcumsoribing 
prisms. 

THEOREM XXI^. 

The Surfaces of Right Cones Circumscribed about a Sphere^ 

are as their Solidities. 

for, it maybe demonstrated, in a manner* analogous to 
the demonstrations of theorems 1 1 and 26, that these cones ^ 
are equal to right cones whose altitude is equal to the radius 
of the inscrit]^ sphere, and whose bases are equal to the 
total surfaces of the cones t therefore the furfaces and solidi-> 
ties are proportional. 

THEOREM 
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The Surface or the Solidity of a Right Cone Circumscribed 
about a Sphere, is Directly as the Square of the Cone's 
Altitude, and Inversely as the Excess of that Altitude over 
the Diameter of the Sphere. 

L«t VAT be a right-angled triangle whichi 
by its -rotation upon VA as an axis, generates a 
right cone ; and bda the semicircle which by 
a like rotation upon VA forms the inscribed 
sphere : then, the surface or the solidity of 

the cone varies as — . 

VB 

For, draw the radius CD to the point of contact of the 
semicircle and vt. Then, because the triangles vat, VDC, 
are similar, it is at : vT : : cd : vc. 
And, by compos, at : at+ vt ; cd : cd 4- cv = vA ; 
Therefore at* : (at+ vt) at : : cd : va, by multiply- 

ing the terms of the first ratio by at. 
But, because vb, vd, va are continued proportionals, 
it is VB : va : : vd* : VA* : : cd* : AT* by sim. triangles. 
But CD : va : : AT" : (AT + vt)at by the last ; and these 
mult, give CD . vb : va^ : : cd* : (at -h vt)at, 

VA* 

or VB : CD : ; VA* : f AT + vt)at = cd . — . 

But the surface of the cone, which is denoted by rt* . at* + 
CAT.VT*, is manifestly proportional to the first member 
of this equation, is also proportional to the second membery 

or, since cp is constant, it is proportional tQ — ,or to a third 

proportional to b v and AV. And, since the capacities of these 
circumscribing cones are as their surfaces (th. 29), the truth 
of the whole proposition is evident. 

Lemma 2. 

The difierence of two right lines being given, the third- 
proporticmal to the less and the greater of them is a minimumr 
when the greater of those lines is double the oth^r. 

X.et AV and Bv be two right 

lines, whose difierence ab is — \ 1 1 ' " ■ ■ ■ ' ■ ; 

given, and let Ap be a third ^ ^ ^' *" 

proportional to BT and av; 

then is AP a minimum when A V :=: 2bv. 



*iM*— 1_>— >_^^ — -— .^ .. . .' _-■ ■ ■ 1 11 i j 



• « being - 3M1593. See vol. ii. pa, «5. 
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For, Since AP : AV :: AV ; bv; 

By division ap : ap — AV : : av : av — BT; 
That is, AP : VP : : av : ab. 

Hence, vp . av = ap . ab. 
But VP . AV IS either = or < ^ap* (cor. to th. 51 Geom. 
and th. 23 of this cJiapter). ^ 

Therefore ap . ab < ^ap*: whence 4ab < ap, or ap > 4AB. 
Consequently, the minimum value of ap is the quadruple of 
AB ; and in that case pv = va = 2ab. q. e. d*. 

THEOREM XXXI. 

Of all R ight Cones Circumscribed about the Same Sphere, 
the Smallest is that whose Altitude is Double the Diame- 
ter of the Sphere. 

For, by th. 30, the solidity varies as — (see the fig. to 
that theorem) : and, by lemma 2, since VA— VB is ^ven, the 
third proportional — is a minimum when va=2ab. q.e.d. 

Cor. 1. Hence, the distance from the centre of the sphere 
to.the vertex of the least circumscribing cone, is triple the 
radius of the sphere. 

Cor. 2. Hence also, the side of such cone is triple the 
radius of its base. 

THEOREM XXXII. 

The Whole Surface of a Right Cone being Given, the In- 
scribed Sphere is the Greatest when the Slant Side of the 
Cone is Triple the Radius of its Base. 

For, let c and c' be two right cones of equal whole sur- 
face, the radii of their respective inscribed spheres being 



* Though the evidence of a single demonstration, conducted on sound 
mathematical princi);>les, is really irresistible, and therefore needs no corro- 
boration ; yet it is frequently conducive as well to mental improvement, as 
to mental delight, to obtain jike results from different processes. In this 
view it will be advantageous to the student, to confirm the truth of several 
of the propositions in this chapter by means of the fluxional analysis. Let 
the truth enunciated in the above Jemma be taken for an example: and let 
A^ be denoted by a, av by a-, bv by«— a. Then \ve shall have *— a : « : : 

a* 

X ' - — , the third proportional ; which is to be a minimum. Hence, the 

fluxion of this fraction will be equal to zero (Flux, art 51). That is (Flux. 

artF. 19 and 30), Zlz: a o. Consequently, «««- So* » o, and^e^c, 

(*-«}•, 
•r AV 3s Sab, as above. 

denoted 



defnoted by R and r' ; let the side of the cont c be triple 
the radius of its base« the same ratio not obtaining in c ; 
and let c" be a cone similar to c, and circumscribed about 
the same sphere with c'. Then, (by th. 31) surf. c"< sarf. c': 
therefore surf, c' < surf c. But c'' and c are similar, there- 
fore all the dimensions of c" are less than the corresponding 
dimensions of c : and consequently the radius K of the sphere 
inscribed in c^ or in c, is less than the radius r of the sphere 
inscribed in c, or a > r^ q. e. d. 

Cor. The capacity of a right cone being given, the in- 
scribed sphere is the greatest when the side of the cone is 
triple the radius of its base« 

For the capacities of such cones vary as their sur&cei 
(th. 29). 

THEOREM XXXlIt. 

Of all Right Cones of Equal Whole Surface, the Greatest 

* is that whose Side is Triple the Radius of its B^se : and 

reciprocally, of all Right Cones of Eoual Capacity, that 

whose Side is Triple the Radius of its Base has the Least 

Surface, 

For, by th.- 29, the capacity of a right cone is in the. com- 
pound ratio of Jits whole surface and the radius of its inscribed 
sphere. Therefore, the whole surface being given, the ca- 
pacity is proportional to the radius cf the inscribed sphere : 
and consequently is a maximum when t)ie radius of the in- 
scribed sphere is such ; that is, (th. 32) when the side of the 
cone b triple the radius of the base*. 

Again, reciprocally, the capacity being given, the surJace 
is in the inverse ratio of the sphere inscribed * therefore, it , 
k the smallest wlieb that radius is the greatest; 'that is (th. 32} 
when the side of the cone is triple the radius of its base. a.E.p. 



* Here again a sukiilar result' may easily be deduced from the method of 
fluxions. Let the radius of the base be" denoted by x, the slant side of ihc 
con« by «,.its whole surface by «», and 3'i4l593 by «. Tlien the circum- 
ference of the cone's base will be 2wx, its area wi', and the convex surface 
irs2. The whole surface 48, tbeveliiFe, ^ ira^ •!■ ^xn : and this being ^ a>, 

we have z= — — a:< But the allit^de of the cone is equal to 'the square j-OfBt 

of the difference of the sqoares of the side and of the radius of the b^s^ ;>thtt 

js, it is - v'C-— --^ — )• And this multiplied into J of the area of the base, 

a* %d* 
viz. by {mfi, gives hrx^ J{ -TT"* — )» ^^^ ^^ capacity of the cone. Now, 

Vol. hi. E tu^oTku**' 
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THEOREM XXXIV. 

The Siirfeces, whether Total or Lateral) of Pyramids Cir- 
cumscribed about the Same Right Cone> are respectiVelj 
as their Solidities. And, in particular, the Surface of 2 
Pyramid Circumscribed about a Cone, is to the Suriaceof 
that Cone, as the Solidity of the Pyramid is to the Solidity 
of the Cone ; and these Ratios are Equal to those of the 
Surfaces or die Perimeters of the Bases. 

For, the capacities of the several solids are respectively as 
their bases ; and their surfaces are as the perimeters of those, 
bases : so that the propositioa may manifestly be demon- 
strated by a chain of reasoning exactly like that adopted in 
theorem II. 

THEOREM XXXV. 

The Base of a Right Pyramid being Given in Species, the 
Capacity of that Pyramid is a Maximum with the Same 
Surface, and, on the contrary, the Si|rface is a Minimum 
with the Same Capacity, when the Height of One Face is 
Triple the Radius of the Circle Inscribed in the Base. 

Let p and p' be two right pyramids with similar bases, the 
height of one lateral face of p bein^ triple the radius of the 
circle inscribed in the base, but this proportion not obtain- 
ing with regard to p' : then 

1st. If surf. P = surf, p', p > p'. 

2dly. If . . p = . . p', surf. P < surf. p'. 
For, let c and c' be right cones inscribed within the pyr»-^ 
mids p and P' : then, in the cone c, l|ie slant side is triple 
the radius of its base, while this is not the case with respect 
to the cone c'. Therefore, if c = c', sur£ c < surfc c'; and, 
if surf, c = surf, c', c > c' (th. 38). 



this being a maximum its square must be so likewise (Flux. art. 53), tbat i«, 
y or, rejecting the denomioator, as constant, a*x*~8ira*j|4 mast 

be a maximum. This, in fluxioas, is So^— Smi^x » o ; whence w« bare 
41^ — 4vs* 3B o, and eonsequently x s^.-.; and tfi » 4ti*. Substituting 

this ^ue of a* for it, in the value of s above given, there resnltSv 

4* 4irf* 

I «» — — « "• — X s 4x — X a> dx. Therefore, the side of the cone 

9X ^x 

-.N is triple the radius of its base. Or, the square of the altitude is to the square 

'dM. radius of the base, as 8 to 1, or, to the squnre of the dtluneter of the 

^••9to I. 

But>^ 
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But, 1st. surf, p : surf, c : : surf, p' : surf, c' ; 
whence, if surf, p = surf, p', surf, c = surf, c'; 
therefore c > c'. But p : c : : p' : c'. Therefore p > p'. 

2dly. p : c : : p' : c'. Theref. if p=p', c=c' : consequently 
surf, c < surf. c'. But, surf, p : surf, c : : sur£ p' : surf, c . 
Whence, surf, p < sinrf. p'. 

Cor. The regular tetraedron possesses the property of the 
minimum surface with the same capacity, and or the maxi- 
mum capacity with the same surface, relatively to all right 
pyramids with equilateral triangular bases, and, a fortiartf 
relatively to every other triangular pyramid. 



THEORBM XXXVI. 

A sphere is to any Circumscribing Solid, Bounded by Plane 
Surfaces, as the Sur£ice of the Sphere to that of the Cirp 
cumscribing Solid. 

Tor, since all the planes touch the sphere, the radius drawn 
to each point of tontact will be perpendicular to each re- 
spective plane. So that, if planes be drawn through the cen- 
tre of the spl^ere and through all the edges of the body, the 
body will be divided intQ pynimids whose bases are the re- 
spective planes, and their common altitude th^ radius of the 
sphere. Hence, the sum of all these pyramids, or the whole 
circumscribing solid, is equal to a pyramid or a cone whose ^ 
base is equal to the whole surface of that solid, and altitude 
equal to the radius of the sphere. But the capacity of the 
sphere is equal to that, of a cone whose base is equal to the 
surface of the sphere, and altitude equal to its radius. Con- 
sequently, the capacity of the sphere, is to that of the circum- 
scribing solid, as the surface of the former to the surface of 
the ktter : both having, in this mode of considering them, a 
common sdtitude. a. £• ,i>. 

Cor. 1. All circumscribing cylinders, cooes, &c, ax« to 
the sphere they circumscribe, as their resj^tctive surfaces. 

For the same prbportion will subsist bdtwecn their indefi- 
nitely small conesponding segments, and ddti-efore between 
their wholes. 

Cor. i. All bodies circumscribing the s^e sphere, are 
respectirely as their-surfaces. 
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THEOREM XXKTII« 

TI^ Sphere is Greater than any Polyedron of Equal 

Surface. 

For, first it may be demonstratedi by a process similar to 
that adopted in theorem 9, that a regular polyedron has a 

E eater capacity than any othei* pdlyedron ot ^qual smftce- 
it P, therefore, be a regular pblyedroii of equal surface to 
a sphere s. Then p must either circumscribe s, or fall partly 
within it and partly out of it, o^ fall entirely within it. The 
first of these suppositions is contrary to the hypothesis of the 
proposition, because in that case the surface of p could not 
be equal to that of s. Either the 2d or 3d supposition there- 
fore must obtain ; and then each plane of the surface of p 
must fall either partly or wholly within the sphere s : which- 
ever of these be the case, the perpendietilars demitted from 
the centra of s upon the planes, will be each less than the 
radius of that sphere : and consequently the polyedron p 
must be less than the sphere s, because it has an equal base, 
but a less altitude, a. e. d. 

Co)\ If a prism, a cylinder^ a pyramid, or a cone» be 
^qual to a sph^ either in capacity, or in surface; in the first 
case, the surface of the sphere is less than the surface of any 
of those solids; in the second, the capacity of the sphere is 
greater than that of either of those solids* 

The theorems in thi^ chapter will sqggest a variety of 
practical examples to exercise the student in coinputation. 
A few such are given below. 
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JE3U3RCISES, 

' - J?r. 1 . Find the areas of ah equilateral triangle, a square, 
-a hexagon, a dodecagon, -and a circle^ the perimeter of each 
•^being 36. 

-'• Sx.' 2. Fipd the diSfereiice bcttreeh thip area of a triangle 
T^hbse-sides are 3, 4, ahd'^f, tod of ah equilateral triatigle of 
'equS perimeter. 

' '^Ex/S. What is the area of the greatest triangle /iirhich 
can be constituted with two given sides 8 and 1 1 : and what 
Avill be the length of its third side;? . - ' 

£x. 4. The circumference of a circle is 12, and the pe- 
rimeter of an irregular polygon which circumscribes it is 15 : 
what are their respective areas ? 

Ex, 
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Et, S. Required the surface and the solidity of the great-i 
^sst paralleiopiped, whose length) breadth^ and depths together 
make 18 ? 

Hxn 6. The surface of a square prism is 546 : what is its 
solidity when a maximum ? 

JSx. 1. arhe content of a cylinder is 169*645968^ what ' 
is its surface when a minimum i 

Ex. 8. The whole surface of a right cone is 20 1 *06 1 952 : 
what is its soHdity when a maximum ? 

Ex, 9. The surface of a triangular pyramid is 43*30127: 
what is its capacity when a maximum ? 

Ex. 10. The radius of a sphere is 10. Required the so- 
lidities of this sphere^ of its circumscribed equilateral cone, 
and of its circumscribed cylinder. 

Ex* 11. The siu-face of a sphere is 28*274337, and of an 
Irriegular polyedron circumscribed about it 35 : what are their 
respective solidities i , 

Ex. 12. The 8(^dity of a sphere, equilateral cone, and 
Archimedean cylinder, are each 500 : what are the surfaces 
and respective dimensions of each ? 

Ex, 13. If the surface of a sphere be represented by the 
number 4^ the circumscribed cylinder's convex surfac6 and 
whole surface will be 4 and 6, and th« circuoiscribed equila- 
•teral cone*s convex and whole surface, 6 and 9 respectively. 
Show how these numbers are deduced. 

Ex. 14. The solidity of a sphere, circumscribed cylinder, 
and circumscribed equilateral cone, are as the numbers 4, 6, 
ajod 9. Required the proof. 
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2>LAN£ TRIGONOMETRY CONSIDERED ANALYTICALLY. 

Art. 1 . Tliere are two methods which are adopted by 
mathematicians in investigating the theory of Trigonometry: 
the one Geometrical^ the other Algebraical. In the former, 
the various relations of the sines, cosines, tangents, &c, of 
single or multiple arcs or angles, and those of the sides and 
angles of triangles, are deduced immmeduxcV^ ixovsv >i>c^^ 
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figures to which the seteral enquiries are referred; each in* 
dividual case requiring its own particuhr method,, and resting 
on evidence peculiar to itself, tn the latter, the nature and 
properties ot the linear-angular quantities (sines, tangents, 
&c,) being first defined, some general relation of these quan- 
tities, or of them in connection with a triangle, is expressed 
by one or more algebrsucal equations ; and then every other 
theorem or precept, of use in this branch of science, is de- 
veloped by the simple reduction and transformation of the 
primitive equation. Thus, the ndes for the three fundap- 
mental cases in Plane Trigonometry, which are deduced by 
three independent geometrical investigations, in the second 
volume of this Course of Mathematics, are obtained alge- 
braically, by forming, between the three data and the three 
unknowil quantities, three equations, and obtaining, in ex« 
pressions of known terms, the value of each of the unknown 
quantities, the others being exterminated by the usual pro- 
cesses. Each of these general methods has its peculiar ad«- 
vantages. The geometrical method carries conviction at every 
step ; and by keeping the objects of enquiry constantly before 
the eye of the student, serves admirably to guard him against 
the admission of error : the algebraical method, on the con- 
trary, requiring little aid firom first principles, but merely at 
the commencement of its career, is more properly mechanical 
than mental, and requires frequent checks to prevent any 
deviation from truth. The geometrical method is direct, 
and rapid, in producing the requisite conclusions at the out- 
set of trigonometrical science ; but slow and circuitous in 
arriving at those results which the modern state of tlte science 
requires : while the algebraical method, though sometimes 
circuitous in the developement of the mere elementary theo- 
rems, is very rapid and fertile in producing those curious and^ 
interesting formulae, which are wanted in the higher branches 
of pure analysis, and in mixed mathematics, especially in 
Physical Astronomy. This mode of developing the theoiy 
of Trigonometry is, consequently, well suited for the use of 
the more advanced student: and is therefore introduced here 
with as much brevity as is consistent with its nature gnd 
utility. 

2. To save the trouble of turning very frequently to the 
2d volume, a few of 'the principal definitions^ there given, 
are here repeated, as follows : - 

The SINE of an arc is the perpendicular let fall from one 
of its extremities upon the diameter of tHe circle which 
, passes throu^ the other extremity. 

The 



AWTALTTICAL PLANE TRIGONOMSTBT. $S 

The cosiNB of an arc> is the sine of the complement of 
that arc^ and is equal to the part of the radius comprised be- 
tween the centre of the circle and the foot of the sine. 

The TANGENT of an arc, is a line which touches the circle 
in one extremity of that arc, and is continued from thence 
till it meets a" line drawn &om or through the centre and 
through the other ^Ltremity of the arc. 

The SECANT of an arc> is the radius drawn through one 
of the extremities of that arc and prolonged till it meets the 
tangent drawn from the other extremity. 

The VERSED SINE of an arc^ is that part of the diameter 
of the drcle which lies between the beginning of the arc and 
the foot of the sine. 

.The COTANGENT, COSECANT, and covERSED SINE of an 
arc, are the tangent, secant, and versed sine, of the comple- 
ment of such arc. 

3. Since arcs are proper and adequate^measures of plane 
angles, (the ratio of any two plane angles being constantly 
equal to the ratio of the two arcs of any circle whose centre 
is the angular point, and which are intercepted by the lines 
whose inclinations form the angle), it is usual, and it is per- 
fectly safe, to apply the above names without circumlocutioA 
as though they referred to the angles themselves ; thus, when 
we speak of the sine, tangent, or secant, of an angle, we 
^ean the sine, tangent, or secant, of the arc which measures 
that angle ; the radius of the circle employed being known. 

- 4. It has been shown in the 2d vol. (pa. 6), that theltan- 
gent is a fourth proportional to the cosine, sine, and radius; 
the secant, a third proportional to the cosine and radius; the 
cotangent, a fourth proportional to the sine, cosine, and ra- 
dius 4 and thexrosecant a third proportional to the sine and 
radius. Hence, making use pf the obvioys abbreviations^ 
and converting the analogies into equations, we have 

rad. X stnft. rad. x cos* rod*. rad'. 

tan. = r- , cot. = : > sec. = , cos. = -:: . 

COS. ' sine ' cos. ' sine 

Or, assuming unity for the rad. of the circle, these will become 

sin. _^ cos, 1 1 

tan. = — . • .. cot. == -r- ... sec. = — . . . cos. = "• — • 

cos. ^ sm. cos. 'Sin. 

These preliminaries being boi^ie in mind, the student may 
pursue his investigations. 

5. Let ABC be any plane triangle, of c 

which the side BC opposite the angle a is /\ 

denoted by the small letter a, the side Ac ¥ \ \(t 

opposite the angle b by the small letter J, / ^ \ 

^nd die side ab opposite the angle c by A i h 
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the small letter c, and cd perpendicular to AB : then is^ 
c = rt . cos B + ^ • cos A. 

For, since Ac = J, AD is the cosine of a to that radius ; 
consequently, supposing radiys to be unity, T^e have ad ;;= 6. 
COS. A. In like manner it is Bd = fl • cos. B. Therefore, 
AD -V- BD = AB =: c =: a . cos. B -f- i • Gos. A. Bv pursuing 
similar reasoning with respect to the other two sides of the 
triangle, exactly analogous results will be obtained. Placed 
together, they will be as below : 

6^ =» b , cos. e + c . cos. b^ 

b sz a . cos. c + c . cps. a > (I.) 

c =^ a , COS. B + 6 . cos. a) 

G. Now, if from these equations it were required to find 
expressions for the angles of a plane triangle, when the side$ 
are given ; we have only to multiply the first of these equar 
tions by a, the seciond by i, the third by c, and to subtract 
each of the equations thus obtained from the sum of the othei; 
two. For thus we shall have 

** + 6-* — a* =: 2ftc. cos. A, whence cos. A = \i^ ' 

«* + c* - b^ =,2ac. COS. B, . • . cos. b = ^^^~^' ^-(11.) 

a* + i* - c^ = 2ab . cos. c,. . . . cos. c = 






7.. More convenient expressions than these will be dedu^ 
ced hereafter : but even these wilL often be found very con- 
venient, when the sides of triangles are expressed in integerS| 
and tables of sines and tangents, as well as a table of squarcts^ 
(like that in our first vol.) are at hand. 

Suppose, for example, the sides of the triangle area =S20, 
J = 562, c = 800, being the numbers given in prop. 4, pa. 
161, of the Introduction to the Mathematical Tables; then 
we have 

^* + c^ - a* == 853444 log- = 5-9311751 

26^..= 899200 ..... Ipg. =: 5'9538080 

The remainder being log. cos. ^y or of 18^20'= 9 '9773671 

Again^ a^ + c* - S^ = 426556 . . . log. = 5*6299760 
2^<: . . . = 512000 ... log. = 5'70927OO 

The remainder being log. cos. b, orof 33'*35'= 9*9207060 

Then 180** - (18' 20' + 33° 35') = 128° 5' =i: c :, ^here all 
the three triangles are determined in 7 Imes. 

8. If it weje wished to get expressions for tlie sines^ in- 
stead of the cosines^ of th« angles ; it would iherely be ncr 
pessary to introduce into the preceding equations (marked 11), 

instead 
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Instead of cos. a, cos. b, &c, their equivalents cos. a = \/ ( 1 — 
sin*, a), cos. B = v/(l — sin*, b)^ &c. For then, after a little 
ireduction, there wopld result, 

sin. A a: — v^2fl^* + 2aV 4- 2 A V - (a* + *♦ + r*) ^ 

sin. B = ^^ \/2a*A* -f 2a V + 26 V - (a* + *^ + c^ ) > 

• sin. c = ^ ^2a*A* + 2flV+2AV- (a* f 6^+r»)3 

Or, resolving the expression under the radical into its four 
constituent factors, substituting s for a 4-6 -he, and reducbg, 
^he equations will become 



sin. A = -j^ v/is(is - a) (is - b) {^s - c) 

sin. B =^v^4s(4s-a)(4s^6)(is-c) > (HL) 



2 



These equations are moderately well suited for computation 
In their latter form j they. are also perfectly symmetrical: 
And as indeed the quantities under ^the radical are identical, 
^nd are constituted of known terms, they may be represented 
Jjy the same character ^ suppose k : then shall we have 

sm. A =: T— . • • sm. b = — . . . sm. c = -7- . . . (in.) 

be ac ab ^ * 

Hence we may immediately deduce a very important theo- 
rem : for, the first of these equations, divided by the second, 

gives ^?^ = -% and the first divided by the third gives 

sin. K a \ . 

r = — : whence we have 

isin. c c 

sin. A : sin. b : sin, c oc « : i : c . . * (IV.) 
Or, in words, the sides (fplar^ triangles are proportwnal to 
the sines of their opposite angles. (See th. 1 Trig. vol. ii). 

9. Before the remainder of the theorems, necessary in the 
solution of plane triangles, are investigated, the fundamental 
proposition in the theory of sines, &c, must be deduced, and 
the n>ethod explained by which Tables of these quantities, 
confined within the limits of the quadrant, are made to ex* 
tend to th6 whole circle, or to any number of quadrants 
whatever. In order* to this, expressions must be first ob- 
tained for the sines, cosmes, &c, of the sums and diflferences 
pf any two arcs or angles. Now, it has been found (I) that 
a-zz h .cos. G + c . cos. b. And the equations (IV) give 

if :s a.^ ,,..<: = «. ^. Suljstituting these va- 

• y^sm. A am, a ^ 
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lues of k and c for them in the preceding eqiuticMi) and ii»al<* 

lipljing'the whole by — ^, it will become 

sin. A = sin. b . cos. c + sin. c « cos. b. 
But) in every plane triangle^ the sum of the three angles is 
two right angles ; therefore, b and c are equal to the supple* 
ment of a : and, consequently, »ncean angte and its supple- 
ment-have the same sine (cor, 1, pa. 3, vol. ii), we luive 
sin. (b + c) =: sin. b . cos. c + sin. c • cos. B. 

10. If, in the last equation, c become subtractive, then 
would sin. c manifestly become subtractive also, while the 
cosine of c would not change its sign, since it would still con-* 
tinue to be estimated on the same radius in the same direc- 
tion* Hence the preceding equation would become 

sin, (B — c) = sin. b . cos. € — sin. c # cos. B. 

1 1 . Let c' be the complement'of c, and ^ O be the quarter 
of the circumference : then will c = ^O^c, sin. c'scos. c, 
and cos. c' = sin. c But (art. 10), sin. (b — c') =: sin. j • 
cos. c' ^ sin. c' cos. B. Therefore, substituting for sin, c', 
COS. c", their values, there will result sin. (b ^ c') = sin. b • 
sin. c — COS. B . COS. c. But because c' = ^O — c, we have 
sin. (b-c') = sin. (b + c— ^O) =^ sin. [(B-l^c)-^O] «= — 
«n. [^O — (b4-c)]= — COS. (b+c). Substituting this value 
of sin., (b— c') in the ^nation above^ it becomes co3* (3+c) 
= COS. B • cos. c — sin. b . sin. c. 

12. In this latter equation, if cbe made subtractive, sin. c 
win become — sin. c, while cos. c will not change : conse« 
qnently the equation will be transformed to the following^ 
viz, cos. (b — c) = cos. B . COS. c + sin. b . sin. c. 

If, instead of the angles b and c, the angles had been a and 
B ; or, if A and b represented the arcs which measure those 
angles, the results would evidently be similar : they may 
therefore be expressed generally by the two following equa^ 
tions, for the sines and cosines of the sums or differences of 
any two arcs or angles : 

sin. (a ± b) = sin. A . cos. b ± sin. B . cos. A. 7 .^ % 
cos. (a ± b) = cos. A . COS. b T sin. a . sin, b. 3 ^ *' 

IS. We are now in a state to trace completely the muta- 
tions of the sines, cosines, &c, as they relate to arcs in the 
various parts of a circle ; and thence to perceive that tables 
wliich apparently are included within a quadrant, are, in fact, 
applicable to the whole circle. ^ » . 

Imagine that the radius MC of the circle, in the marginal 
figure, coinciding at first with ac, turns about the point c 
(in the same manner as a rod would turn on a pivot], and thus 

forming 
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{cmmiig successively with ac all 
possible angles: the point M at 
ns extremity passing over all 
th« points of Uie cffcumference 
abab'a, or describing the -whole 
circle. Tracing this motion at- 
tentively, it will appear, that at 
the point A, where the arc is 
nothing, the sine is nothing also^ 
vhile the cosine does not difier 
from the radius. As the radius MC recedes from AC, the sine 
PH keeps increasine, and the corine cp decreasing, till the 
describing point u has passed over a quadrant, and arrived 
at B : in that case, pm becomes equal to CB the radius, and 
the cosine cp vanishes. The point m continuing its motion 
beyond b, the sine p'm' will diminish, while the Cosins cp', 
which i}ow falls on the contrari/ side of the centre c will in- 
crease. In the figure, p'm' and cp' are respectively the sine 
and cosine of the arc a'm', or the sine and cosine of abm'» 
which is the supplement of a'm' to -yOi half the circumfe- 
rence : whence it follows that an obtuse angle ^measured by 
an arc greater than a quadrant) has the same ntie and cosine 
as -its supplement; the codne however, being reckoned sub- 
tractive or negative, because it is situated contrariwise with ^ 
regard to the centre c. 

When the describing point u has passed over ^O, or half 
the circumference, and has arrived at a', the sine p'm' va- 
nishes, or becomes nothing, as at the point a, and the cosine 
is again equal to the radius of the circle. Here the angle 
ACM has attained its maximum limit ; but the radius cm may 
still be supposed to continue its motion, and pass beloiv the 
diameter aa'. The sine, which will then be p''m", will con- 
sequently fall below the diameter, and will augment as u 
moves along the third quadrant, while on the contrary cp", 
the cosine, will diminish. In this quadrant too, both sine 
and cosine must' be considered as negative ; the former being 
on a contrary side of the diameter, the latter a contrary side 
of the centre, to what each was respectively in the first quad- 
rant. At the point u', where the arc is three-fourths of the 
circumference, or |0, the sine p"m" becomes equal to the 
radius CB, aiidthecosinecp"vanisbes. Finally, in the fourth 
quadrant, from b' to A, the sine p"'m"', always below aa', di- 
minishes in its progress, while the cosine cp"', which is then 
found on the same side of the centre as it was in the first 
quadrant, augments till it becomes equal to the radius ca. 
Hencfc di« tine in this quadrant i» to be canavirawd ■» 'c^'^ 
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tive or subtractive, the cosine as positive. If the motion of 
M were continued through the circumference min, the^xr* 
cumstances would be exactly the same in the mth (quadrant 
as in the first, iJi the sixth as in the second, in the seventh as 
in the third, in the eighth as in the fourth : and the like 
would be the case in any subsequent revdiutions. 

14. If the mutations of the tangent be traced in like msuH 
ner, it will be seen that its magnitude passes from nothing to 
infinity in the first quadrant ; becomes negative, and de* 
creases from infinity to nothing in the second ; becomes po- 
sitive again, and increases from nothing to infinity in the 
third quadrant ; and lastly* becomes negative again, and de* 
peases from infinity to nothing, in the fourth quadrant. 

15. These conclusions admit of a ready confirmation, and 
ml^rs may be deduced, by means of the analytical expres« 
sions in arts. 4 and 12. Thus, if a be supposed equal to j:Ot 
in equa. v, it will become 

Cos. (j-O ± b) = ^os, i Q . COS. 9 T sin. JO .sin. b, 

sin. (J O ± b) = sin. ^ O • cos, b ± sin. b . cos. -jO. 

But sin. 4^0 = rad. sss 1 ; and cos. ^O = 0: 

so that the above equation^ will become 
COS. (^O ± b) = T sin. B. 
^n. (^ O ± b) = cos. B. 
From which it is obvious, that if the sine and cosine of an 
arc, less than a quadrant, be regarded as positive, the cosipc 
of in jirc greater than ^O and less than-|^0 will be negative, 
but its sine positive. If b also be made = ^O > then shaU^ 
we have cos. i O = — 1 » sia. i O s= 0. 

Suppose next, that in the equa« v, A = 4 O ; tlien shall 
we <^tain 

cos. (J^O ± B), = — cos. B. 

sin. (J-O ± p) =T siii. b; 
which indicates, tjiat every arc comprised between i O and 
4'0> or tlvat terminates in the third quadrant, will have its 
sine and its cosine both negative^ In this case too, when 
B = ^0> or the arc terminates at the e>ul of the third quacL- 
rant, we shall have cos. 4^ O = 0, sin. JO = — 1. 

Lastly, the case remains to be considered in which A ?s=^0> 
or in which the arc terminates in the fourth quadrant. Here 
the primitive equations (V) give 

cos. (I^O ± b) =^ i sin. b. 

sin. (-|0 ± b) :?= — cos. B ; 
so that in all arcs between ^O and 0> *^^ cosines are posi- 
tive and the sines negative. 

W. The changes of the tangeiits, with regard to positive 
^^ negative,, may he traced Isj the application of - the pre- 
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€^£Bg J^esultsto the algebraic exfures^on for the tangent ; viZ| 

tan. == — . For it is hence manifest, that wheti the siif6 and 
ops. ' 

cosine are either both po^tive or both negative, the tangent 

will be positive; which will be the case in the first and third 

qijadrants. fiut when the sine and cosine hfive different 

signs^. the' tangents will be negative, as in the second and 

fourth quadrai^ts. The algebraic expression {or the cotan- 

gent, viz,^(lt. = -r^, will prodtice exactly the same results. 

The expressions for the secants and cosetants, viz, sec. = 

— ., cosec. =: -r- show, that the signs of the secants are the 

cos ' sin* o 

3ame as those of the cosines ; and those of the cosecants the 
^aifie as those of the sines. 

' The magmtude of the tangent at the end of the first and 
third quatirants thrill be ihfinite ; because in those places the 
^ins is equal to radiuS) the cosine equal to zcfro, and therefore 

Sin 

— ^' 1= OQ (infinity). Of these, however, the former will 
be reckoned positive^ the latter negative. 

.17. The magnitudes of the cotangents, secants, and cose- 
cants, may be traced in like manner ; and the results of the 
iSth, 14th, aAd 15th articles, recapitubted and tabulated as 
below* . , . ' 
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(VI.) 



The changes ojf sines are these : 

srn. COS. tan. cot. sec. cosec. 
1st. 5th» , 9th. 13th. J J! -f. + + 4- 4- +^ 

52d. 6th. lOti. Uth.^f 4 ^ _ - +f 

3d. 7tli. llti. i5thA| - - + H -( ^ 

4th. 8th. 12th. ieth.^^ - + - - + - > 

Wc Jaave ^en thus . p^rttcukr Ivt tracing the mutations, 
Jx>th t^itji negjtrd to -lvalue, and algebraic- saigns^ of the princi- 
.psd^.trigonometricai quantities, because a knowledge t>t them 
i? absolutely nece^ry in, <he application of trigonometry to 
4^,solutfon.pf equations, and t<^ variolis Hutmnomical and 
jfifeXSKi^i', problems. ... 

1 8. We-mayftow p«H?fe*d tb theinvestigatioh of other ^«- 
pressions relating to the sums,, d5ffcrenc^^%iaA3\t\^\^^>^<^v^ 
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mrcs ; and in order that these expressions may have the more 
^naralityi give te the radius any value R> instead of confining 
It to unity. This indeed may always be done in an expres- 
sion, however complex, by merely rendering all the terms 
homogeneous ; that is, by multiplying each term by such a 
power of k as shaU viake it of the same dimension^ as the 
term in the equation which has the highest dimension. Th«s» 
the expression for a triple arc 

sin. Sa = 3 sin. a — 4sin^ A (radius = i) 

becomes when radius is assumed =: r^ 

R* sin. 3a = r' 3sin. A — 4sin^A 

^ 3r* sin. A*4 8itt>. a 

or sm. 3a = -: . 

Itence then, if consistently with thii precept, R be placed 
for a denominator of the second member of each equation T 
(art. 12), and if A be supposed equal to b, we shall have 

t m \ sio. A • COS. A -f sin. a • cos.a 
sm. (a •+• A) =B ' ^ 

m. <t • 3 r» 2 sin. A . COS. a 

That IS, sin. 2a = . 

R 

And, in like manner, by supposing t to become successively 
equal to 2a, 3a, 4a, &c, there will arise 



^•-^ t> a *'"• * • <^^®- 2a + cos. a . sin. 2a' 

sm. 3A .IIZ ' 

sin.'4A = ^"'^'<^o«'g-^^^o«A.sin.3A^ ^yUIj 

sin. 5a == 



R 

sin. A . COB. 4a + COS. a . sin. 4a 



And, by similar processes, the second of the equations 
just referred to, namely, that for cos. (a + b), will give suc- 
cessively, 

^ cos*. A — sin*. A •> 

COS. 2a £= I 

R 

^^ o . c<>s. A . cos. 2a — sin. a . sin. 2a 

COS. 3A = ■ 



R 

COS. tA -S^ ■! — -I— — ■■ ■ ■■ 

R 

^^^ tL . c**'* ^ • COS. 4a — sia. A • sin. 4a 

COS. ok == ■ - 



> (IX.) 



n0 

19. If, in the expressions for the successive multiples of 
the sines, the values of the several cosines in terms of th« 
sines were substituted for them^ and a like process were 
adopted with regard to the multiples of the cosines, other 
expressions would be obtained, in which the multiple sines . 
would be expressed in terms of the radius and sine, and the 
naiildple cosmes in terms of the radius and cosine. 



A* 
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As silt. A =: 



s 



sin. 2a = SsVa* — s* 
sin. 3 a = 3s — 4s' 



sin. 4a = (4s-8sO\/R*- s* 

sin. 5a = 5s — 20s' + !6s* 

sin. 6a = (6s -39s' + 32sO V»^-^ 
Cos. A =: 

COS. 2a cs 

COS. 3a = 
COS. 4a = 



(X.) 



^ (XI.) 



c 

2c^- 1 

4c'— 3c 

8c*- 8c*+ 1 
COS. 5a = 16c*— 20(^4- 5c 
cos. 6 A =i 32c*-48c*+l8c*-l 

Ac. &c*. 

Other very ccmvenlent expressions for mnltiple arcs may 

be obtained thus : 

Add together the expanded expressions for sin. (b + a), 

sin. (B — A), that is, 

add - - sin« (s-f a) = sin. B.cos. A + cos.B.sin. A, 
to - - sin. (B — a) = sin. b . cos. A — cos. b . sin. a ; 
there "results sin. (B+ a)+ sin. (b — a) =? 2 cos. a . sin. b: 
whence, - sin. (b+ a) = 2 cos. a . sin. b — sin. (b — a). 

Thus again^ by adding together the expressions for oos{b + a') 

and cos. (b — a), we have 

COS. (B + a) + cos. (B — a) = 2 COS. A . COS. B; 

whence, cos. (b -V-a) = 2 cos. a . cos. b — cos. (b— a). 
S^ubstitnting in these expressions for the sine and cosine of 
B + A, the successive vdues a, 2a, Sa, &c, instead of b ; the 
following series will be produced. 

sin. 2a = 2 cos. 

sin. OA — — ^ COS. A . a>f«i. An. — aiAJ. a. \ r v 

sin:4A= 2 COS. • ™ '•- -:.. o. ^ i^-f 

sin. ru ^ 2 cos. 



all t)e producea. 

5. A . sin. A^ "\ 

5. A . sin. 2a — sin. a. f , 

s« A . siQ.'5A -^ sin. 2a. C 

s. A . sin. (n— 1)a — sin. (n— 2)a . ./ 



COS. 2a = 2 COS. A . COS. A— COS. (= 1). 

COS. 3a = 2 COS. A . COS, 2a —cos. a . 

COS. 4a = 2 COS. A . COS. 3 A — COS. 2 a. ( 

I. (w-r 1) A - COS. (n— 2)a. ) 



I 



{xL) 



COS. 72A =: 2 COS. A . COS. (5 

Several other expressions for the sines and cosines of mul- 
tiple arcs, might readily be found : but the above are the 
inost useful and commodious. 



* Here^e hare omitted the powers of n that were necessary to render «1l 
the termt homologous, merely that the expressions might be brought in upoa 
the pafe^ but they »ay easily be supplied, when needed, by the nilc ia 
fK. IS. 
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« - . . _ ^ 2 sin A . cos A - . .__ , 

20. From the equation sin. ZA = ^ , it will be? 

4 

easy, when the sine of an arc is known, to find that of its 
half. For, substituting for cos a its value -v/(R*"-sin* a>, 

there Will arise sm 2a = ■- ;— . Inis squared 

gives R* sin* 2a = 4r* sin* a — 4 sin* a. 
Here taking sin A for the unknown quantity, we have a quifd- 
ratic equation, which solved after the usual manner, gives 

sin A = ± v/iR* ± iRv/R*-sin'*2A. 
If we make 2a == a', then will A = |^ a', and consequently 
the last equation becomes 



sin i a' = ± \/jr R'±TR^R*~si n" a' ? . ^j j ^ 



orsm 



iA'= ± 4 V'2r* ± 211 cos a' 



by putting cos a' for its value V r*— sin* a', multiplying the 
quantities under the radical by 4, and dividing the whole se- 
cond number by 2. Both these expressions for the sine of 
half an arc or angle will be of use to us as we procieed* 

21. If the values of sin (a+b) and sine (A — b), given by 
eqiia. v, be added together, there will result 

sin (A+B) + sin (a-b) = "'"*- . °"" ^ whence, 

sin A . cos B = iR sin (a +b) + ^Rsin (a-b) . , (XIII.) 
Also, taking sin (a— b) from sin (a + b), gives 

, . , _\ • / ^ ^\ 2 sin B . cos A - 

Sin (A + B) - Sin (a-b) = -, whence, 

sin B.cos A = tR sin (a + b) - I^R . Sin (a-b). .(XIV.) 
"When A = B, both equa; xiii and xiv, become 
cos A . sin A = JR sin 2a . . (XV.) 

22. In like manner, by adding together the primitive ex- 
pressions for cos (A +b), cos (a - b^ there will arise 

cos (a+b) +cos(a-b) = l£2!JLL£2iJ! ; whence, 

IC 

cos A. cos B =:|^R.C0S(A + B)+iR.C0S(A-B) (XVI.) \ 

And here, when A = B, recollecting that when the arc is 
nothing the cosine is equal to radius, we shall have 
COS* A i= -jii . cos 2A + 4r* . . . (XVII.) 

23. Deducting cos (a + b) from cos (a — b), there will: 
remain 

* 

^^^ y » \ / I \ 2 sin A ; SID s - 

COS (Ar-B) — cos(a+b) = — ; whence, 

. R 

Sin A. sin b = xr . cos (a - b) ~ tB^ . cos (a+b) (XVTII.) 
/When A =? b, this formula becomes 

sift* A = fi* - 4r . cos 2A . . . (XIX.) . 

24. Mul- 
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24. Multiplying together the expressions for sin (a + b) 
and sin (a — b), equa. V, and reducing, there results 

sin (a+ b) . sin (a — b) = sin* A — sin* b. 
And, m like manner, multiplying together the values of 
. cos (A-f b) and c6s (a— b), there is produced 

cos (a+b) . cos ( A— -b) = cos* a -- cos^ b. ^ 
Here, since sin* a — sin* b, is equal to (sin a + sin b) x 
(sin A ~ sin b), that is, to the rectangle of the sum and dif- 
ference of the sines.; it follows, that the first or these equa- 
tions converted into an analogy, becomes 

sin (a ~ b) : sin A — sin B : : sin A + sin B : sin ( A -|- B) (XX.) 
That is to say, the sine of the difference of any two ares or 
anglesy is to the difference of their sines, as the sum of those 
sines is to the sine of their sum. 

If A and B be to each other as n + 1 to w, then the pre*- 
ceding proportion will be converted into sin A : sin (n+ 1 )a — 
sixtnA : : sin (?iH- 1)a + sin wa : sin (2n+ 1)a. . . . (XXI.) 

These two proportions are highly useful in computing a 
table of sines ; as will be shown in the practical examojes at 
the end of this chapter, ^ 

25, Let us suppose A + b = a', and A — -B = b' ; then the 
half sum and the half difference of these equations will give 
respectively A = t(a'+bO> and b = i( a'— b'). Putting these 
values of a and b, in the expressions of sin a . cos b, sin b . cos a, 
cos A . cos b, sin A . sin b, obtained in arts. 21, 22, 23, there 
would arise the following formulae : 

sin i(A' + B') . cos ^a' — bO = -|:R(sin a + sin b'), 
sin ^.(a' — b') . cos i(A' + B') = iR(sin a'— sin b% 
cos i(A' f b') . cos 4(a'— b') = 4r(cos a'+cos b'), 
sin 4(a'+b') . sin ^(a' — b) = 4r(cos b'^ cos a'). 

Dividing the second of these formulse by the first, there will 

be had 

sin |(a^—b') . cos |(a'+ b') sinf(A'-^B') cos^(a'-hb') sin a'-^sid b ' 

sin i(A'+ b') . cos i(A — bO cosijA'— "d') ' sinA(A'+B') ""sin a' + sIu b'" 

But since — = ~, and ^ = — , it follows, that the two 

^ cos R ' sm tarn 

factors of the first member of this equation, are 
anf(A~B ^ and ^^^£r^, — J.I respectively ; so that the equation 
manifestly becomes /"|,^,7 '^v = sm a — sm b ^ ^ ^ (XXII.) 

^ tan J(a + B ) sin a + sm b . ^ ' 

This equation is readily converted iiito a very useftl pro- 
portion, vi?, The sum of the sines of two arcs or angles^ is to 
their diffei*en4:ey as the tangent of half the sirni of those arcs 
" or angles, is to the tangent of half their differ ence* 

Vol, m, F a^^O^^t^v 
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2f • Operating with the third and iburth fbrmulx prtlie 
preceding article^ as we have already done with the first and 
second) we shall obtain 

Un }(a'+ iQ . tan jjk'^ iQ _ cot b'— cos a * 
R« oos a' + cos b'* 

In like manner, we have by division^ 

tioA'-fsinB' sin4(A'+B') ^ t/./. '\ sinA' + sinB' _.t/^/ ^t\^ 
—7 ,= — 77-; rc=tan4(A+B ); 7" >=C0t4(A -B );; 

cos A + cos B COs}(a'+b) *^ ' '^ ' COS B — COS a' ^^ '^ 

sin a'— sinB' ^ . / ,. sin a'— sin b' . ,,^, , ^/v 

7 >= tan \{K — B ) . . . ; ; 32 cot 4(A -f B> 

«OSA+CO»B *^ ' C08B— COSa *^ 

cof a' + co8 b' cot j( a^ + bO 

COS b'— cos a' Un J'(a'— b')* 

Making b = 0\ in one or other of these expressions, tharoL 
results, 

, . / ■*- tan -tA r^ „^4 f / • 
1 + cos A * cot ^a' 

•'^ = cot iA' = -V- . V (^•^'^} 

CUBA * tl^liA 



* 



♦ COS a' ^^ cot 1a' \ 1 t 1 

-COSA' "^ t^i? " ^°^ '^"^ ~ tau« ^a' ' 

These theorems will find their application in some of the; 
investigations of spherical trigonometry. 

27. Once more, dividing the expression for sin (a ± B^ 
by that for cos (a ± b), there results 

sin (a d::^) sin a , cos b dr sin b . cos a 

cos (a db b) cos A . cos B 'Z^ sin a . sin b * 

then dividing both numerator and denominator of the second- 
fraction, by cos A . cos B, and recollecting that — = ~^,we 
shall thus obtain 

tan(AdzB) R (tan A d= tan b) 

R n? jp tau A . tau B * 

, - , / 1 \ H'*(tan A d:; tan b) /<c7-vTrr 

Als(y, since cot = ; — , we shall have 

* laH 

rk±.Lx \ \s.\ •— ^* __ R' {y tan A . tan B 

^^^ tau(Ad::;B) tanAfetanB * 

which, after a little reduction, becomes 

, . V ^'^^ A . cot B re R* -/•vr^^T-rr \ 

cot (A ± B)= ,,tB=beoTA (XXIV.:)" 

28. We might now proceed to deduce expressions for the 
tangents, cotangents^ secants^ &c, ofn^iultiple arcs, as weUas 

apme 
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^Oi»» ef the usual formulas of verification ih tfce construction 
of tabk^ such a» 

flfo (54«>4/itf)+'siu (54»-*A0--«in (18<^+ A)-.9«n (l«^-iir)-8iB (90°-!); 
urn if^rsin (a6*'-A'>+siii p^* a>«9mi (36P-hA) + «ii (7aP-A). 

&C. «C; 

But, as tbese eiu|oiriesr would extend this chsqp^ to too 
great a length, we shall pass them by ; and merely investi- 
g$lte a few properties wiafere TK^r^ thafe^twoarosor angles ai^ 
concerned, and which may be of use in some subsequent 
parts of this volume^ ' 

29. Let A, B, c, bcf any threfe arcs or aligles, and suppose 
radius to h& unify ; then 

, , V sin A . ski c-h-sin-B • sin (a + b + c) 

sm (B+c) = si. (A^.B) " • 

For, by equa^ v, sin (!A-f'B+c)=sin J . cos (b + c) 4^ cos A * 
i$]«(^'-f g)i^. which, (putting, cos b . cos c ^ sin B • an c for 
cos (b + c)), is s= sin A • cos B . cos c — sin A . sin b • sin c+ 
coa A . siK (B»4-e) \ and>) multiplying by sin B, and adding 
sin A • sin c, there results sin A « sin c+sin b. . siki (a+ B-f c; 
^ sin A , cos B . cos c . sin b + sin a • sin C cos' b ^ cos A • 
ain s^ . sin (B -i^ c) = sin A . cos B-. (sin B . cos c + cos B • sin c) 
+ cos ^ . sin^ B- . sin (b + c) = sin a . cos b . sin (b + c) + 
cos A . sin A . sin (b + C) = (sin A . cos B + cos A . sin b) x 
sin (b + c) =: sin (a + b) • sin (b + c). Consequently, by 
dividing! bjp sin (a + b), we obtain the expression above 
jfiven. 

In a similar manner it may be shown, that 

. ., X sin A . ein c — sin B . sin (a— 8-l-c) 
sm; (b— C) =2 — ' — 8 '' in(A-B)" ' " '" '"" * 

30. If A, B, c, B, represent four arcs or angles, then writ- 
ing c + D for c in the preceding investigation, tfiere will 
result, 

. / . . X sin A*, sin (c + D) + sin B . sin (a+b^^c + d) 

sm (B + C+D) 5s ' r—i — -7-% — ^"^ ■— ^ — ^. 

**« y« -1- v»T- A'/ »in(A+'B) 

A lifce process for five arcs or angles will gfve 

• / . - 1^. -.^ sin A . sim (c + d + b) 'K_sia b . sin (a > B-fC-f-D-j^t) 

sm (B'+t:-H)+ Bjss' ■ ■ '! ■ " I "■ ' r\aV^jJ^i • ^ "* * ■* * *■■«■' * ■ » *> 
And'for'any number,, a, b, c, &c, to iI, 

• ., . 8iiiA.sin(c + Di-...L)'hsinB^sin(A + R+c + «a} 

siri' (b+ c+ . . . . L) =g. I ■ ■ V ^ ■ "i ' ';i ' n.y;;3;^ ^ - ' ' ' \^^ ^ ^*. 

31. Taking again the three a, b> c,.wo have 
sitt(3S-c) = sm B^. cos e -^ sdn- 0-. cofeB^ 
sill (c-- a) = sin c . cos^ A — sin A i cos c, 
sin (ah- b) =» sin a . cos b — sin b . eos A. 

Multiplying the first of these equations by ^vn a., <!aft ^^twS^ 

t 2 M 
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by sin b, the tkird by sin c; then adding together the efqua* 
tions thus transformed! and reducing ; there will result, 
sin A . sin (B — c)+sin b .6in(c— A)+si!i c. sin(A — b)^0, 
cos A . sin(B — c)+cos b . sin (c — a)+cosc . sin (a— b)=0. 
These two equations obtaining for any three angles what- 
ever, apply evidently to the three apgles of any triangle. 

32. Let the series of arcs or angles a, b^ c^ ix .. • » • l, be 
contemplated, then we have (art. 24), 

sin ( A + b) . sin (a — b) = sin* A — sin* b, 
sin (b +'c) • sin (b — c) = sini s — sin* c, 
sin (c + d) . sin (c — d) = sin* c — sin* d, 

8sc, &c. &c. 
sin (l + a) ; sin (l — a) = sin* l — sin* A. 
If all these ec^uations be added together, the second mem- 
ber of the equation will vanish, and of consequence we shall 
have 

sin (A+i) . sin (a — b) 4- sin (b+c) . sin (b — c) + &c . . . 

+ sin(L-hA) + sin (l— a) = 0. 

Proceeding in a similar manner with sin (a — b), cos (a+b), 
sin (b — c), cos (b + c), &c, there will at length be obtained 
cos (a+b). sin ( A— b) + cos(B+c)L.sin (b — c)+&c». . 
• . . . . +cos(l+a) . sin (l — a) = a 

33. If the arcs A, b, c, &c . . . . l form an arithmetical 
progression, of which the first term is 0, the common diflfer- 
ence d', and the last term l any number n of circumferences^ ' 
then will B- a = d', c— b=d, &c, a + b = d', b + c = 3dV 
&c : and dividing the whole by sin i>, the preceding equa- 
tions will become 

sin d' + sin 3d' + sin 5d' + &c =0,1 /VXV ^ 
cos d' + cos 3d' + cos 5d' + &c = 0. J (^^^') 

If e' were equal 2d', these equations would become 

sin d'+ sin(D'+ E ) + sin (d'+ 2e') + sin (d'+ Se') + &c =0, 

cosd'+cos(d'+eO + cos(d+2e') + cos(d'+3e')+&c=0. 

• • •. • ^ • t>' , 

34. The last equation, however, only shows the sums of 
sines and cosines of arcs or angles in arithmetical progres- 
.sijon, when the common difference is to the first term in the 
ratio of 2 to 1. To investigate a general expression for an. 
infinite series of this kind, let 

5 = sin A + sxn(A+B)+sin (A+2B) + sin(A + 3B)+&c. 
Then, sinc<5 this series is a recurring series, whose scale of 
relation is iicos b— 1, it will arise from the developement of 

a fraction whose denominator is 1 — 2» . cos b +2% making 

J" ■«■■•••■ . 

Now 
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Now this fraction wiH be = «i°^-^»[''°(*^'>- ««■" a-cq..] 

J— 2x .cos B + X* • 

Therefore, when 2 = 1, we have 

^ _ .iaA^sin(AfB)-2sinA.cosB ^^^^hi because 2 Sill A . 

2— 8 COBB ' 

COS B = sin (a + b) + sin (a — b). (art. 21), is equal to 

sinA~s»n(A-B)^ ^ gj^^^ gj^ a' - sin b' = 2 COSi( A' + B'). 
2(1— COS b) ' »\ • / 

sin ^a'— Bj, by art. 25, it follows, that sin a — sin (a— b) = 
2 cos (a — ^b) sin ^b ; besides which, we have 1 — cos b = 
2 sin* iB. Consequently the preceding expression becomes 
^ = sin A + sin (a + b) + sin(A+2B) + sin(A + 3B) + &c, 

ad infinitum = ^^Oi^"j-^° .... (XXyi.) 

35. To find the sum of w + 1 terms of this series, we have 
simply to consider that the sum of the terms past the (7i+ 1 )th, 
that is, the sum of sin [a+(w+1)b] + sin[A+(n4-2)B] + 
sin [a + (n + 3)b] + &c, ad infinitum, is, by the preceding 

theorem, = ^^ ^ .^^ ^ . Deducting this, therefore, from 

lihe former expression, there will remain, sin A + sin (a+b) 
+ sin (a + 2b) + sin (a + 3b) .+ •••• sin (a + wb) = 

cos (a— |b)— COS [AH-(n+^)B] sin(A + jnB). sip 4(>»+1)b fVV\rTr \ 

2sinfB """ sin ^o '^ ■ *' 

By like means it will be found, that the sums of the 
cosines of arcs or angles in arithmetical, progression^ will be 

cos A + cos (a + b) + cos (a + 2b) + COS (a + 3b) + &c, 

ad infinitum = - '\^^J^^^ .... (XXVIII.) 

9 Also, 

cos A + COS (a + b) + COS (a+2b) + COS (a + 3b)+ . • ; . 

, . \ cos (A + Jns) . sin |(n+I)B / w-iv \ 

. • . . . (cosa+72b) = i Jp , ^ . . . (XXIX.) 

36. With regard to the tangents of more than two arcs, 
the following property (the only one we shall herededuce) is 
a very curious one, which has not yet been inserted in works 
of Trigonometry, though it has been long known to mathe- 
maticians. Let the three arcs a,b> c, together make up 
the whole circumference, O • then, since tan (a + b) r= 

r9 (tan A + tan b) ,, \ i * /^ i ^ « t 

R«-tan A . tan B ^^^ ^^^^ xxiii), wc have R* X (tan A + tan b+ 
tan c) = R*x [tan A + tan B-tan (a,+ b)]=R*x (tan a + 
tan B - ^'(^^"^ + ^^"«) ) -- by actual multiplication and re- 

H^—tan A. tan B "^ ' -^ » . 

duction, to tan a . tan b . tan c, since tan c = tan [O "" 

<A+B)] =, - tan (. + B) = - '^:^^,, by what has 

preceded 



- : . iLi^ iiiizs -rEerhcr the Cqua- 
:.-^ ri-;..rr^; :h,irs wili result, 
3 ^- :-* — jir c . iin ,a~b}=0, 
! ^ :-* — ::^C. sia 4 — b)=0. 
r-^- - 1 r:*" 1:^7 ihrs* ^r.gles what- 

■ =-;: .T ;:^;-fis >.. =. c, 3 . . . . l, be 
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preceded in -this article. The resvdt thecefoi^e i^, that thg 
s^m of the tangents of any three arcs which together co?istu 
iute a circle^ muUiplied hy the square of the radius, ts equal 

to the product of those tangents (KXK.) 

Since both arcs in the second and fourth quadrants have 
their tangents considered negative, the above property witt 
apply to arcs any way trisecting a semicircle ; and it vilt 
therefore apply to the angles ofV plane triangle, which are, 
together, measured by arcs constituting a semicircle. So 
that, if radius be considered as unity, we shall find that, the 
sum of the tangents of the three angles of any plane triangle^ 
is equal to the continy^d product of those tangents, (XXXI.) 

37. Having thus given the chief properties of the sines, 
tangents, &c, of arcs, their sines, products, ana powers, we 
shall merely subjoin investigations of theorems for the 2d and . 
3d cases in the solutions ot plane triangles. TJius, with re- 
spect to the second case, where two sides and their included 
angle are given : 

By equa iv, a \ b : : sin A : sin B. 

llYdSn \ ^ + * = «- * - sin A + sin B : sin A -. sin b. 

But, eq. xxij, tanl(A-i-B) : tan i{\ — b) : : sin a + sin B : 
sin A — sin sj whence, ex equal, a +i : a — i :: tani(A+B); 
tani(A-B). . . . (XXXII.) 

Agreeing with the result of the geometrical investigation, 
at pa. 10, vol. ii. 

38. If, instead of having the two sides fl, fi, given, we know 
their logarithms^ as frequently happens in geodesic opera-r 
tions, tan 4(A -r- b) may be readily determined without first 
finding the number corresponding to the logs, of a and i. 
For if a and b were considered as the sides of a right-angled 
triangle, in which ^ denotes the angle opposite the side a, 

then would tan f> ^ T^ Now, since a is supposed greater 

than by this angle will be greater than half a right angle, or 
it will b^ measured by an arc greater than 4. of the circumfcr^ 

ence, or than | O. Then, because tan (? - 1 Q) - tl^^^t\P 
and because tan ^O = B = 1, we haye 

tan(, -iO) = (y - I) H- (1 + |) = f=|. 
And, from the preceding article, 

m ^ * — 77 ( == ' — ^ri — ! consequently, 

«+ft tan|(A-fB) cot|c ^ ^^ 

tm t(a-b) = cot ic . tan {f - -jO) . • . (XXXIU.) 
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Vram this equation we have the following practical rule : 
"Subtract the less from the greater of the given logs, the re- 
mainder will be the log tan of an angle : from this angle 
take 45 degrees, and to the log tan of the remainder add the 
log cotan of half the given angle; the sum will be the log 
tan of half the difference of the other two angles of the plane 
triangle. 

39. The remaining case is that in which the three sides of 
the triangle are known, and for which indeed we have al- 
ready obtained expressions for the angles in arts. 6 and 8. 
But, as neither of these is best suited for logarithmic compu- 
tation, ^however well fitted they are for instruments of in- 
i^estigation), another may be deduced thus : In the equation 

ror cos A, (given equation m;, viz, cos a = — rr , it we 

substitute, instead of cos a, its value 1 — 2 sin* ^a, change 
the signs of all the terms, transpose the 1, and divide by 2, 

V we shall have sm* iA =: — — — ?= U — ^. 

* Abe 4tc - 

Here, the numerator of the second member being the pro- 
<luct of the two factors (a + i — c) and (a — i + c),'the equa- 
tion will become sin* 4a == ^?i-lliliiill-iti^^ But, since 

f(fl+6-r)=i(a+A+<rJ-.c:,andi(a— 6+t)=4(fl*f*+t)-A; 
•if we put « =: tf -4- ^ + O and extinct the square root, there 
iFf ill result, 

^Ji '^ i^ = ^ (i!=fL(ii-0 . [ (XXXIV.) 

sm ic = ^^-^ ~^ — -i . ) 

These expressions, besides their convenience for logarith- 
jnic computation*, have the further advantage of being per- 
fectly free from ambiguity, becsiyse the half of any angle of 
>a plane triangle will always be fess than a right angle. 

40. The student will find it advantageous to collect into 
-one place all those formulae which relate to the computation 
of sines, tangimts,^c^; and, in another place, those which 
are of use in the solutions af plane triangles : the former of 



•mt^mt'^M I I <i y » I —■ ^•^m^^mmmm^mmmmmmimimiyttmmmmtmmiammmmam^i 



• What is here given being only a brief «ketrh of an inexhaustible swb- 
ject ; thp rcad^y who wishes to pursue il further is referred to the copiouK 
.Introduction to our Mathematical Tables, and the comprehensive treatisea 
on Trigonometry, by Emerson and many other modrrp writers on the same 
subject, where he will find bis ourioi^ty richly gi;at!vi^; 
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these are equations v) viii, ix, x, xi, jr, xi^ xn, xiii, xiv, 
XV, XVI, XVII, XVIII, XIX, XX, XXII, au-ii, XXIII, xxiv, 
XXVII ; the latter We equa. ii, ill, iv, vii, xxxii, xxxiii, 

XXXIV. . 

To exemplify the use, of some of these formulae, the fol- 
lowiog exercises are subjoined. 

EXERCISES. 

Ex. 1. Find the sines and tangents of IS\ 30% 45% BOf, 
and 75^ : and show how from thence to find the sines and 
tangents of several of their submultiples. 

First, with regard to the arc of 45 , the sine and cosine are 
manifestly equal ; or they form the perpendicular and base 
of a right-angled triangle whose hypotheriuse is equal to the 
assumed radius. Thus, if radius be R, the sine and cosine of 
45% will each be =-/iR^=?R'v/i=:iRv'2, If r be equal tp 
1, as is the case with the tables in use, then 

sin 45° = cos 45^ = ^^"2 =•- '7071068. 

tan 4d = — = 1 • =: — = cotangent 45% 

cos MQ O 

Secondly, for the sines of 60* and of 30* : since each angl^ 
in an equilateral triangle contains 60% if a perpendicular be 
(demitted from any one angle of such a triangle on the oppo- 
site side, considered as a base, that perpendicular will be th^ 
sine of 60% and the half base the sine of 30% the side. of the 
triangle being the assumed radius. Thus, if it be r, we shall ' 

have 4R for the sine of 30% and -v/r*— ^R'^t^^v/S, for th^ 
sine of 60°. When r = j^ these become 

sin 30'* = -5 ..... . sin 60** = cos 30° = -8660254. 

Pence, tan 30^ == —-■ = -L = i ^3 = -5771^503, 
.tan 60* = ^|2 = ^3 = , . . . 1 '7320508, 

..Consequently, tan 60' =5 3 tan 30*. 

. Thirdly, for the sines of 15° and 75*, the former arc is the 
half of 30% and the latter is the compliment of that half arc. 
Hence, substituting 1 for R and iV'S, for cps A, in the ex- 

jpressionsin i^ = ± i:\/'2R- ± 2rcos a . . . (equa. xii)| 

it becomes sin 15° =:i\/2--v/3 = '2588190. 

Hence, sin 75*=cos 15*=v^l-.^.(2— V3) = J-\/2+V'3 =; 

^i^ = -9659258, 

4 

Conseque«ly, tan 15» = ± = |gig = .2679492, 
^n^, tan 75- = glgj = 3-7320.508, 
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Now, from the sine of 30°, those of 6°, 2**, and r, may 
easily be found. For, if 5 A = 30'', we shall have, from 
equation x, sin 5a = 5 sin A — 20 sin^ a + 16 sin^ a : or, if 
jsin A = or, this will become i6x^ — 20jr^ -f 5ar = '5. This 
equation s6lved by any of the approximating rules for such 
equations, will give .v = •1045285, which is the sine of 6^ 

Next, to find the sine of 2% we have again, from equa- 
tion X, sin 3a = 3 sin a — 4 sin' A : that is, if x be put for 
sia 2S Sjt— 4x^ = "1045285. This cubic solved, gives 
X == '0348995 = sin 2^. i 

Then, if s = sin 1°, we s hall, fr om the second of the equa- 
tions maxked x, have 2s-v/l — s* = -0348995 j whence s is 
found £= -0174524 = sin r. 

Had the expression for the sines of bisected arcs been ap- 
plied successively from sin 15*^, to sin T^aO"", sin 3*^45', sin 
l®52i', sin 56^', &:c, a different series of values might have 
been obtained : or. if .we had proceeded from the quinqui- 
section of 45% to the trisection of 9°, the bisection of 3°, and 
so^ on, a (^derent series still would have been found* But 
what has been done above, is sufficient to illustrate this me- 
thod. The next example will exhibit a very simple and 
compendious way of ascending from the sines of smaller to 
those of larger arcs. 

Ex. 2. Given the sine of 1°, to find the sine of 2% and 
then the sines of 3% 4% 5°, 6°, 7% 8% 9°, and 10% each by a 
single proportion. 

Here, taking first the expression for the sine of a double 

arc, equi. x, we have sin 2® == 2sin 1°V^1— sin* 1°= '0348 995. 

Then it follows from the rule in equa. xx, that 
sin 1^ : sin 2° -sin 1° : : sin T + sin T : s 
sin 2*» : sin 3°-sin 1° : : sin 3'' + sin l" : s 
sin 3° : sin 4*^— sin 1** : : sin 4° + sin T : s 
sin 5** — sin 1° : : sin 5° + sin 1** : s 
sin e^'-sin T : : sin 6^ + sin 1"* : s 
sin 7* -sin 1° : : sin 7° + sin T 1 s 
: sin 8°-sin 1° : : sin 8*^ 4- sin 1** : s 



sm*'' 

sin 5** 

sin 6 

sm 7 

sin 8^: sin 9°-sin V* :: s 



n 3" = -0523360 
n 4° = '0691565 
n 3"* = -0871557 
n 6" = -1045285 
n 7" = '1218693 
n8° = •1391731 
n 9** == -1564375 



n 8*^ + si 

n9^-l- sitil° 5sinlO° = -1736482 

To check an4 verify operations liS^ these, the proportions 

should be changed at certain stages, ^fhus, 

sin 1° : sin 3°->in 2° : : sin 3° + sin 2° : sin 5% 

sin r : sin 4° -sin 3° : : sin 4° + siii 3° : sin 7% 

sin 4° : sin 7°- sin 3° : : sm 7° + sin 3^ : sin 10% 

The coincidence pf the results of these operations with the 

analogous results in the preceding, will manifestly establish 

the con-ectness of both, 

^ Cot, 
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Cor. By th^ same metkod^ knowing the sines of S% 10% 
and 15% the sines of 20% 25% 35% 55% SS^'y &c, miy bt 
found, each by a single proportion. And the sines of 1% 9% 
«nd 10% wQl lead to those of 19% 20\ S9^, &c. So that th# 
sines may be computed to any arc : and the tangents and 
other trigonometrical lines^ by means of the expressions ia 
lut. 4, &c. 

£x. 3. Find the sum of all the natural sines to every mi- 
iiute in the quadrant, radius = 1 . 

In this problem the actual addition of all the terms would 
be a most tiresome labour : but the solution by means of 
equation xxvit> is rendered very easy. Applying that theo- 
rem to the present case, we have sin (a + iwe) = sin 45% 
sin 4(71+ 1)b= sin 45'*O'30^, and sin ^b it sin SO". Therefore 

T-T-— = 3438*24'67465 the same sum required. 

nn3(K' -^ ^ 

From smother method, the investigation of which is omitted 
here, it appears that the same sum is equal to xCcot 30'+ l)« 

£x. 4. Explain the method of finding the logarithmic 
sines, cosineS) tangents, secants, 8cc, the natural sines, cosines, 
&c, being known. 

The natural sines and cosines being computed to the ra- 
dius unity, are all proper fractions, or quantities less than 
unity, so that their logarithms would be negative. To aVojd 
this, the tables of logarithmic sines, cosines, &Cy »re com- 
puted to a radius of 10000000000,. or 10'° j in* which case 
the logarithm of the radius is 10 times the log of 10, that is^ 
it is 10. 

Hence, if* represent any sine to radius 1, then 10*® x 5= 
sine of the same arc or angle to rad lO*'. And this, in logs 
is, log 10'° 5 = 10 log 10 + log * =s 10 + log ^- 

The log cosines are found by the same process, since the 
cosines are the sines of the complements* 

The logarithmic expressions for the tangttits, &c, are de*- 
duced thus : 

Tan = rad — . Thcre£ log tan = log rad + log sin — log 

cos = 10 -^iogsin "- log-cos. 
Cot = —. Therf.logcota=2lograd— logtan=20— logtan* 

Sec = — . Therf . log sec = 2 log rad --log cos = 20 —log cos, 
Cosec=Il. . Therf. Ix:o«9ec=2 log rad— log $111=20— log sin. 

•r J • chonl* ^3 sin I arc)* 2xViii*}arc 

Versed sine = -r. — = ^= — -\, = t — • 

dram 2 rad rad 

Therefore, log vers sin = log 2 + 2 log sin ^ arc — 10. 

Ex. 5^ 



£r. S. Given tfie^som of t^ nttttml tang^itsof tiieaii*- 
^€6 A aad B^ a plane trkngle s: 3-l#01988, tbe sum <>f the 
tangents of the angles b and c = 8*S76S577, and the coati- 
fiu^ prodsapt, tan A .tan B . tan c = 5*3047057 : to findthe 
angles A« B^ andc 

It has been demonstrated in art. 36, that when radius is 
nnity^ the product of the natural tangents of the three angles 
of a plane triangle is equal to their continued product. Hence 
the process is this : 

From tan A + tan b + tan c z= 5-3047057 
Take tan a + tan b . . • . = 3-1601988 



» i 1 1 ixi 



Remains tanc = 2- 144 5069 =tan 65*, 

From tan A + tan B + tan c = 5 '3047057 
Take tan B + tan c . • • . = 3:8765577 
Remains tan A = 1 -428 14»0=tan 55^- 

■ _ I J I I I 

Consequently, the three angles are 55 ^ 60% and Co\ 

Ex, 6. There is a plane triangle, whose sides are three 
consecutive terms in the natural series of integer numbers, 
and whose largest angle is just double the smallest. Required 
the sides and angles of that triangle ? 

If A, B, c, be three angles of a plane triangle, a, 4, c^ the 
sides respectively opposite to a, b, c ; and s = a + 4 4- <■- 
Then from equa. lU and xxxiv,-we have 

sin A = ^|-/is(i«-fl).'Us-6).(is-c), 

and ^m ic = \/ j;^-^: — -. 

Let the three sides of the required triangle be represented 
Jjy .r, jr -}- 1, and x + 2 j the angle a being supposed oppo- 
site to the side r, and c opposite to the sid:t' x -f 2: then the 
preceding expressions will become 

g ^ 3x4-3 igs-3 x+\ »--l 

. , .(a + l).(.r+3) 

* ^ 4x(x-fl) 

Assuming these two expressions equal to each other, as they 
ought to be, by the question ; there results, after a little re- 
duction, x^ — \x^ ^ V*^ — 2 = 0, a cubic equation, with one 
positive integer root a: == 4. Hence 4, 5, and 6, are the 
aides of the triangle. 

sin A = T-Vv/V. 1-1-4 = 7.V\/V^y^* = iT\'/7«r:^^7. 

#in B =t5^v^7; sin c = -r^Vl\ $in4c= v'Ti:i7=iv^'3'* 
The angles are, a = 41'^-409r>03 = 41*^24' 84" 34'", 

B =55*-771191 = 55 46 16 18, 
C ;= 82*^*811^206 = 82 49 9 8. 

Any 



{ 
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Any i/iV^r/ solution to this curious probkm, except ^y means 
of the analytical formulae employed above> would be exceedU 
ingly tedious and operose. 

Ex. 7. Demonstrate that sin -18** = cos 72® is = ^k 
(-1 + V5), andsin54® = cos 36^ is = iR(l + v/5). 

jBx. 8. DemoHstrate that the sum of the sines of two arcs 
which together make 60", is equal to the sine of an arc 
which is greater than 60** by either of the two arcs : Ex. gr. 
sin 3' + sin 59''57' = sin 60 3'; and thus that the tables may 
be continued by addition only. 

Ex, 9. Show the truth of the following proportion : As 
the sine of half the difference of two arcs, which together 
make 60'', or 90% respectively, is to the difference of their 
sines ; so is 1 to ^2, or v^3, respectively. 

Ex. 10. Demonstrate that the sum of the squares of the 
sine and versed sine of an arc, is equal to the square of double 
the sine of half the arc. 

Ex. 1 1 . Demonstrate that the sine of an arc is a mean 
proportional between half the radius and the versed sine of 
double the arc. 

Ex^ 12. Show that the secant of an arc is equal to the 
sum of its tangent and the tangent of half its complement. 

Ex, 13. Prove that, in any plane triangle, the base is to 
the difference of the other two sides, as the sine of half the 
sum of the angles at the base, to the sine of half their 
difference : also, that the base is to the sum of the other two 
sides, as the cosine of half the sum of the angles at the base^ 
to the cosine of half their difference. 

Ex, 14. How must three trees, a, b, c, be planted, so 
that the angle at a may be double the angle at b, the angle 
at B double that at c ; and so that a line of 400 yards may 
just go round them ? 

. Ex, 15. In a certain triangle, the sines of the three an- 
gles are as the numbers 17> 15, and 8, and the perimeter is 
i60. What are the sides and angles ? 

Ex. 16, The logarithms of two sides of a triangle are 
2-2407293 and 2-5378191, and the included angle, is 37^20'. 
It ,is required to determine the other angles, without first 
finding any of the sides ? 

Ex, 17. The sides of a triangle are to each other as the 
fractions j-, |, f : what are the angles? 

Ex. 18. 
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£x. 18. 3how that the seoant of 60% is double the tan- 
gent of 45% and that the secant of 45° is a mean proportional 
between the tangent <^ 45"" and the secant o£ 60% 

Ex. 19. Demonstrate that 4 times the rectangle of the 
sines of two arcs, is equal to the difference of the squares of 
t^e chords of the sum and difference of those arcs. 

Ex, 20. Convert the equations marked xxxiv into their 
equivalent logarithmic expressions ; and by means of them 
and equa. iv, find the angles of a triangle whose sides are 5, 
€, and 7. 



CHAPTER IV. 



SPHERICAL TRIGONOMETRY. 



SECTION I. 

General Properties of Spherical Triangles. - 

' Art. 1. Def. 1. Any portion of a spherical surface bounded 
by three arcs of great circles, i$ called a Spherical Triangle, 

Def. 2. Spherical Trigonometry is the art of computing; 
the measures of the sides and angles of spherical triangles* 

Def. 3. A right-angled spherical triangle has one right 
suigle : the sides about the right angle are called legs ; the 
side opposite to the right angle is called the hj/pothetiuse. 

Def. 4. A quadrantal spherical triangle has one side equal 
to 99° or a quarter of a great circle. 

Def. 5. Two arcs or angles, when compared together, are 
said to be alike^ or of the same affection^ when both are less 
than 90^, or both are greater than 90°. But when one is 
greater and the other less than 90% tliey are said to be unlike^ 
'otoi different affections. 

Art. 2. The small circles of the sphere do not fall under 
consideration in Spherical Trigonometry ; but such only as 
have the same centre with the sphere itself. And hence it is 
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that sfAnictl (ngonoaietr^ n af so BHeh us* in Practic^ - 
AstroaMBty, iba appareni hearreaa amaaiiBg, tkes^po of 4 
concave sphecs, wlwse centre it the same aithec*ntrso£ thc- 
caith. 

St. Every sfiharieal tiiuiglft h£» tluoe iide» aad throe an— ' 
gles : and if any thiae of these six part»i bs givea, -the re- 
mainine three may be founij, by some of the rules which 
will be investigated in this chapter. 

4. In plane trigonometry^ the Imowledj^s of the thr«a an- 
gles is not sufficient for ascertaining the sides : for ik that 
case the relations only of the three sides can be obtained, antl 
EOt their absolute Talues-; whereas, in spkei'ical trigonome- 
try, where the sides are circular arcs, whose values depend 
on their proportion to the whole circle, that is, on the num- 
ber of degrees they contain, the sides may always be deter- 
mined when the three angles are known. Other remarkable 
differences between plane and spherical triangles are, I at. 
That in the former, two angles always detei'mine the third ; 
while in the latter they never do. 2dJy. The surface of 3 
plane triangle cannot be determined from a knowledge of the 
angles alone-, while that of a spherical triangle always can. 

5. The sides of a spherical triangle are all arcs of great 
circles, which, by their intersection on the surface of the 
sphere, constitute that triangle. 

6. The angle which is contained between the arcs of two 
great circles, intersecting each other on the snrface of the 
sphere, is called a spherical angle i and its measure is the same 
as the measure of the plane angle which \i formed by two 
lines issuing fronr the same point of, and perpendtcolar tOc, 
the aommon. section of the planee which dettrmrne the con- 
taining aedcs : that is to say, it is thesame as the angle mad* 
bji those planes. Or, it is equal to. the plane angle fornted 
hy the tangents to those arcs at their point of intersecfioB. 

7. Hetue it follows, that the surface 
of a spherical triangle bag, and tlw 
three planes which determine it, form 
a kind of triangular pyramid, bcca, 
of which the vertex G is at the centre 
of the fphere, the base abc a ponion- 
of the spherical surface, and the faces 
AGC, AGB, BGC, sectors of the great 
circles whose intersections determine 
the sides of the triangle. 

J)^.^. A line perpend icidar to t^B' plane of agreat circle* 
'passing through theeMitre of the sphere, and terminated by 




two poi&tSi diametrically opposite, at its surBicej is caDed tlxt 
axis of sudi circle ; and the extremities of the axis, or the 
points where it meets the surface, are called the poles of thaf 
circle. Thus, pgp' is the axis, and f^ t\ are the poles, of the 
p-eat circle cnd. 

If we conceive any number of les^ circles, each parallel to 
the said great circle,, this axis will be perpendicular to them 
likewise ; and the points P, v% will be their poles also. 

S. He4Ce, each pole of a great circle is 90** distant from 
every point in its circumference; axid all the arcs drawn from 
either pole of a little circle to its circmnference, are equal to 
each other. 

9* It likewise follows, that all the arcs of great circles drawn 
through, the poles of another great circle, are perpendicular 
to it : for, since they are great circles by the supposition, 
they all pass through the centre of the sphere, and conse- 
quently through the axis of the said ctrcle. The same thing 
may be affirmed with regard to small circles. 

10. Hence, in order to find the poles of any circle, it is 
merely necessary to describe, upon the surface of the sphere, 
two great circles perpendicular to the plane of the former ; 
the points where these circles intersect each other will be the 
poles required. 

1 1. It may be inferred also, from the preceding, that if it 
were propos^ to draw, 6-om any poipt assomed on the sur- 
face of the sphere, an arc of a circle which may measure the 
sliortest distance from that point, to the circumference of 
any given circle ; this arc must be so descHbed, that its pro- 
longation may p^ss throygl:^ the pples o£ the g^iven circle* 
And conversely, if an arc pass through the poles of a givea 
circle, it will measure^ the shortest ^distance fiioqi any assumed . 
point to the circumference of that circle. 

12. Hence again, if upon the sides, ac and bc, (produced 
if necessary) oia spherical triangle bjCA, we take the arcs cn, 
CM, each equal DO , apd through the radii qn, gm (figure to 
art. 1) draw the plane HCi^t, it; is manifest that the point c 

- will be the pole of the circle coinciding with the plane ngm : 
so that, as the Ifties qm, gk, are both perpendic^ilar to the 
common section gc, of the planes agc, bgc, they n^easuref, 
by their inclina^H, th&angle of these planes^ or the arc nm 
measures that angle, aijid conseqjaently the. spherical angl# 

BCA. 

IX Ijt is also evideni: that eveiry arc o£ a little- circle, d&- 
scirSied 6K>m.tj[iepiole c as centre^ and containing the same 
number bi dfigfm$ a& the ^q mm^Ia equally prefer for mea:- 
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snriog the angle bca; though it is customary to use only 
arcs of great circles for this purpose. 

1 4. Lastly, we infer, that if a spherical angle be a right 
angle, the arcs of the great circles which form it, wilLpass 
mutually through the poles of each other : and that, if the 
planes of two great circles contain eacli the axis of the other^ 
or pass through the poles of teach other, the angle which they 
include is a right angle. 

These obvious truths being premised and comprehended, 
the student may pass to the consideration of the following 
theorems. 

THEOREM I. ' ' 

Any Two Sides of a Spherical Triangle are together Greater 

than the Third, 

This proposition is a necessary consequence of the truth» 
that Jthe shortest distance between any two points, measured 
on the surface of the sphere, is the arc of a great circle pass- 
ing through these points. 

THEOREM II. 

The Sum of the TTiree Sides of any Spherical Triaigte is 

Less than 360 degrees. 

For, let the sides ac, bc, (fig. to art. 7) containing any 
angle a, be produced till they meet again in d : then will the 
arcs D AC, DBG, be each 1 80% because all great circles cut each 
other into two equal parts : consequently dac + dbg = 360°. 
But (theorem 1) da and db are together greater than the 
third side ab of the triangle dab ; and therefore, since, 
CA + cb + DA + DB = 360°, the sum ga + cb + ab is less 
than 360^ a. e. d. 

THEOREM III. 

The Sum of the Three Angles of any Spherijcal Triangle is 
always Greater than Two Right Angles, but Less than Six. ' 

For, let ABC bfe a spherical triangle, G ^.-^K^ 

the centre of the sphere, and let th^ ^^'^'^^^^^. 

chords of the arcs ab, bc, ac, be drawn : ^jr!^..... :\ -^ 
these chords constitute a rectilinear tri- ^^\^' it "y 
angle, the sum of whose three angles is ^^^vJlv<^ 

eqwal to two right angles. But the angle A« 

at B made by the chords ab, bg, is less than the angle ubc, 
formed by the two tangents sa, bc^ or less thati the angle of 

inclination 
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indination of the two planes gbc, gba, i;^hich (art. 6} is thcf 
spherical angle at B ; consequently the spherical angle at b is 
greater Aan the angle at b made b]r the chords ab^ cb. In 
like manner, the spherical angles at A and c^ are greater 
than the respective angles made by the chords meeting at 
those points. Consequently, the sum of the three angles of 
the spherical triangle ABC, is greater than the sum of the 
three angles of the rectilinear triangle made by the chords 
ABf BC, AC, that is, greater than two right angles, q.b. I^d* 

2. The angle of inclination of no two of the planes can be 
so great as two right angles ; because, in that case the two 
planes wonid become but one continued plane^ and the arcs, 
instead of being arcs of distinct circles, would be joint arcs of 
one and the same circle. Therefore, each of the three sphe- 
rical angles must be less than two right angles ; and conse^ 
quently their sum less than six right ang|^« a. B. 2^o* 

Cor» 1. Hence it follows, that a spherical triangle ma/ 
have all its angl^ either right or obtuse ; and therefore the' 
knowledge of any two right angles is not sufficient for the 
determination of the third. 

Cor. 2. If the three angles of a spherical triangle be right 
or obtuse, the three sides are likewise each equal to, or greater 
than 90^ : and, if each of the an^es be acute, each of the sides 
is also less than 90'' ; and conversely. 

SchcUum. From the preceding theorem the stndeitt may 
clearly perceive what is the essential difference between plane 
and spherical triangles, and how absurd it would be to apply ' 
the Yules of plane trigonometry to the solution of cases in 
spherical trigonometry. Tet, though the difference between 
the tifo kinds of trian^es be really so great, still there are 
various properties which are common to both, and which maiy 
be demonstifated exactly in the same manner. Thus, for ex- 
tttnple, it might be demonstrated here, (as well as with regard 
to plane triangles in the elements of Geometry, voL 1) that 
two spherical trian^es are equal to each other, i st. When 
the three sides of die one are respectively equal to the three 
si^fes of the other. 2dly. When each of them has an equal 
angle contained between equal sides: and, 3dly. When they* 
have each two eqoal angles at the extremities of equal bases« 
It might abo be snown, that a spherical triangle is equilateral, 
isosceles, or scalene, according as it hath three equal, two 
•qual, or three unequal angles : and again, that the greatest 
side is sdwqrs opposite to the greatiest^angle, -and the least side 
to the letet tn^. Bot the brevity that our pUtv Tec^\T^^> 
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compeb us merely to viention these particulars* It may be 
added) however, that a spherical triangle may be at once 
right^iigled and equilateral; which can never be the case 
with a plane triangle. 

' THEOREM IV, 

If from the Angles of a Spherical TriaDgle, as Poles^ there 
be described! on the Surface of the Sphere, Three Arcs of 

* Great Circles, which by their Intersections form another 
Spherical Triangle \ Each Side of this New Triangle will 
be the Supplement to the Measure of the Angle which is 
at its Pole, and, the Measure of each of its Angles the Sup- 
plement to that Side of the Primitive Tris^igle to which it 
is Opposite. 

From B, A, and c, as poles, let the 
arcs DF, D£, F£, be described, and by 
their intersections form another spheri- 
cal triangle def ; either side, as de, of 
thi% triangle, is the supplement of the 
measure of the angle A at its pole ; and 
either angle, as d, has for its- measure 
the supplement of the side ab. 

, Let the sides ab, ac, bc, of the primitive triangle, be pro- 
duced' till they meet those of the triangle def, in the points 
I, L, M, n, g, k : then, since the point a is the pole of the 
arc Dii.E^ the distance of the points a and e (measured on an 
arc of a great circle) will be 90® ; also, since c is the pole of 
the arc ef, the points c and e will be 90^ distant i, conse- 
quently (art. S) the point e is the^pole of the arc Ac. In like, 
manner it maybe shown, that f is the pole of Bc^ and Dthat 
of AB. ^ . 

This being premised, we shall have dl=90% and 1E=90®; 
whence dl + ie =: dl + el + il =: de + il = 180®. 
Therefore de = 180® — IL : that is, since IL is the measure 
of the angle bag, the arc de is = the supplement of that 
measure. Thus also -may it be demonstrated that ef is equal 
the supplement to mn, the measiu-e of the angle boa, and 
that DP is equal the supplement to gk, the measure of the 
angle abc: which constitutes the first part of the proposition.: 
2dly. The respective measures of the angles of the triangle 
DEF are supplemental to the opposite sides. of the triangles 
ABC. For, since the arcs al and bg are each 90% thererere 
is AL + bg = GL + ab = 180° ; whence GL'= 180**'- ab;^^ 
• that is, the measure of the angle D is equal to the supplement 
to AB. So likewise may it be shown that AC, bc^ are equal; 

to 
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to the snpplements to the measures of the respectively oppo« 
site angles £ and f. G>nsequently, the measures of the angles 
of the triangle def are supplemental to the several oppc^e 
sides of the triangle abc. q. £. d. 

Cor. 1. Hence these two triangles are called supplemental 
or polar triangles. 

Cor. 2. Since the three sides D£y £f, df^ are supplements 
to the measures .of the three angles A, B, c ; it results that 

DB + EF + DF + A + B+C=^ X I80''=54f0*. Bilt (th, 2), 

DE + EF 4- DF < 360** : consequently a + B + c > 180°* 
Thus the first part of theorem 3 is very compendiously de- 
monstrated. * 

CoTi Si This theorem suggests mutations that are some» 
times of use in computation.: — ^Thus^ if three angles of a 
spherical triangle are given^ to find the sides : the student 
may subtract each of the angles from 1 SO"", and the three re- 
fnainders will be the three sides of a new triangle; the angles 
of this new triangle being found, if their measures be each 
taken from 180°, the three remainders will be the respective 
sides of the primitive triangle, whose angles were given. 

Scholium. The invention of the preceding theorem is due 
td Philip Langsberg. Vide, Simon Stevin, liv. 3, de la Cos- 
mographie, prop. 31 and Alb. Girard in loc. It is often hoW'> 
ever treated very loosely by authors on trigonometry : some 
of them speaking of sides as the supplements of angles, and 
scarcely any of them remarking which of the several triangles 
formed by the intersection of the arcs de, ef, df, is the one 
In question. Besides the triangle def, three others may be 
formed by the intersection of the semi- 
circles, and if the whole circles be consi- 
sidered, there will be seven other tri«igles 
formed. But the proposition only obtains 
with regard to the central triangle (of 
each hemisphere), which is distinguished ^ 
firom the three others in this, that the two 
angles a and f are situated on the same 
side of BC, the two b and b on the same side of AC, and the 
two c and d on the same side of ab. 

m 

TRBORBM V. ^ ^ ' , 

In Every Spherical Triangle, the following proportion obtainsi 
viz. As Four Right Angles (or 360*) to the Surface of a 
Hemisphere; or, as Two Right Angles (or 180*) to a Great 
Circle of the Sphere ; so is the Excess of the thr^e angles 
of the triangle above Two: Right Angles, to the Area of 
the triangle. 

G 2 Let 
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Let Aic be die afdierical triangle. Com* 
plete one of its sides is Bc into the circle 
BCBF, which may be suppoaed to bound 
the upper hemisphere. Prolong alsoy at 
both ends> the two sides ab^ ac, until 
they form semicircles estimated from each 
angle, that is, until baes^ abd =s cap si: 
Acn:=180^. Then will cbfsISC'sbfb; 
and consequently the triangle aep/ou the anterior hemispheve, 
wiU be equ^l to the trian^ bcd on the opposite hemisphere. 
Putting »»» w'i to represent the surfiKe of tl^se triangles^ p 
for that of the trian|[le baF| qjor that of cae, and a for thsit 
of the proposed triangk ABC Then ^ and m^ together (or their 
equal A and m together) make up thesiirfiice ot a sphttic fame* 
comprehended between the two semicircles aci>i abd» inclin- 
ed in the angle a ; a and p together make up the hme in* 
eluded between the semicircles caf^cbf, making the angle c : 
a and f together make up the spheric lune induded between 
the semicircles bce, bae» making the angle B. And the sur- 
face of each of these hmes, is to that of the hemisphere) as thm 
aj^le made by the comprehending semicircfes, tp two r^ht 
angles. Therefore, putting ^s for the suc&ce of the bfemi- 
sphere, we have 

4s 

•j;S 

and consequently, by divisipn of proportionj 

as. 180** : a + b + C ^ 18tf* : : ^s : 2a + ^s-^^s =t IJflt j 

or, K0^a + b+c-.18O'::48: « = ^s . ^ii!i^^,; 

a. %. D^. 

€br. 1- Hence the eicce^s of the three angles ofsmy s^^e- 
ric^l triangle above two right ;»ngles, termed technically the 
spkurkal excess J furnishes a correct measure of the surface of 
that triangle. 

C&r. 2. If ff =: a'l4159S, and d the diameter dF thit 

sphere, then is vd^ . ^qT = th® ^^^i of the spherical 

triangle.^ '' 



Whence, 1^0' 



180P : A : 
180.** : B : 
180^ : c : 
: A+B-f c 



a + w. 

3^4- w +p +. jr=s 2a +46; 



* This determioation of the i^rea of a spbeucid triangle is due to jilhrt 
Gir^td (who died- atiout 1 693^* But tiw dcmonatratiou noir commonly ^Ven 
oitht, ruk ma$ firM putli^b^ hy, Dr. Waliis. It. va» convdorod aa a. njere 
ipeciilative tmtli, until Ge.oenJ Boy, in 17^7, emiployed it Tery jiodicio^y 
in the great Trigonometrfcal Survey; to coir^t' the errors of spherical angles. 
See Phil. Trans, vol. 80, and the next chapter of this volume. 

Cer. 3* 
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d^r. 5. Since tte length df the m^m, in' any cifck^ is 
«qnal to the len|th of 57*2957^95 d^grees^ ih^ttored on the 
circuin^rence of thait circle \ if the spherkd eJteess bt mul- 
tit^ied by 57*f95l795, the {nroduct ^U ttfitesi the sm^ce 
of the triangle in square degrees. 

Cor. 4. When a::^ 0, then A + h + c=180'* : and when 
a 3s ^S) then a + B + c t± 540^ Consequently the sum <^ 
the three angles of a spherical triangle^ is alwajs between 2 
and 6 right angles : which is another con&rmation of th. 3. 

Cor. 5. When two of the atigles of a spherical triangle 
are right angles, the surface of Sie triangle varies with its 
third angle. And when a spherical triangle has three tight 
an^es its surface is one-eighth of the snr£ice of the sjdiere. 

Remark. Some of the uses of the sflherical excels, in the 
more extensive geodesic op6rations» will be shown in the fol- 
lowing chapter. The mode of fin<Unp ky ^d thence the area 
"when the three angles of a spherical triangle are given, is oIk 
vious enough) hut it is ofteii requisite to ascertain it by mes^ 
of other data^ as, when two sides and the included anele are 
given, or when all the three sides are giv^. In the formdr 
case, let a and b be the two sides, c the incloded angle, and 

^t i_ • 1 t • , cot ia . cot *6 + cos c 

E the spherical excess : then is cot ^e=, — r-^ . 

When the three sides a, ^, c, are given, t}ie spherical excess 
may be found by the following very elegant theorem, dis- 
covered by Simon^Lhuillier : 

tan ^E, =: v (tan — — — . un — - — . tan — j — • tan j — ). 

The investigation of these theoremc would 6ccupy more spacf 
thai can be aHotted to them in tn^ pt6$^ht volume. 

. THSOESM TI. 

In every Spherical PolygdOy or suSrfiice included by^any num* 
ber of intersecting ^eat circles, the subjoined, proportion 
obtains, viz, As Four jKight Angles, or 360^ to the Surface 
of a Hemisphere^ ori as Two W|fh« Ahgle^ or 1 80% to a 
Great Circle of the ophere |- sd is the Escess of the Sum 
of the Angles above the Frodubt of 180* askd Two Leis 
than the Number of Angles 6f tfhe spherical pcdygon, to 
its Area. 

Vor, if the polygon be suppoi^ i& be ditided itttd as machy 
triangles as it has sides, by gredt cktie^ dra^ii frbm all the 
angles dvough sf»y poizk withiA it, fontiing at that point the 
vertical anglett of M the triangles. Theiij \yj ffcu &» Vc^^\i^ 
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«v <^'^• j^ :; A4-a<^— ]5p^ : its am. Thaiefbre, putting 
r *;%T the Slim H[ 4mI tbe 9np» of the poljgonf n for their 
?Hiinhfr« mnd x fnt xht sotn of aO the vemcal angles of Its 
<'<%mtfinien: rmnjifies «t wiil he, hy composition, . 
1^ Sf^r" ^^ : r f T — lW>*.ii : siir£ice of the polygon. 
B» > IV mwiifaithr <sjua1 to 360** or 180^ x 2. Therefore, 

«v S8fr : ■> . : r^(it-2)180« : is . ''"^"3^^^ , the area of 

fV fVi*yfW>. ^ K* D. 

i*n\ ": . W c and d represent the same quantities as in 
•>Mv^* .« v/e. ^, then the surface of the polygon will be ex- 

<>N «* If R'' =z 57-2957795, then will the svrfece of the 
^yih^pw in square degree^ be = r° .(p-(/i-2)180^). 

hV. 3. When the surface of the polygon is 0,.then p == 
^- 5?) 1 80° 5 and when it js a maximum, that is, when it is 
^1^1 to the surface of the hemisphere, then P^ (n — 2) ISO* 
-^ S60** = 71 . 1 80° : Consequently P, the sum of all the smgles 
fi any spheric polygon, is always less than 2n right angles, 
tet greater th^n (2;i--4) right angles, 7i denoting the num- 
lier of angles of the polygon. 



GENERAL SCHOLIUM. 

On the Iffature and Measure of Solid Angles. 

A Solid angle is defined by Euclid, that which is made by 
^e meeting of more than two plane anglesj which are not ii^ 
the same plane, in one point. 

Others define it the ^gular space comprized l^w^en 
several planes meeting in one point. 

It may be defined still more generally, the angular spat;^ 
included between several plane surfaces or one or more curved 
surfaces, ifieeting in the point ^hich forms the summit of the 
angle. 

According to this definition, solid angles bear just the same 
relation to the surfaces which comprize themy as plane angles 
do to the lines by which they are included : so that, as in the 
latter, it is not the ipagnttiide of the lines, but their mutual 
inclination, which determines the angle ; just so, in the former 
, it is not the magnitude of the pland, but thi^ mutualr Incli- 
nations which determine the angles. Apd hence all those^ 
geometers, from the time of Euclid down to the present pes 
riod^ who have confined their attetotion principally to the mag- 
' * ^ ' tiitude. 
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nitnde of the, plane angles, Instead of their relative positions, 
liave never been able to develope the properties of this class 
of geometrical quantities ; but have affinned that no solid 
angle canr^e said to be the half or the double of another, and 
have spoken of the bisection and trisection of solid angles, 
even in the simplest cases, as impossible problems. 

But all this supposed difficulty vanishes, and the doctrine 
of solid angles becomes simple, satisfactorj, and universal in 
its application, hy assuming spherical sur/aces for their mea- 
sure ; just as circular arcs are assumed for the measures of 
plime angles*. Imagine, that from the summit of a solid an- 
gle (formed by the meeting of three planes) as a centre, any 
sphere be described, and that those planes are produced till 
they cut the surface of the sphere ; then will the surface of 
the spherical triangle, included between those planes, be a 
proper measure of the solid angle made by the planes at tlieir 
common point of meeting : for no change can be conceived 
in the relative position of those planes, that is, in the magni- 
tude of the solid angle, without a corresponding and propor- 
tional mutation in the surface of the spherical triangle. If, 
in likse manner, the three or more surfaces, which by their 
meeting constitute another solid angle, be produced tfll they 
cut the surface of the same or an equal sphere, whose centra 
coincides with the summit of the angle ; the surface of the 
spheric triangle or polygon, included between the planes which 
determine the angle, will be a correct measure of that angle. 
And the ratio which subsists between the areas of the spheric 
triangles, polygons, or other surfaces thus formed, will be ac- 
curately "the ratio which subsists between the solid angles, 
constituted by the meeting of th<? several planes or surfaces, 
at the centre of the sphere. 



* It may be proper to anticipate here tlie only objection w^cb can be ouid« 
to this assumption ; which fs founded on the principle, that quantities should 
always be measured hy ^lumtities of f if tam^ kind* But tliis, often and posi* 
tively as It is affirmed, is by no means necessary z nor in many cases ia iS 
possible. To. measure is to rompore mathematically : and if by comparing 
two quantities, whose ralao we know or can asoerUin, with two other quan«» 
tities whose ratio we wi4fa to know, the point in queatton becomes determined i 
it signifies not at all whether tlie magnitadet wbieh conatitnte one ratio, wrm 
like or unlike the magnitudes which constitute the other ratio. It i9 that thftt 
mathematicians, with perfect safety and correctness, make use of space as a 
measure of velocity, mass as a measure of inertia, natass and velocity con- 
joinUy as a measure of force, space as a measure of time, weight as a measure 
of density, expansion as a measure of beat, a certain fuhction of planetary 
velocity as a measure of distance from the centtal body, arcs of the same 
•irde as measures of plane angles ; and it ia in conformity with this general . 
procedure that we adopt lurfaccs, of the same sphere, ^$ measures of solid , 
angles. 
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Hencfi the comp^iison of solid angles becomea a matter of 
great ease and simplidtj : for> since the areas of sphericsil 
triangles are measured by the excess^ the sums of their an- 
gles each above two right angles (th, 5)^ and th« areas of 
Sherical polygons of n sides, by the excess of the sum of 
eir angles above 3n— 4 right angles (th. 6); it follows, that 
the magnitude of a trilateral solid angle, will be measured by 
the excess of the sum of the three angles, made respectively 
by its bounding planes, above 2 right angles ; and ihe mag<* 
nitudes of solid angles formed by n bouxuiing planes, by the 
excess of the sum of the angles of inclination of the several 
planes abov.e 2n — 4 right angles. 

As to solid angles lunited by curve surfaces, such as the 
angles at the vertices of cones ; they will manifestly be mea- 
sured by the spheric surfaces cut off by the prolongation of 
their bounding surfaces, in the same manner as angles deter- 
mined by planes are measured by the triangles or polygons, 
they mark out upon the same, or an equal sphere, in all 
cases, the maximum limit of solid angles, will be the plun€ 
towtirds which the various planes determining such angles 
approach, as they diverge further from each other about the 
same summit : Just as a right line is the maximum limit of 
plane angles, being formea by the two bounding lines when 
they make an angle of 1 80''. The maximum linut of solid 
angles is measured by the surface of a hemi^here, in l^^e 
manner as the maximum limit of plane angles is measured by 
the arc of a semicircle. The solid right angle (either anglet 
for example, ^f a cube) is ^=-;-^) of the maximum solid an-r 
gle : while the plane right angle is half the maximum plan^ 
angle. 

The analogy between plane and solid angles beine thu^ 
traced, we may proceed to exemplify this theory by a few inr 
stances y assuming 1000 as the numeral measure of the maxi- 
mum solid angle = 4 times 90** solid = 360** solid. 

I .^ The solid angles of right prisms are compared with grea| 
£M:ility. For, of the three angles niade by the three planes 
which, by their meeting, constitute every such solid angle, 
two are right angles \ and the third is the same as thecorre-! 
sponding plane angle of the polygonal base; on which, there- 
fore, the measure of the soKd angle depends. Thus, witl^ 
resoect to the right prism with an equilateral trian^lar bases 
eacn solid angle is formed by planes which repectively make 
angfes of 90°, 90°, and 60\ Consequently 90^+ 90^+ 60°- 
180*^=60**, is the measure of such angle, compared with 360* 
the maximum angle. It is, therefore! one-sixth of the maxi* 
inum angle. A right prism with a square base, has, in like 

manner. 
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manner, wch solid angle measuned by 90*^+90^+90^- 180** 
=z90^> which is j^ of the maximum angle. And thus it may be 
found, that each solid angle of a right prism, with an equilateral 
triangidar bast is i max. angle =s } .1000. 

• • • — -- T • * ^*^J^» 

. « . s= ^ .1000. 

• • • SS ^^^ • iUUl/a 

, . , 3= ^ .1000. 
. . . = -^ .1000. 
. . . =^.1000. 

. . . =r ^ij. .1000. 

. . . = ^aooo. 



aquare base 


isi . 


pentagonal base 


i IS 


hexagonal 


is J* • 


heptagonal 


19 


octagonal 


isf. 


nonagonal 


ts 


decagonal 


»l. 


undecagonal 


IS 


duodecagonal 


is A 


m gonal 


19 



'^^ .looa 



. • • — 1^ 

. . . = ^.looa 

2m 

Hence it ma7l>e deduced^ that each solid angle of a regu- 
lar prism^ with triangular base, is half ezch soud angle of a 
prism with a regular hexagonal base. Each with regular 
square base = -f. of each^ with regular octagonal base, 

pentagonal = |. ^ decagpnal, 

hexagonal :;= ^ duodecagonaly 

im gonal ^ ^~ m gonal base. 

Hence again we may infer, that the sum of all the solid 
angles of any prism of triangular base, whether that base be 
regular or irregular, is Ao^the sum of the solid angles of a 
prism of quadrangular base, regular or irregular. And, the 
sum of the solid angles of any prism of 
tetragonal base is = |. sum of angles in prism of pentag. base, 
pentagonal . . . = j^ . . . . . • . hexagonal, 
hexagonal ...= ^ •..««. . heptagonsdj 

wi gonal • • . • ssZZ.^ (771+ i) gonal; 

2. Let us compare the solid angles of the five regular 
bodies. In these bodies, if 7n be the number of sides of each 
face 9 ^ the number of daaes which meet at each solid angle; 
^ = half th^ circumterence or 180°; and a the plane angle 

made by two adjacent faces : then we have sin ^a^: j — • 

Tlus theorem gives, for the plane angle formed by every two 
contiguous fac^s of the tetraedron^ 70''sr42'' ; of the hexa£- 
dron, 90**; of theocta«»dron, 109''2a'l8"; of thedodecaedron, 
H6*3i3'54"; of the icosaedron, lS8**il'23". But, in these 
polyedrae, the number of /aces meeting about each solid ang^e^ 
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5*, 3, 4, 3, 5 respectively. Consequently the several solid an* 
gles will be determined by the subjoined proportions : 

Solid Angle. 

360^ : 3.70*^3 1'd^S" - 180° : : 1000 : 87-73611 Tetraedron, 
360° : 3.90° - 180° : : 1000 : 250- Hexaedron. 

360° u 4.109°28'18"- 360° : : 1000 : 216-35185 Octaedron. 
360° : 3.116°33'54"- 180^ :: 1000 : 471*395 Dodecaedron. 
360° : 5.13S°ll'23"-540° :: lOOO : 419-36169 Icosacdron, 

3. The solid angles at the vertices of cones, will be deter- 
mined by means of the spheric segments cut off at the bases 
of those cones; that is, if right cones, instead of having plane 
bases,, had bases formed of the segments of equal spheres, 
whose centres were the vertices of the coi^es, the surfaces of 
those segments would be measiu-es of the solid angles at the 
respective vertices. Now, the surfaces of spheric segments, 
are to the surface of the hemisphere, as their altitudes, to the 
radius of the sphere ; and therefore the solid angles at the 
vertices of right coness will be to the maximum solid ^ngle, 

, as the excels of the slSnt side above the axis of th^ x:one, to 
the slant side of the cone. Thus, if we wish to ascertain the 
solid angles at the vertices of the equilateral and the right- 
angled cones; the axis of the former is i\/S, of the latter, 
i^2i the slant side of each being unity. Hence, 

Angle at vertex. ' 

J " l~T\/3 :r 1000 : 133-97464 j equilateral cone, 
1 : l~^v^2 : : 1000 : 292-89322, right-angled cone. 

4. from what has been said, the mode of determining the 
solid angles at the vertices of pyramids will be sufficiently ob- 
vious. If the pyramids be regular ones, if n be the number 
of faces meeting about the vertical ar^gle in one, and A the 
angle of inclination of each two of its plane faces) if tt be the 
number of planes meeting about the vertex of the other, and 
a the angle of inclination of each two oiF its faces : then will 
the vertical angle of the former, be to the vertical angle of the 
latter pyramid, as na~(n~2) 180°, to W(i — (w — 2) 180*. 

If a cube be cut by diagonal planes, into 6 equal pyramids 
with square bases, their vertices all meeting at the centre of 
the circumscribing sphere; then each of the solid angles, 
made by the four planes pieeting at each vertex, wiH be f of 
the maximum solid angle ; and each of the solid angles 
at the bases of the pyramids, will be ^\ of the maximum solid 
angle. Therefore, each solid angle at the base of such pyra- 
mid, is one-fourth of the solid angle at its vertex : and, if the 
angle at the vertex be bisected, as described below, ejther of 
the solid angles arising from the bisiection, will be double of 
either solid angle at the base. Hence also, and from the first 

subdivision 
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subdivision of this scholium^ each solid angle of a prism, with 
equilateral triangular base, will be half each vertical angle of 
these pyramids^ and double each solid angle at their bases. 

The Wangles made by one plane with another, must be as- 
certained, either by measurement or by computation, accord- 
jug to cirounstances. But, the general theory being thiis 
lexplained, and iUustrated> the furtEer*application of it is left 
to the skill and ingenuity of geometers^ the following sioiple 
example, merely, being added here. 

Ex. Let the solid angle at the vertex of a square pyra- 
mid be bisected. ^ 

1st. Let a plane be drawn through the vertex and any two 
opposite angles of the base, that plane will bisect the soli^ 
angle at the vertex ; forming two trilateral angles, each equal 
to half the original quadrilateral angle. 

2dly. Bisect either diagonal of the base, and draw ajiy plane 
to pass through the point of bisection and the vertex of the 
pyramid ; such plane, if it do not coincide with the former, 
will divide the quadrilateral solid angle into two equal qua- 
drilateral sojid angles. For this plane, produced, will bisect 
the great circle diagonal of the spherical parallelogram cut oft* 
by th^ base of the pyramid j and any great circle bisecting 
such diagonal is known to bisect the spherical parallelogram, 
pr square; the plane, therefore, bisects the solid angle. 

Cor, Hence an indefinite number of planes may be drawn, 
^ach to bisect a given quadrilateral solid angle. 



SECTION IL 
Sesolution of Spherical Triangles. 

The diflferent cases of spherical trigonometry, like those in 
plane trigonometry, may be solved either geometricallv or al- 
gebraically. We shall here adopt the analytical method, as 
well on account of its being more compatible with brevity, 
as because of its correspondence and connexion with the sub- 
stance of the preceding chapter*. The whole doctrine may 
be comprehended in the subsequent problems and theorems. 



• For the geometrical method, the reader may consult Simson's or 
PlayfaJr»s Euclid, •r IJishop Ilwsl^y's ^lemeutary Treatise* on Practical 



ratbematiot. 



PROBLEM 
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PROBLBli I. 

To Fbd Equations, from which may be deduced the Solution 
of all the Cases of Spherical Triangles. 

Let ABC be a spherical triangle ; ad the tangent, and * gd 
die secant, of the are ab ; ae the tangent, and gb the se- 
cant, of the arc ac; let 
the capital letters a, b,c, 
denote the angles of the 
triangle^ and the small 
tetters d, b, €y the op- 
posite sides bc, AC, ab« 
Then the first equa- 
tions in art* 6 PL Trig. 

applied to the two triangles adb, gdb, give, for the former^ 
Di:* = tan* b 4* tan* <r — tan * . tan c. cos A ; for the latter, 
DE^ = sec* b + sec* c -^ sec b , sec c . cosa. Substracting^ 
the first of these equations from the second, and obser^ing^ 
that sec* b — tan* & == r^ = 1, we shall have, after a little 

jt^ ' II »'n ^ • cos c cos a ^ -~- 

redbction^ 1 + — ; cos A r =3 0. Whence 

cos b . cos c cos 6 • cos c 

the three following symmetrical equations are obtained : 
cos a = cos . cos c + sin £ . sin e . cos a1 
cos b = cos a . cos ^ H- sin a • sin c . cos b> (I.) 
cos c =s cosa .cos b '\- $in a. iin b . cos cS 



THEOREM VIX. 

In Every Spherical Triangle, the Sines of the Angfes are Fro- 
' portional to the Sines of their Opposite Sides. 

If, fi-om the first of the equations marked i, the value 
of cos A be drawn, and substituted for k in the equation 
sin* A = 1 - cos' A, we shall have 

sin*A = 1 — ^Q***^'*'<^^**-«»*g-*gc<»« a..CMt , ecKC 

sin* b . 8in*c -^— — — . 

Reducing the terms of the second side of this equation to a 
common denominator, multiplying both numerator and deno- 
minator by sin* a, and extracting the sq. root there will result 

ii/(l — cos* a— con^ 5— ro»» c + 9 co« « . cos * . cos c) 

sm A ss sm fl.-^-^ ^ r—i : <, 

sm a ,%\n b . sine 

Here, if the whole fraction which multiplies sin a, be denoted 
by K (see art. 8 chap, iii), we may write sin A = k • sin a. 
And, since the fractional factor, in the above equation, con- 
tains terms in which the sides ii, b, c, are aCke afiected, we 

have 
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have simflar equations for sin b> and sin c. That is to say, 

we have 

sin A = K • an a . . . sin B = K • sin i • • • sin c = k . sin c« 

Consequentlv. ^4^ = ^!^ = ^— . . . (tt.) which is the 

* ' ' «n « tin 6 no c ^ ' 

algebfaical expression of the theorem. 

THEOREM yiii. 

In Every Right- Angled Spherical Triangle^ the Cosine of 
the Hypothenusei is equal to the Product of the- Cosines 
of the Sides Including the right angle. 

For, if A be measured by ^Ot its cosine becomes nothings 
and the £rst of the equations i becomes cos ii = cos A • C09<c. 
a. £. p. 

THEOREM IX. 

In Every Rjght-Angled Spherical Triangle, the Cosine of 
either Obbque Angle, is equal to the Quotient of the 
Tangent of the A^aoent Si<te divided by the Tangent of 
the Hypotheajuse. 

li^ in the seccMdd of the equations i, the prececSng'vadue of 
€os.a be substituted ior itj sum) for sin « its value tan 4e . co« «= 
cos a . cos & « cos ^ ; then, recollecting that 1 — cos* c = sin* c, 
there will result, tan a • cos ^ • cos b = sin c : whence it 
follows that, 

tan € 

tan a . cos B = tan <:, or cos b = ~— * 
Thus also it is found that cos c = ^^^ 

THEOREM X. 

In Any Right- Angled Spherical Triangle, the Cosine of one 
of the Sides about th? right angle, is equal to the Quotient 
of the Cosine of the Opposite angle divided by the Sine of 
the Adjacent angle. 

From A* 7, we have ^^ = -J^; wliicfa, when a is a 

' tin A sin a' 

rif^ anj^y becomes simply sin b =: ^|^. Again, from th. % 

ten 4 

we have ^os c ±: : — > Hence, by division, 

tana ' ' 

cos c ^ tan b sin a cos c . 



sin s sin 6 * tan a cus h 

cos a rrfl- r.-.^ ^^^. 



Now, th. 8 gives .^js cos c- Therefore ^7= cos c^ and 
in lilie manner, ^— ^s w>s 4. ^ »• !>• 

• ' sia c 
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THEOREM XI* 

hk Every Right- Angled Spherical Triangle, the Tangent of 
either of the Oblique Angles, is equal to the Quotient of 
the Tangent of the Of^posite Side, divided by the Sine of 
the Other Side about the right angle- 



•v» • • sin B .J _ tan c > 

For, since sin b =: ;t~, ahd cos r = — —» 



• « - sin 9 sin b tan a • 

we have — -r— . r-—. 

COS B sin a tan e 

Whence, because (ih. 8) cos a zz cos b . cos c, and since 
sin a =: cos a • tan a, we have 

sin » __ sin y sin «; 1 ^^j 

""" cos « . tanc""co»l».cosf . tanc"~'cos 6 * cos c. tan c sia c*" 
* ,., tan c 

III like manner, tan c = -r— r. a. e. d. 

' sin b 



THEOREM XII» 

In Every Right- Angled Spherical Triangle, the Cosine of the 
Hypothenuse, is equal to the Quotient of the Cotangent of 
one of the Oblique Angles, divided by the Tangent of the 
Other Angle. 

For, multiplying together the resulting equations' of tht 
preceding theorem, we have 

tan 2* tan c t 

tan B . tan c = -: — r . -: — = — . ^ > 

sill b sin c cos 6 . cgs c 

But, by th. 8, cos b . cos c = cos a. 

Therefore tan b . tan c = < , or co& <r = : — . a. E. p. 



COS a' tan B 



THEOREM XIII. 



In Every Right- Angled Spherical Triangle, the Sne of th^ 
DifFerence between the Hypothenuse and Base, is equal to 
the Continued Product of the Sine of the Perpendicular, 
Cosine of the Base, and Tangent of Half the Angle Oppo- 
site to the Perpendicular ; or equal to the Continued Pro- 
duct of the Tangent of the Perpendicular, Cosine of the 
Hypotheniise, and Tangent of Half the Angle Opposite to 
the Perpendicular *. 



* This theorem is due lojjlrprony, who Vm^Kk'^ ^ without demonstra- 
tion in the Connaxtsanct def Temps for the yeMMBs, a«d made use of it in 
the coEistruetiou vf a chart of the course of tbe^T 

Here* 




/ 
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Herej retaining the same notation, since we have ^ 
sin a ^ -7^ , and cos b = 7^— ; if for the tangents there be 

S4U B ' tan a ' " 

substituted their values in sines and cosines, there will arise, 

sin b 

Sin c . ^eos a = cos b . cos c . sm a =z cos b . cos c . - — . 

sin B 

Then substituting for sin a, and sin c . cos a, their values in 
the known formula (equ. v chap, iii) viz, 

in sin (a—c) = sin a . cos c — cos a • sin c, 

and recollecting that '-^. = tan is, 

it will become, sin (a — c) = sin b . cos c . tan ^b ; 
which is the first part of die theorem : and, if in this result 

we intrbduce, instead of cos c, its value — -^ (th; 8), it will 

be transformed into sin (tf — <) = tan ( . cos a . tan ^b 5 which 
is the second part of the theorem, a. e. d. 

Cor, This theorem leads manifestly to an analogous one 
with regard to rectilinear triangles, which, if //, b, and p de- 
note the hypothenuse, base, and perpen^cular, and b, p, the 
angles respectively opposite to b,p; may be expressed thus : 

/r — = p . tan ^p' . . . .\ A — p = b .tan ^B. 
These theorems may be found useful in reducing inclined 
lines to the. plane of tte horizon. 



problem II. 

Given the Three Sides of a Spherical Triar^e; it is re- 
quired to find Expressions for the Determination of the 
Angles. 

Retaining the notation of prob. 1, in all its*generality, we 
soon deduce from the equations marked i in that problem, 
the following ; viz, 

cos a — cos I . cos c' 

COS A = r— J : 

sin V . sin c 

<?os b /— -cos a . cos c 

COS B = — *— : : 

sin a . sin c 

cos ^ — cos a . cos ^ 
COS C = : T— ; 

As these equations^ however,, are not well suited for loga- 
rithmic computation; they muSt be so transformed, that their 
second members will resplve into factors. In order to this, ' 
substitute in the known equation 1 •— -.ps a =: 2 sin* -J A, 
the preceding value of cos a, and there will result 

^ , , , cos (* — c) — COS at' 

2 sm* i\ = — ■ ■ ; ■ .• 



... . .. 4i 
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But, because cos b' — cos a' = 2 sin 4(a'+ b*) . sift 4( a'— B') 
(art. 25 ch* iii), and coiisequentl7, 

COS (^ — ^) ^ COS a :r 2 sm — j— . un - jg ' * : 

we have, obviously, 

... sin !(«+ fc— cy . sin i(a + c— i) 

sm 4-A z:z • - "^ ' . v *■ . ^^ ■ < m i. 
» sm 6 . sm c * 

Whence, making s rz a + b + e, there results 

.sinas-^y.slnCJs-c) "V 

Sin 4-A =: \X * — r^ , '^ . i 

^ ''^ sm 6 • sm c # 

Sa, aUo, sm ^b = ^/ ^^JT^Tc C ^^^'^ 

. J /tin (*s -^ «) . sin (Is— ft) 1 

And, sm 4^0 = v^ — ^^ . . .^ '. ) 

^ * ▼^ siQ a . sm # 

The expressions for the tangents of the half angles, might 
have been deduced with equal facility \ aad we should have 
obtained, for example, 

- ^ y sin (is — >) . sia (ift«»c) ,...% 

* '^ 8m.f s.sm |4S— a) . ^ ' 

Thus again, the expressions iov the cosine and cotang^AT' 
of half one of the angles, are 

- J sin \% . sin \(% — aY 

cos 4a 3 \/ — 2_; — : ■ ' ■ ■■■^ 

* ^ sm £> . sm c 



cot ^A = s/' 



sin {s . sin |(i— d) 



sin (4s - «).sin(4i-c)' 

The three latter flowing natiirally from the former, by means 



sm cos 



of the values tan =: — , cot = -r-. (art. 4 ch. iiij 

cos' tm * ' 

CcT, L When twoof the sides, as hzsA c, become eq^ial,, 
then the expression for sin ^k becomes^ 

sm h sm h 

Cor. 2. Whfen all the three sides Ire eqtisdf, ortf «= Bzac, 
then sin i-K = ^^M?. 

^ sm a 

C(or. 3. In this case, if £r = * sr c =90*; then sin ^a =a 
i^ =: ^-v'S = sin 45** : aiid A =» B = c = 90*, 

Cor. 4. If azzk=xc = 60"* : then sin ^A = ,j^ = 4 VS =» 

sin i5*'l5'5l'': and A = B == c =7Q^ 3r42", the sameastho 
angle between tuii'O contiguous planes of a tetraedroa. 

CoTr 5. If a =: i.ssc were assumed =t 120^: then sin 4a=» 

sin 60^ X,^ 

STjggr = p^ = J 5 and a == b =^ c =5 I8O0 5 which shows 

that no such trismgie casi be constructed (confermably ta 
th. 2) r but thaj ^e three sides would, m such case> form three 
i|Qntinued arcs crompletaig ai great circle of the sphere. 
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PHOBLBM III* 

Given the Three Angles of a Spherical TriangU, to find 

Expressions for the Sides* 

If from the first and third of the equations marked I 
^prob. 1), cos c be exterminated, there will rtsult, 
cos A . sin r 4- cos c • sin a . cos t ss cos a . sin i» 

But, it follows from th, T, that sin c = !!l-ll!IILf . Sidmituf}- 

' ' ' 8ia A 

inc for sin c this value of it, and for -: — , -: — , their equi« 

O 8111 A nti n * 

valents cot a, cot fl, we shall have, 

cot A • sin c + cos c . cos ^ 3= cot 4 . sin ^. 

^^ . ■ cos a • 9 ' sio & fio a 

Now, cot a . sm ^ = — — • sm ^ = cos a . -. — =e cos a , -7 — * 

' sin A - . Sill a nn a. 

(th. 7). So that the preceding equation at length becocDe% 

cos A . sin c = cos a • sin B — sin A . cos c • cos b* 
In like manner, we have, 

cos B . sin c = cos ^ • sin A — sin b . cos c • cos a« 
Exterminating cos b from these, there results 

cos A = cos a . sin B • sin c — cos b • cos c ") 
So like- *) cos B = cos 6 . sin A . sin c — cos a . cos c. > (W.) 
wise \ cos c = cos c . sin a • sin b — cos a . cos b. j 
This system of equations is manifestly analogous to equa^ 
tion I \ and if they be reduced in the manner adopted in th« 
last problem, they will give 

y COS {(a + H+c) .COS 1(b + c— a) "N 

Sinia = v/ sin».»iac •/ 

A— / cos|(a + b + c) .cosyA-fc— ») (^ w»» 



sm 
sin 



* ^ sin A . ^in c * i 

J , y^ cos {(a 4- b 'f c) . co» \{a + b "- c) 1 

*^ ▼ sin A - sin b . *«^ 



The expression for the tangent of half a side is 

* ^ COS {(a + c — b) . CuS J(a+b — c) 

The values of the cosines and cotangents swe omitted, to 
save room ; but are easily deduced by the student. 

Cor. 1. When two of the an^es, as b and c, become equalj 

ihen the value of cos Ui becomes cos 4a =r S2ii^, 

Cor. 2. When a = b =: c ; then co^ M == ?2!ii 

* SIHA ^ 

Cor. \. When a = b = c = 90®, then a=zb =z c = 90^, 

Car. 4. If A= B = c = ^qTi then cos ia = ^!!^ = 1. 

So that a =. i = c = 0. Consequently no such triaf^le cai^ 
be constructed : conformably to th. 3. 
Vol. jii, H ^^- 



I 

I 



9S 8MBRICAL TmiGOKOMXT&r. 

Cor. 5. IfA=B=c=120*:tlienG6s4a=-?2i^=-*^=. 

* Bin 120° 1^3 

^^3 = cos 54'44'9''. Hence a = A = c = 109**28'18'. 

SchoL If, in the preceding values of sin ia, sin ib^ &c, the 
quantities under the radical were negative in reality, as they 
are in appearance, k would obviously be impossible to deter-^ 
mine the vahie of sin 4^, Sec. But thb value is in fact always 
real. For, in general, sin (j:* — JO) = — cos a?; therefore,, 

sin ( — ^O) = — cos |{a -I- b 4- c); a quantity which 

is always positive, because, as a + b + c is necessarily com- 
prised between -lO and |0, we have ^.(a + b + c) — ^O 
greater than nothing, and less than 4^0. Further, any one 
side of a spherical triangle being smaller than the sum of the 
Cither two, we have, by the property of the polar triangle 
(theorem 4), -jO — a less than ^O — B + ^O — c ; whence 
4(8 + c — a) is less than ^O i and of course its cosine is. 
positive* 

■ 

PROBLEM IV. 

Given Two Sides of a Spherical Tri^gle, and the Included 
Angle ; to obtain Elpressions for the Other Angles. 

1. In the investigation of the last problem, we had 
cos a . sin c = cos a . sxnb — cos c • sin a . cos b : 

and by a simple permutation of letters, we have 

cos B . sin c = cos & • sin a •— co^c . sin ^ . cos a : 

adding together these two equations, and reducing, we have 
sin c (cos A 4- cos b) = (1 - cos c) sin (a + ^3* 

Now, we have from theor. 7, 

Fin a sin c , sin h sin e 

-, and 



sin A »inc' sin B sine' 



Freeing these equations from their denominators, and respect* 
ively adding and subtracting them, there results 

sin c (sin a + sin b) = sin c (sin a + sin i), 
and sin c (sin a — sin b) = sin c (sin a — sin A). 
Dividing each of these two equations by the preceding, there 
will be obtained 

sin A + sin b sin c sin a + sin b 

cosA + cosB "" 1— cos c * siii{a+b)' 
sin A— sin B sin c sin a— siiii 

^cosA-fcosB "^ J— cose* sin (a-f ^) * 

Comparing these with the equations in arts. 25, 26, 27, ch. iii, 
there will at length result 

tan i(A + B) = cot ic .^^^^7 

Sin f (a + b) J 

Cmr. 
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Cor. When a =s b, the first of the above equations be« 
comes tan a p tan b =>= cot -Ic . sec a. 

And in this case it will be, as rad : sin |^G : : sin it of 
sin b : sin ^c. 

Andj as rad : cos A or cos B : : tan a or tan b : tan ic. 

2. The preceding values of tan i{k + b), tan Ka — b) are 
very well fitted for logarithmic computation : it may« not- 
withstanding, be proper to investigate a theorem which will 
at once lead to one of the angles, by means of a subsidiary 
angle. In order to this, we deduce immediately firom the 
second equation in the investigation of prob. 3, 

CO', a . sin b t * 

cot A = — cot C . cos O, 

SMI C 

Then, choosing the subsidiary angle (p so that 

tan <p = tan a . cos c, 
that is, finding the angle f , whose tangent is equal to the 
product tan a . cos c, which is equivalent to dividing the 
original triangle into two right-angled triangles, the preced«> 
ing equation will become ^ 

cotA=cotc(cot^.sin6— c6si)=s-: — (cos«»sin6 — sin0.cos6). 

sin 9* r , / 

And this, since sin (ft — 9) rzcos p . sin A — sin p .cos by becomes 
cot A == -: — .sin {h — flv). / 

sin 9 ^ ^ ' 

Which is a very simple and convenient expression^ 

PROBLEM v. 

Given Two Angles of a Spherical Triangle, and the Side 
Comprehended between them ; to find Expressions for 
the Other Two Sides. 

1 . Here, a similar analysis to that employed in the pre* 
ceding problem, being pursued with respect to the equations 
IV, in prob. 3, will produce the following formulas : 

sinff+sini s m c sin a + sin b 

cos a + cos 2; 1 + cosc* 8in(A + B)* ^ 

sin a— >sin ft sin c sin A— sin b 

cos a + cos 6 ~* 1 + cos c ' sin (a + b) * 

Whence, as in prob. 4, we obtain 

tan i/a + 6) = tan ic. — ^. (, 

* V * ' * cos 1^ A -4. 1C Y 



tani(a — *) =B tan 



* cos *( A + li) r 

^^ 'siniCA + B)-) 



(VII».) 



• The formulae marked vi,- and vii, converted into analogies, by mtfking 
the denominator of the second member the 6rst term, the other two factors 
the second and third terms, Ind the first member of the eqoatioD, the fourth 
term of the proportion, as 

H2 - -i "». 
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f. If k be wished to obtain a lide at once> by means of a 
subsidiary angle ', then, find f so that • — = tan f ; then will 

cot r » ^\ 

cot a = — . cos (B — e). 

PROIULEM YI. 

Ciftn Two Sides of a Spherical Triangle, and an Angle 
Opposite to one of them ; to find the Other Opposite^ 
Angle. 

Suppose the sides given are a^ b, and the given angle b : 

. ^ . ^ « . sin a . flin B 

then from theor. 7, wc have sm A = r-r — ; or, sm a, a 

fourth proportional to siq b, sin B, and sin a* 

PROBLEM VII. 

Given Two Angles of a Spherical Triangle, and a Side. 
Opposite to one of them ; to find the oide Opposite to 
the other. 
Suppose the given angles are a, and b, and b the given 

side : then th. 7, fives sin a = r ; or, sin a, a fourth 

proportional to sin b, sin b, and sin a. 

Scholium. 
In problems 2 and ^, if the circumstances of the question 
leave any doubt, whether the arcs or the angles sought, are 
greater or less than a quadrant, or than a right angle, the 
difficulty will be entirely removed by means of the table of 
mutations of signs of trigonometrical quantities, in different 
quadrants, marked vii in chap. 3. In the 6th and 7th pro- 
blems, the question proposed will often be susceptible oftwe 
solutions : by means of the subjoined table the student may 
always tell when this will or will not be the case. 

1 . With the data a, b, and b, there can be only one solution 
when B == ^ O (a right angle), 
er, when B<j.O ••••a<^0 .•••&> a, 

b>tO •••• ^<iO ••••* <tO—^^ 
B > ^ O • • • • ^ > i O •••• b ^ a. 



■*>•*••»■ 



cof 4(«+ *) • COS |(a-*ft) : : cot ic : tan 4(a + B), 
sin ii^+h) : sin |(a— 6) : : cot |<: : ten {(a— B), &£. Sec. 
ars Called Ae Analogies of Napier^ being invented by that celebrated geome* 
ter. He likewise invented other rules for spherical trigonometry, known b^ 
the name of Napier* s Rules f&r the circular parts ; but th«s^ notwithstanding 
Hieir ingenuity, are not inserted here ; be^cause they' are too artificial to b^ 
ap^ied by a yqung cotnputist, to ev^ry case that may Qccur^ without coiw 
f jdejiablc danger of misapprehension and anor. 

The 



The triangle is soscepdble of two tanas sid sohitioBS 
when B<j^O..;.«<j>0****^<^ 

B > i O ••••«< i O ••-•*> xO-^f 
B>|.0 •••• «>iO •••• *>.«> 
B<or>iO .... a = JO- 

2. With the data a, b, and b, the triac^ ca&ezyt but ui 
one form, 

when & ^ -^ O (one quadrant }9 

6>^0 •••• A>^0 •••• B<A9 

^>tO A<iO B< 40 — ^ 

*<tO .-•• A> iO •••• B>4 O-A^ 
A<iO •••• A<iO •.•-»>A. 
It b susceptible of two forms, 

when ^>j-0 ...• A>j>0 .•••B>Ay 

A>^0 ....A<iO ....B> +0~A, 
*<iO A>iO B<iO-4t 

A<or>4^0 ..-.ArsjO* 

It may here be observed, that all the aodogies and finmifaK* 
of spherical trigonometry, in which cosimts or €9immg€tU$ are 
not concerned, may be applied to plmne trigonometry; takifl|[ 
care to use only a side instead of the me or die immgent of a 
side ; or the sum or d^erence of the sides instead of the sme 
or tangent of such sum or difference. The reaKm of this is 
ob^ous 1 for analogies or theorems raised, not only firom the 
Consideration of a triangular ^^e, bat the cur v atur e of the 
sides also, are of consequence more general \ and thcfe fei t f , 
though the curvature should be deemed eranescent, by leason 
of a diminution of the surface, yet what ^kpcads on the tru 
ungle alone will remain, notwithstanding. 

We have now deduced aH Uie rules that are essential in 
the operations of q>herical trigooometry ;. and ezjdained mw 
der what limitations ambiguities may exist. That the student, 
however, may wsmt nothmg further to cfirect his practice in 
thi^ branch of science, we shall addthvee tables, is 



cases en right and oUi^ae-angled yhcrical 
posiiUy occi^r* 
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Suesiionsfor Exercise in Spherical Trigonometjy. 

Ex. 1. In the right-angled spherical triangle bac, right- 
angled at A, the hypothenuse a = 78*^20', and one leg c = 
76^52', are given j to find the angles B, and C, and the other 

leg*- 9i„^ 

Here, by table i case 1 , sin c = -: — ; 

tan c . cos a 

cos B = : — ; • • • . cos o = - — ^ 

tan a ' cus c 

Or, log sin c =: log sin c — log sin fl + 10. 
log cos B = log tan c — log tan a + 10. 
log cos b = log cos a — log cos ^ + 10. 

HtlKe» 10 + log sin ^ = 10 + I02: ^n 76*52' = 19-98848M 

log sin fl = log sin 78*20' =: 9^9909338 

Remains, log sin c = log sin 83*56' ^ 9-997555G 

Here c is acute, because the given leg is less than 90^ 

Again, 10 + log tunc = 10 + log tan 76**52' = 20^6320408 

log tan a=z log tan 78*20' = 1 0-685 1 149 

- 

Remains, log cos B = log cos 27°45' = 9-94693 1 9 

B is here acute, because a and c are of lil^ affection. 

Lastly, 10 + log cos a = 10 + log cos 78*20' = 19-3058189 

log cos c = log cos 76^52' = 9*3564426 

Remains, log cos b = log cos 27* 8' = 9*9493763 

where b is less than 90"^, because a and c both are so; 

Ex, 2. In a right-angled spherical triangle, denoted as 
above, ire given a =s 78** 20', b = 27*^4^' % to find the other 
•ides and angle. 

Ans. b = 27^ 8', c =j 76°52', c = 83*56'. 

Ex. 8. In a spherical triangle, with a a right angle, given 
i ac 1 17^84', c = 31*51' ; to find the other parts. 

Ans. a = 1 13°55', c = 28*51% b = 104* 8'. 

Ex. 4. Given b = 27*6% c = 76°52' ; to find the other 
|>arts. Ans. a = 78*20', b = 27*45', c = 83*56'. 

Ex. 5. Given 4= 42*1 2', b = 48* ; to find the other parts. 

Ans. a = 64°40'i, or its supplement, 
c = 54**44', or its supplement, 
c = 64*35', or its supplement. 

Ex. 6. Given b = 48°, c = 64° 35' ; required the other 
parts ? Ans. b =, 42° 1 2^, c =: 54**44V a = 64°40'i.. 

Ex. 
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Ex, ?• In the quadrantal triangle abc, given the qua- 
drantal side a =^ 90P^ an adjacent angle c = 42^12', and the 
opposite angle A = 64»°4(y ; required the other parts of the 
triangle ? 

\Ejc, 8. In an oblique-angled spherical triangle are given 
the three sides, viz, a = 56°40', I = 83^13', c = 114^30' j 
to find the angles. 

Herej by the fifth case of table 2, we have 

«„ ^ >n(4.-t)-sin(^-c) ^ 

* ^ blU tf . SIQ C 

Or, log sin -I-a = log sin (i^ — i) + log sin {^ — c) + ar. comp. 
log sin b + ar. comp. log sin c : where s iz a-^b -{-c. 

logsin(4j-i) = logsin 43''58'i: =: 9-8415749 

log sin (i*-0 =: log sin 12°4l'i = 9'34 18385 

A.c . log sin A = A . C . log sin 83^*13' = 0*0030508 

A.c.lQgsinc = A.c.logsin ll^'^So' = 00409771 

Sum of the four logs 19-2274413 

Half sum = logsin^A^ log sin 24^15'4. t= 9-6137206 

Consequently the angle A is 48"3 1 '. 
Then, by the common analogy, 

As, sin a ... sin 56*40' ... log = 9-9219401 



log = 9-8745679 
log = 99969492 
log = 9-9495770 
log =s 9-9590229 
. log = 9-9116507. 



To, sin A ... sin 48^*31' . 
Sois, sin ^ ... sin 83*13' . 

To," sin B ... sin 62**56' . 
And so is, sin c ... sin 114**30' . 

To, sin c . . . sin 125°19' . 
So that the remaining angles are, 8= 62^*56', and c=r 125**19'. 

2dly. By way of comparison of methods, let us find the 
angle a, by the analogies of Napif^r, according to case 5 
table 3. In order to which, suppose a perpendicular demit- 
ted from the angle c on the opposite side c. Then shall we 

nave tan i diff. seg. of c =; — ^ — l. > 

This in logarithms, is ■ - 

log tan -KA+fl) =.log tan 69*»56-4. = 10-4375601 
log tan i(*-a) = log tan 13*16'^ = 9-3727819 

Their sum i= 19-810342P 
Subtract log tan 4^ = log tan 57"l5' = 10-1916394 

Rem; log eos dif. seg. = log cos 22° 34' = 9-6 1 87026 

Hence, the segments of the base are 79^49' and 34^*41'. 

Therefore^ 



110 CPHBRICAI* TRIGOKOMXTBT. 

Ttcrefore, since cos A = tan 79**49' x cot b: 
To log- tan adja- seg. =?= log tan 7^*49' = 10-74^6257 
Add log tan side b = log tan 83^13' = 9^753565 
The sum, rejecting 10 from the index? _ o-aonottoA 
= log cos A =: log cos 48^32' 5 - ^ »^0^»2U 
The other two angles may be fpund as before. The pre- 
ference is^ in this case, manifestly due to the former method. 

Ex. 9. In an oblique-angled spherical triangle, are given 
two sides, equal to 11 4*30' and 56**40' respectively, and the 
angle opposite the fotmer equal to 125^0'; to find the other 
parts. Ans. Angles 48^30', and .62^5 5' ; side, ,8 3° 1 2'. 

Xx. 10. Given, in a spherical triangle, two angles, eqoal 
to 4S°3tf and 125' 20*, and the side opposite the latter; ta 
find the other parts. 

Ans. Side opposite first angle, 56*^40'; other side, 83*12' ^ 
third angle^ 62°54'. 

Ex. II. Given two sides, equal 114*^30', and 56°40'; and 
their included angle 62°54' : to find the rest. 

£x. 12. Given two angles, 1 25^20' and 48°30', and the side 
comprehended between them 8 3" 12': to find the other parts. 

Ex. 1 3. In a spherical triangle, thfe angles are 48''3 1', 62*56', 
and 125°20' y required the sides ? 

Ex, 14. Given two angles, 50^12', and 58*8'j and a side 
opposite the former, 62^42' ; to find the other parts. 

Ans. The third angle is either 130^56' or 156*14'. 

Side betw. giv. angles, either 1 19^4' or 152*^14'. 

^ Side opp. 58 8', either 79* 12' or 100*48'. 

Ex. 15. The excess of the three angles of a triangle, 
measured on the earth's surface, above two right angles, is 
1 second ; what is its area, taking the earth's diameter at 
1951 i miles ? 

Ans. 76'75209, or nearly 76|^ square miles. 

. Ex» 16. Determine the solid angles of a regular pyramid^ 

with hexagonal base, the altitude of the pyramid being to 

ea A side of the base, as 2 to 1 . 

Ans. Plane angle between each two lateral faces 126^52'! l"~. 

between the base and each face 66°35'12't* 
Solid angle at the vertex 11 4*49768? The max. angle 
Each ditto at thebase 222-342985 being 1000. 
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CHAPTER V. 

ON OSODESIC OPERATIONS, AND THE FIOURE OF THE 

BAETH. 



SECTION I. 

General Account of this kind of Survey trig. 

Art. 1. In the treatise on Land Surveying in the second 
Tolume of this Course of Mathematics, the directions were 
restricted to the ^ecessary operations for surveying fields^ 
farms, lordships, or /at most counties ; these being the only 
operations in which the generafity of persons, who practise 
tUs kind of measurement, are Ukely to be engaged : but there 
are especial occasions when it is requisite to apply the prin- 
ciples of plane and spherical geometry, and the practices of 
surveying, to much more extensive portions of the earth's 
surface ; and when of course much care and judgment are 
called into exercise, both with regard to the direction of the 
practical operations, and the management of the computations. 
The extensive processes which we are now about to consider, 
and whifrh are characterised by th^ terms Geodesic Operations 
and Trigonometrical Surveyings are usually undertaken for 
the accomplishment of one pf these three objects, I . The 
finding, the difference of longitude, between two moderately- 
distant and noted meridians ; as the meridians of the observa- 
tories at Greenwich and Oxford, or of those at Greenwich and 
Paris. 5. The accurate determination of the geographical 
positions of the principal places, whether on the coast or in- 
land, in an island or kingdom 5 with a view to give greater 
accuracy to maps, and to accommodate the navigator with the 
actual position, as to latitude and longitude, of the principal 
promontories, havens, and ports. These have, till lately, been 
desidera^, even in this country : the position of some import- 
ant points, as the Lizard, not being known within seven mi^ 
nutes of a degree ; and, until the publicatioii of the Board of 
Ordnance maps, the best county maps being so erroneous, as 
in some cases to exhibit blunders of three miles in distances 
of less than twenty. 
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S. The measurement of a degree in various situations; and 
thence the determination of the figure and magnitude of the 
earth. 

When objects so important as these are to be attained, it is 
manifest that, in order to ensure the desirable degree of cor- 
rectness in the results^ the instruments employed, the opera- 
tions performed, and the computations requite, must each 
have the greatest possible degree of acau*acy. Of these, the 
first depend on the artist ; the second on the surveyor, or 
engineer, who conducts them \ and the latter on the theorist 
and calculator : they are these last which will chiefly engage 
GUI' attention in the present chapter. 

2. In the determination of distances of maay miles, whether 
for the survey of a kingdom, or for the measurement of It de- 
gree, the whole line intervening between two extreme points 
ts not absolutely measured ; for this^ an account of the in* 
equalities of the earth's sarfsce^ would be always very difficirlts 
and often impossible. But, a line of a few miles in length ia 
very carefully measured on some plain, heath, or marsh, which 
19 so nearly level as to facilitate the measinrement of an actually 
horizontal line; and this line being assumed as the base of the 
operations, a variety of hills and elevated spots are selected^ 
at which signals can be placed, suitably distant and visibleone 
from another : the straight lines joining these points consti- 
tute a double series of triangles, of which the assumed base 
forms the first side; the angles of theie, that is, the angles 
made at each station or signal stafi^, by two other signal stafis, 
are carefully measured by a theodolite, which is carried sue- 
cessively from one station to another. In such a scries of tri- 
angles, care being always taken that one side is common to two 
of them, all the angles are known from the observations at the 
several stations; and a side of one of them being given, namely^ 
that oF the base measured, the sides of all the rest, as well as 
the distance from the first angle of the first triangle, to any 
part of the last triangle, may be found by the rules of trigo- 
nometry. And so again, tjie bearing of any one of the side^ 
with respect to the meridian, being determined by observa- 
tion, the bearings of any of the rest, with respect to the same 
merid!an^.will be known by computation. In diese opera- 
tions, it is always advisable, when circumstances will admit 
of it, to measure another base (called a ba$e of verification) 
at or near the ulterior extremity of the series : for the length 
of this base, computed as one of the sides of the chain of tri- 
angles, compared with its length determined by actual admea^ 
snretnent^ will be a test of the accuracy of all the operations 
made in the series between the two bases. 

S. Now 
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3. N0W5 in every series of triangles^ where 
each, angle is to be ascertained with the same in- 
strument, they should, as nearly as circumstances 
will permit, be equilateral. For^ if it were pos- 
sible to choose the stations in such manner, that 
each angle should be exactly 60 degrees ; then, 
the half number of triangles in the series, multi- 
plied into the length of one side of either trian- 
gle, would, as in the annexed figure, give at once 
the total distance ; and then also, not only the 
sides of the scale or ladder, constituted by this se* 
ries of triangles, would be perfectly parallel, but 
the diagonal steps, marking the progress from 
one extremity to the other, would be alternately 
parallel throughout the whole length. Here too, 
the first side might be found by a base crossing it perpendicu- 
larly of about half its length, as at H ; and the last side veri- 
fied by another such base, r, at the opposite extremity. If the 
respective sides of the series of triangles were 12 or 1 8 miles, 
these bases might advantageously be between 6 and 7, or be-' 
tween 9 and 10 miles respectively; according to circumstances. 
It may also be remarked, (and the reason of it will be seen in 
the next section) that whenever only two angles of a triangle 
can be actually observed, each of them should be as- nearly 
as possible 45°, or the sum of them about 90**; for the less 
the third or computed angle differs from 90^, the less proba- 
bility there will be of any considerable error. See prob. I 
sect. 2, of this chapter. 

4. The student may obtain a general notion of the method, 
employed in measuring an arc of the meridinn, from th<e fol- 
lowing brief sketch and introductory iUustrption^. 
- The earth, it is well known, is nearly sj^erical. It any be 
either an ellipsoid of revolution, that i», a body formed by 
the rotation of an ellipse, the ratio of whose axes is nearly 
that of equality, on one of those axes ; or it may approach 
nearly to the form of such an ellipsoid or spheroid, while its- 
deviations from that form, though small reUUivdi/, nfay still 
be sufficiently great in themselves, to prevent its being called 
a spheroid with much more propriety than it is called a sphere. 
One of the metliods made use of to determine this point, is 
by means of extensive Geodesic operations. 

The earth however, be its exact form what' it may, is a 
planet, which not only revolves in an orbit, but turns upon 
an axis. Now> if we conceive a plane to pass through the- 
2^13 of rotation of the earth, and through the zenith of any- 
place on its surface^this plane, if prol9ng;ed to x\x^ \krax.^ qS> 

V01-. w/ * I ^ ^^ 
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the apparent celestial sfhertf would there trace the circum« 
ference cxf a great circlet which would bethe meridian of that 
place. All the points of the earth's sarface^ which hare their 
zenith in that circuni£erence»will be under the same celestial- 
meridian, and will form the corresponding terrestrial meri* 
dian. If the earth be an irregular spheroid, this meridian will 
be a curve of double curvature; but if the earth be a solid of 
revolution, the terrestrial meridian will be a plane curve. 

5. If the earth were ^a sphere, then every point upon ar 
terrestrial meridian wovld be at an equal distance from the 
centre, and of consequence every degree upon that meridian 
would be of eoual length. But if the earth be-. an ellipsoid 
of revolution slightly flattened at its poles, and protuberant 
at the equator ; then, as will be shown sotaif the degrees of 
the terrestrial meridian, in receding from the equator towards, 
the poles, will be increased in the duplicate ratio of the right 
sine of the latitude; and the ratio of the earth's axes, as well 
as their actual magnitude, may be ascertained by comparing 
the lengths of a degree on the meridian in different latitudes* 
Hence appears the great importance of measuring a degree^ 

6. Now, instead of actually tracing a meridian on the sur- 
face of. the earth, — a measiu'e which is prevented by the in- 
terposition of mountains, woods, rivers, and seas,—- a con* 
struction is employed which fiirnishes die same result. It 
consists in this* 

Let ABCDSF, &:c, be a series of triangles, carried on, as: 
nearly as maybe, in the direction of the meridian, according, 




tftthe observations in artr S.These triangles are'really^p^mca^' 
or spheroidal triangles ; but as their curvature is extremely 
smsdlt they are treated the same as rectilinear triangles, either 
by reducing them to the chads of the respective terrestrial 
arcs AC, AB, Be, &c, or by deducting a third of the excess^ 
of the sum of the three angles of each triangle above two 
right angles, from each angle of that triangle, and woridng 
with the remainders, and the three sides, as the dimensions 
of a plane triangle ; the proper reductions to the centre o£ 
the station, to the hor]zon» and to the level of the sea, having 
been previously made* 'These computations. being n^^e 

throu^out 



\Wo^h<mt the series, the sides of the successive triangles art 
contemplated as arcs of the terrestrial spheroid. Suppose 
chat we know, by observation, and the computations whic|| 
win be explained in this chaoter, the azimuth^ or the indlk' 
nation of the side ac to the nrst portion am of the measured 
meridian, and that we find, by trigonometry, the point M 
where^ tl^t curve will cut the side bg The points A, By c, 
being in the same horizontal plane^ the line am wiU also 
be in that plape-' but, because of the curvature of the 
^rth, the prolongation MM', of that line, will be fbundl 
nbcve the plane of the second horizontal triangle bcd : if» 
therefore, without changing the angle cmm% the line MM^ 
be brought down to coincide with the plane of this second 
triangle, by being turned about bc as an axis, the point u! 
will describe an arc of a circle, which will be so very small» 
that it may be regarded as a right line perpendicular to the 
plane bcd : whence it follows, that the operation is reduced 
to bending down the side mm' in the plane of the meridiany 
Und calculating the distance amm', to nnd the position of the 
point m'. By bending down thus in imagination, one after 
tmothw, the parts of the meridian on the corresponding 'ho- 
rizontal trtan^es, we may obtain, by the aid ol the coniputa- 
tion, the direction and the length oi such meridian, from one 
extremity of the series of triangles, to the other. 

A line traced in the manner we have now been describiogf 
or deduced (torn trigonometrical measures, by the means we 
have indicated, is cMed Xgeedetic or geodesic line: it has the 
jMroperty of being the. shortest which can be drawn between 
Its two extremities on the surface of the earth ; and it is there* 
fore the proper itinerary measure of the distance between 
those two points* Speaking rigorouslv, this curve differs a 
tittle from the terrestrial meridian, wnen the earth is not a 
solid of revolution : yet, in the real state of things, the dif- 
ference between the two curves is so extremely minute, that 
it may safely be disregarded. 

'7. if now we conceive a circle perpendicular to the celes- 
tial meridian^ and passing through the vertical of the place 
of the observer, it 'will represent the prime vertical of that 
place. The series of all the points of the earth's surface which 
have their zenith in the cireum£etence of this circle, will form 
the perpendicular to the meridian, which may be traced in 
like manner as the meridian itself. 

Li the sphere the perpendiculars to the meridian are great 
circles which all intersect mi^tually^ on the equator, in two 

points diametrically opposite : but i» the eIli|»Qkl of revolo* 
' 12 tiout 



116 TRIGONOMETRICAL SURVSTINO. 

tion, and Ufortioriia the irregular spheroid, these concmring 
perpendiculars are curves of double curvature. Whatever be 
the nature of the terrestrial spheroid, the parallels to the 
equator are curves of which all the points are at the same 
latitude: on an ellipsoid of revolution, these curves are plane' 
and circular. 

2lm The situation of a place is determined, when we know 
either the individual perpendicular to the meridian^ or the 
individual parallel to the equator, on which it is found, and 
its position on such perpendicular, or on such parallel. 
Therefore, when all the triangles, which constitute such a 
series as we have spoken of, have been computed, according 
to the principles just sketched, the respective positions of 
their angular points, either by means of their longitudes and 
latitudes, or of their distances from the first meridian, and 
from the perpendicular to it. The following is the method 
of computing these distances. 

Suppose that the triangles arc, bcD) &c, (see the fig. to 
art. 6) make part of a chain of triangles, of which the sides 
are arcs of great circles of a sphere, whose radius is the dis- 
tance from the level or surface of the sea to the centre of the 
earth; and that we know by observation the angle cax, which, 
measures the azimuth of the side ac, or its inclination to the 
meridian ax. Then, having found the excess b, of the three 
angles of the triangle acc (cc being perpendicular to the me- 
ridian) above two right angles, by reason of a theorem which, 
will be demonstrated in prob. 8 of ihis chapter, subtract a 
third of this excess from each angle of the triangle, and thus 
by means of the following proportions find AC, and cc* 
sin (90° — j-e) : cos (CAC— |e) : : AC : Ac ; 
sin (90* — ^e) : sin (CAC— je) : : AC : cc. 
The azimuth of ab is known immediately, because BAX = 
CAB — cax; and if the spherical excess proper to the triangle 
ABh' be computed, we shall have ' 

AM B = i80° — m'aB — ABM' + E. 

To determine the sides am', bm", a third of e mu9t be de- 
4ucted from each of the angles of the triangle abm' ; and 
jjhen these proportions will obtain : viz, 
.sin (180° — m'ab — abm'+I-b;) : sin (abm' — fE) :: ab : am', 
Mn (180°— m'ab — ABM'+4fi'): sin (m'ab— 4^) :: ab : bm'. 
In each of the right-angled .triangles a6b, M^cfo, are known 
two angles arid the hypothenuse, which is all that is neces- 
sary tp^ determine the sides A^, Ab, and M'rf, dry. Therefore ' 
thq distsm^es of the points B, d, from the meridian and from 
4)ie p^rpensli^ular^ are known. 
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§^ Proceeding in the same manner with the triangle acnj 
or M'DN, to obtain AN and dn, the prolongation of cm; and 
then with the triangle Dnf to find the side nf and the angles 
DNP, DFN, it will be easy to calculate the rectangular co- 
ordinates of the point f. 

The distanceyp and the angles den, nf/*, being thus knowo^ 
we shall have (th. 6 cor. 3 Geom.) 

yFP = 180^ -^ EFD — DFN — NP/l 

So that, in the right-angled triangleyVp, two angles and one 
side are known ; and therefore the appropriate spherical ex- 
cess may be computed, and thence the angle Fp/'and the sides 
Jt, fp. Resolving next the right-angled triangle enP, we shall 
in like manner obtain the position of the point E, with respect 
to the meridian AX, and to its perpendicular ay; that is to say^ 
the distances Ee, and a^= ap— ^p. And thus may the.computist 
proceed through the whole of the series. It is requisite how- 
ever, previous to these calculations, to draw, by any suitdBl0 
scale, the chain of triangles observed, in order to sjee whether 
any of the subsidiary triangles acn, nfp, 5cc, formed to faci->^ 
litate the computation of the distances from the meridian, an<f 
from the perpendicular to it, are too obtuse or too acute. ;, 7 
Such, in few words, is the method to Be followed, when we 
have principally in view the finding the length of the porti6n 
of the meridian comprised between any two points^ as A arid 
X- It is obvious that, in the course of the computations, th^ 
azimuths of a great number of the sides of triangles in the 
series is determined ; it will be easy therefore to check and 
verify the work in its process, by comparing the azimuths ' 
found by observation, with those resulting from the calcu- 
lations. The amplitude of the whole arc of the meridian 
measured, is found by ascertaining the latitude at each of its 
extremities ; that is, commonly by finding the differences of 
the zenith distances of some known fixed star, at both those 
extremities. 

10. Some mathematicians, employed in this kind of opera- 
tions, have adopted different means from the above. They 
draw through the summits of all the triangles, parallels to the 
meridian and to its perpendicular ; by these means, the sides 
of the^ triangles become the hypothenuses of right-angled tri- 
angles, which they compute in order, proceeding from some 
known azimuth, and without regarding the spherical excess, 
considering all the triangles of the chain as described on a 
plane surface. This method, however, is manifestly defective 
in point of accuracy. 

Others have computed the sides and angles of all the tri- 
angles, by the rules of spherical trlgonom^tT'Y* 0^i^^"t^"^'^^^> 
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reduce the observed angles to angles of the chords of the 
qpective arches j and calculate by plane trigonometry, from 
fuch reduced angles and their chords. Either of these two 
> snethods is equally correct as that by means of the spheric^ 
excess 1 so that the principal reason for preferring one of 
these to the other, must be derived from its relative facility. 
As to the methods in which the several triangles are contem- 

Ehted as spheroidal, they are abstruse and diificults and may^ 
appilyi be safely disregarded : for "M. Le^endre has demon* 
strated, in Mhiwircs de la Classe des Sciences Physiques et 
Mathe^tnatigues de VInstitaty 1806, pa. ISO, that the differ-* 
oice between spherical and spheroidal angles, is less than cme 
sixtieth of a second, in the greatest of the triangles which 
occurred in the late measurement of an arc of a meridian^ 
between the parallels of Dunkirk and Barcelona. 

il. Trigonometrical surveys for the purpose of measuring 
H degree of a meridian in difierent latitudes, and thence in-« 
ferring the figure of the earth, have been undertaken by 
diflerent philosophers, linder the patronage of different go* 
yemments. As by M* Maupertius, Clairaut, &c, in I^aplaady 
Jl736i by M* Bouguer azui Condamine, at the equator, 1736 — * 
J743; by Cassini, in lat. 45*, 1759—40; by Boscovich and 
Lexnaire, lat. 43% 1752 ; by Beccaria, lat. 44" 44% 1768 j by 
Mason alid Dixon in America, 1764 — 8 \ by Major Lambtbn^ 
in the East Indies, 1 303 ; by Mechain, Delamhre, &c, France, 
&c, 1790—1805 i bySwanberg, Ofverbom, &c, in Laplat^d, 
1802 ; and by General Roy, Colonel Williams, Mr. Dalby, 
and Colonel Mudge, in England, from 1784 to the present 
time. The three last mentioned of these surveys are doubtless 
the most accurate and important. 

The trigonometrical survey in England was first com- 
menced, in conjunction with similar operations in France, in 
order to determuie the difference of longitude^between the 
meridians of the Greenwich and Paris observatories: for this 
purpose, three of the French Academicians, M. M. Cassini, 
Mechain, and Legendre, met General Roy and Dr. (now Sir 
Charles) filagden, at Dover, to adjust their plans of opera<* 
tion. In the course of the survey, however, the English 
philosophers^ selected from the Royal Artillery officers, ex- 
panded their vieWs, axid pursued their operations, undpr the ^ 
patronage, and at the expence of the Honourable Board of 
Ordnance, in order to perfect the geography of England, and 
to determine the lengths of as many degrees on the meridian 
as fell within the compass of their labours. 

\%. It is not our province to enter into the history of these 

surveys* 
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-surteys : but k maybe interesting and instructive to speak a 
little of the instrutnents employ ed^ and of the extreme accu- 
racy o£ some of the results obtained by them. 

These instruments are, besides the signals, those for mea- 
suring distances, and those for measuring angles. The French 
phUosophers used for the former purgose, in their measure* 
ment to determine the length of the metres rulers of platina 
t^nd of cqpper, forming metallic thermometers. The Swedish 
^nathematicians, Swanberg and Ofverbom, employed iron 
'bars, covered towards each extremity with plates of silver. 
General Roy commenced his measurement of the base at 
Hounslow l£sath with deal rods, each of 20 feet in leneth. 
Though they, however, wer^ made of the best seasoned tun- 
. 'ber, were perfectly straight, and were secured from bending 
in the most effectual manner; yet the changes in their lengths, 
occasioned by the variable moisture and dryness of the air, 
'were so great, as to take away all confidence in the results 
deduced from them. Afterwards, in consequence of having 
' found by exp^iment?, that a solid bar of glass is more dilat- 
able than a tube of the same matter, glass tubes were substi- 
tuted for the deal rods. They were each 20 feet long, indosed 
^n wooden frames, so as to allow only of expansion or con- 
traction in length, from heat or cold, according to a law 
ascertained by experiments. The base measured with these 
was found to be 27404*08 feet, or about 5*19 miles. Several 
years afterwards the same base was remeasured by Coloneji 
JVfudge, ^ith a steel-chain of 100 feet long, constructed by 
Ramsden, and jointed somewhat like a watc];L-chain« Thi$ 
,chsdn was always stretched to the same tension, supported on 
troughs laid horizontally, and allowances were made for 
•changes in its length by reason of variations of temperatiu'e, at 
the rate of '6075 of an inch for each degree of heat from 62** 
of Fahrenheit : the result of the measurement by tliis chain was 
found not to diflFer more than 2 1. inches, from General Roy's 
determination by means of the glass tubes : a minute differ- 
ence in a distance of more than ^5 miles ; which, considerine 
that the measuremients were'effected by different persons, and 
with different instruments, is a remarkable confirmation of 
the accuracy of both operations. And further, as steel chains 
xan be used with more facility and convenience than glass 
rods, this remeasurement determines the question of the com-* 
parative fitness of tSiese two kinds of instruments. 

13. For the determination of angles, the French and Swe- 
dish philosophers employed repeatmg circks of Bordk^s con- 
struction : instruments which are extremely portable, and with 
tWhicb; though they are not above 14 inch«[6 in diameter > the 
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observers can take angles to within l" pr 2"' of the trutiu 
But this kind of instrument, however great its ingenuity in 
theory) has the accuracy of its observations necessarily limited 
by the imperfections of the small telescope which must be 
attached to it. General Roy and Colonel Mudge made use of 
a very excellent theodolite constructed by HfUnsdeii» which, 
having both an ahitude and an azimuth circle, combines the 
powers of a theodolite, a quadrant, and a transit instrumeAt, 
and is capable of measuring horizontal angles to fractions oif 
a second. This instrument, besides, has a telescppeof amuch 
higher magnifying power than had ever before been applied 
to observations purely terrestrial ; and this is one of the sup^ 
riorities in its construction, to which is to be ascribed the ex« 
treme accuracy in the results of this trigonometrical survey. 

Another circumstance which has augmented the accuracy 
of the English measures, arises from the mode of fixing and 
u$ing this theodolite. In the method pursued by the Con- 
tinental mathematicians, a redu(:tion is necessary to the plane 
of the horizon, and another to bring the observed angles to 
the true angles at the centres of the signals : these reductions, 
pf course, require formulae of computation, the actual em- 
ployment of which 7naj/ lead to error. But, in the trigono- 
, metrical survey of England, great care has always been taken 
to place the centre of the tneodolite ei^actly in the vertical 
line, previously or subsequently occupied by the centre of the 
signal : the theodolite is also placed in a perfectly horizontal 
position. Indeed, as has been observed by a competent judge,' 
** In no other survey has the work in the field been conducted 
so much with a view to save that in the closet, and at the 
same time to avoid all those causes of error, however minute, 
that are not essentially involved in the nature of the problem. 
The French mathematicians trust to the correction of tho^e 
errors ; the English endeavour to cut M^i» ^entirely; and it 
can hardly be doubted that the latter, though perhaps the 
slower and more expensive, is by far the safest proceeding.'* 

14. In proof of the great correctness of the English sur- 
vey, we shall state a yery few particulars, besides what is 
already mentioned in art.. 12. 

General Roy, who first measured the bas^ on Hpunslow- 
Heath, measured another on the flat ground of Romney- 
MarsH in Kent, near the southern extremity of the first series 
of triangles, and at the distance of more than 60 miles from 
the first base. The length of this base of verification, as 
actually measured, compared with that resulting from the 
computation through the whole, series of triangles, diffipr^d 
onjiy by 28 inches. 

Colonel 
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^Colonel Mudge measured another base of verification on 
Ssdisbury plain. Its length was 36574*4 feet, or more than 
7 miles ; the measurement -did not differ more than one inch 
from the computation carried through the series of triangles 
from Honnslow Heath to Salisbury Plain. A most remark- 
able proof of the accuracy with which all the angles, as well 
as the two bases, were measiu-ed ! . 

The distance between Beachy-Head in Sussex, and Dun- 
nose in the Isle of Wight, as deduced from a mean of four 
series of triangles, is 339397 feet, or more than 64^ miles.. 
The extremes of the four determinations do not differ more 
than 7 feet, which is less than 1 \ inches in a mile. Instances 
of this kind frequently occur in the English survey*. But 
«ne have not room to specify more. We must now proceed 
to dbcuss the most important problems connected with this 
subject ; and refer those who are desirous to consider it more 
minutely, to Colonel Mudge's *' Account of the Trigonome- 
trical Survey ;" Mechain and Pelambre, '^ Base du Bysteme 
Metrique Decimal j" Swanberg, '' Eacposition des Operations 
fattes en Lapponie ;'' and Puissant 's works entitled '' Geo- 
-desie" and " Traite de Topographie, d'Arpentage, &c.'* 
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Problems connected with the detail of Operations in Extensive 

Trigonometrical Surveys. 

PROBLBM I. 

It is required to determine the Most Advantageous 

Conditions of Triangles.' 

1. In any rectilinear triangle abc, it is, from the propor- 
tionality of sides to the sines of their opposite angles, ab^ 
«BC :: sin c : sin a, and consequently ab . sin 
A = BC . sin c. Let ab be the base, which 
is supposed to be measured without percep- 
tible error, and which therefore is assumed 
as constant ; then finding the extremely JV. 

• Puissant, in his " Oeodfesie," after quotiog »ome of them, says, «* Nean- 
moins, jusqa*^ present, rienn'egale en exactitade les operations geodesiquea 
qui oht servi de fbudement i notre systfeme mfctrique." He, however, give* 
iio instances. We have no wjsh to depreciate the labours of the French . 
xaeasures; but wo cannot yield them the preference oq laet^ sAiKt^tk. 
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r^ salmitiitiiig ^^ Cor ks e<;ii3l ^^ diecqoalni will be* 



e BC = r X fEC . ^^ — IC . ::i-^; 



or, finallTy bc =r r . sc (cot a — cot c). 

This eqBatkm (m the ose cf which it matt be recoQected 
that 7 t2ken m secoxids shoold be dirided br m'', dm it, by 
the length of the radios expressed in secoods) gives the error. 

2c in the e stimati on of bc occancned bj die erran in the 
angles a and c Hence, that these errors, sup po si ng diem 
to be equaly may have no influence on the determination of 
BC, we most have a = c, for in that casedie secondmember 
of the equation wiJI vanish. 

2. Bat, as the two errors, denoted hj a, and c, which we 
hare supposed to be of the same kind, or in the same direc«> 
don, may be committed in different directions, when the 

equation will be bc = d: ^ • sc (cot a + cot c) ; we most 
enquire what magnitude the angles a and c ought to have» 
#0 that the sum of their cotangents shall have the least value 

possible ; for in this state it is manifiest that bc will have its 
least value. But, by the formulae in chap. 3, we have 

cot A + cot c = *LliJLL> = ""(*•«•'=) ^ 

SID ▲. Sine f COS(aOQC) — f cos (A'^C) ' 

3 sin B 



cos (a CO c) + cos b' 

Consequently, Bc = ± ^ • bc . — 7 — r^-^ -, 

* ^' "^ cos (a 09 C) -h COS B 

And hence, whatever be the magnitnde of the angle B, the 
error in the value of bc will be the least when cos (a co c) ii 
the greatest possible, which is, when a = c 

We may therefore iiifer, for a general rule, that the mast 
advantageous state of a triangle^ when we would determine 
€ne side only^ is when the base is equal to theside sought. 

3. Since, by this rule, the base should be eqval to the side 
sought, it is evident that when we would determine two sides, 
the most advantageous condition of a triangle is that it be 
equilateruL 

4* It 



4. It r^ely happens^ however^ that a base can- be commo* 
cliouslj measured which is as long as th«; sides sought. Sup^ 
posing) therefore, that the length of the base is limited, biiC 
that its direction at least ma j be chosen at pleasure, we proceed 
to enquire what that direction should be, in thd case where 
one only of the other two sides of the triangles is to be de- 
termined. 

Let it be imagined, as before, that ab is the base of the 
triangle abc, and isc the side required* It is proposed to End 
the least value of cot A 7 cot c, wheii we cannot have a sg« 

Nowj in the case where the negative sign obtains, we hav^ 

AB — BC. COti B BC — AB.COSB AB*— BC* 
cot A — cot C = : = : — v 

BC.8H1B AB.flillB AD « BC . &)n B 

This equation again manifestty indicates the equality of ab and 
SC, in circumstances where it is possible t but if ab and hc 
are constant, tt is evident, from the form of the denominatcMr 
of the last fraction, that the fraction itself will be the leasts 
or cot A — cot c the leastj when sin B is a maximum^ that 

is, when b = 90\ 

•» • 

5. When the positive sign obtains, we have cot A + cot c :* 

cot A + ^^ r-^ r- as COtvA + ^( — l). 

AB sin A - • V ^ AB« sm« A ^ 

Here, the least value of the expression under the radical sigHj 
is obviously when a = 90®, And in that case the first term, 
cot A, would disappear. Therefore the least value of cot a + 
cot ,c, obtains when a = 90« j conformably to the rule giyen 
by^M. Boiiguer fFig. de la Terrc, pa. 88). But we have 
already seen that in the case of cot A — cot c, we must have 
B = 90. Whence \xe conclude, since the conditions a ==90^9 
B = 90°, cannot obtain simultane9usly, t^t a medium result 
would give A ?= B. 

If we apply to the side ac the same reasoning as to Bp, 
similar results will be obtained : therefore in general, when 
the base cannot he equal to one ai- to both the sides required^ 
the most advantageous condition of the triangle is, that tJie 
base be the longest possible^ and that the two angles at the 
base be equaU These equal angles however, should never, 
if possible, be less than -23 degrees. 

PBOBLEM II. 

To deduce, from Angles measured Out of one of the stations^ 
but Near it, the True Angles at the station. 

When the centre of the instrument cannot be placed in the 
vertical Une'occupied by the axis of a signal, the angles ob- 
^ervpdinust undergo a redu(tion> accord^e to clccoso&tdsi^^i^* 
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1. Let c be the centre of the station, -^ 
T the place of the centre of the instru- 
ment, or the summit of the observed an- 
gle APB : it is required to find c, the 
measure of acb, supposing there to be 
known afb = p, bpc = p, cp zz rf, 

BC = L, AC = R- 

Since the exterior angle of a triangle is equal to the sum 
of the two interior opposite angles (th. 16 Geom.), we have, 
with respect to the triangle iap, aid = p + iap; and with 
regard to the triangle Bic, aib = c + cbp. Making these 
two values of aib .equal, and transposing iap, there results 

C = P + IAP — cbp. 

But the triangles cap, cbp, give 

imcAP == sm IAP = ~ sm apc =: ^^ — — ; 

cp . d » n'm p' 

sm CBP ^= ~ . Sin bpc = — ^ . 

BC I. 

Afad, as the angles cap, cbp, are, by the hypothesis of the 
problem, always very small, their sines may be substituted 
for their arcs or measures : therefore 

(£.&in(p-fp) d . sin p 

R L 

Or, to have the reduction in seconds, 

d ,R»»>(p + pI sin ft. 

C — P = -r-75 ( i ^^ '). 

sin I ^ R L ' 

The use of this formula cannot in any case be embarrassing 
provided the signs of sin p, and sin (p + p) be attended to. 
jThus, the first term of the correctiou'will be po^tive, if the 
angle (p -t- p) is comprised between and 1 80° ; and it will 
become negative, if that angle surpass 180°» The contrary 
will obtain in the same circumstances with regard to the se- 
cond term, which answers to the angle of direction p. The 
ktter R denotes the distance of the object A to the right, L 
the distance of the object b situated to the left, and p the 
angle at the place of observation, between the centre of the 
station and the object to the left. 

2. An approximate reduction to the centre may indeed be 
obtained by a single term 5 but it is not qiiite so correct as 
the form above. For, by reducing the two fractions in the 
second member of the last equation ^but one to a common 
dcnominatot, the correction becomes 

dh . f«in (p + c) — r/n , sin p 
C — P = ^ • -. 



LR 

R . 8in A R . Kin A 



^ut the triangle abc cives h = — •. = —^ — : . 

^ „ ' ^ 81^ B sin (a + c) 
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And because P is always very nearly equal to Cy the sine of 
A 4- p will differ extremely little fk»in sin (a + c), and may 

therefore be substituted for it, making l = •. 

Hence we manifestly have 

<2 « sill A . sin (p -f p) — 42 . sin 9 . sin ( A + p) 
C — P = ^ ^^ i- i ; 

Which, by taking the expanded expressions for sin (p + p), 
and sin (a + p), and reducing to seconds, gives 

d sin p . sin (a— p) 

C — P = -r-p; • — ~ — ^. 

sin 1 R .sin A 

S. When either of the distances r, l, becomes infinite, 
"With respect to dy the corresponding term in the expression 
art. 1 of this problem, vanishes, and we have accordingly 

d . SI n p d . sin Cp + p^ 

C — P = - ' . 1^ , or C - P = ^-TTT- . 

L . Sin 1 ' R . sm 1'^ 

The frst t)f these will apply when the object a is a heavenly 
body, the second when b is one. When both a and b are 
such, then c — p =: 0. 

But without supposing either a or b infinite, we may have 
C — P =0, or c r= p in innumerable instances: that is, in 
all cases in which the centre p of the instrument is placed in 
the circumference of the circle that passes through the three 
points A, B, c ; or when the angle bpc is equal to the angle 
BAC, or to BAG + 180°. Whence, though c should be inac- 
cessible, the apgle acb may commonly be obtained by obser- 
vation, without any computation. It may further be ob- 
served, that when p falls in the circumference of the circle 
passing through the three points A, b, c, the angles A, B, c^ 
tnay be determined solely by measuring the angles apb and 
BPC. For, the opposite angles abc, apc, of the quadrangle 
inscribed in a circle, are (theor. 54 Geom.) =r 180*. Conse- 
quently, ABC = 180" — apc, and bag = 180«— (abc + acb) 
5= 180** - (abc + apb). 

4. If one of the objects, viewed from a further station, be 
a vane or staff in the centre of a steeple, it will frequently 
happen that such object, when the observer comes near it, i^ 
hoth invisible and inaccessible. Still there are various me- 
thods of finding the exact angle at c. Suppose, for example, 
the signal-staff be in the centre of a 
ciri:ular tower, and that the angle aPB 
was taken at p near its base. Let the 
tangents pt, pt', be marked, and on 
them two equal . and arbitrary distances 
pw, pw', be measured* " Bisect mm at 
lihe 'point n\ and, placing there a signal- 
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sufi^ measure the angle nvm, which, (tmce wnprokmgid w^ 
irionslj passes through 6 the centre,) will be the angle p dt 
the precediilg investigation. Also, the distance p^ added tc^ 
the radius cs of the tower, will pve pc = rf in the foririeif' 
investigation^ 

If the circumference of the tower cannot be measured, and 
the radius thence Inferred, proceed thus: Measure the angles 
BPT, Bi^T*, then will bpc = ^(bpt + bft*) = /> ; and cp^ ^ 
BPT— BPC : Measure pr, then pc = PT . sec opt = d» "With, 
the values of/ and d, thus obtained^ proceed as before. 

5. If the base of the tower be polygonal and regular^ as 
xnoet commonly happens ; assume P in the point of intersec*^ 
tionoftwa of the sides prolonged, andspc' = -{^(BPT-t nn^} 
Bs before, pt=: the distance £om p to 
the middle of one of the sides whose 
prolongation passes through p; and 
hence Pc is found, as above. If the 
£^re be a regular hexagon, then the . 
triangle pmm' is equilateral, and PC st 

PROBLEM in. 

To Reduce angles measured in a Plane inclined to At 
horizon, to the Corresponding Angles in the Hor&sontat 
Plane- 
Let BCA be an .angle measiuredin a plane mdined t6 the 
horizon, and let b'ca be the corresponding angle in the hjq<- 
rizpntal plane. Let d and d' be the zenith distances, or the 
complements of the angles of elevation AC a", bob'. Then 
from z the zenith of the observer, 
or of the angle c, draw the arcs za, ? 
zbi of vertical circles, measuring the ^" 
zenii;h distances rf, d^, and draw tlie I 
arc ab of another great circle to \ 
measure the angle c. It follows | 
from this construction, that the an- 
gle 2, of the spherical triangle zaJ, 
IS equal to the horizontal angle a'c'b ; and diat, to fi^d it, 
the three sides za r= tl^zb =^ d\ ah i= c, are given. Call the 
sum of these s ; then the resulting formulae c3r prob, 2 ch. i^f 
applied to the present instance, becomes 

tin i« = sin jc =. V^ ''° * ^' J f • "" if*-*^. 

^ iin <i . im V 

If 





IS h and h! represent the angles af^titude ACA% BCB't thv ^ 
rtcedipg exjuression will become . * " 

sin ic = ^ ''°^<°-^*-^'^''"*<°-^*'~*) ■ 

^ COS h . cot * 

Or, in logarithms) . 

log sin ^c = i{20 + log sin ^(c + A — A') + log sin 

4(c + A — A) — log cos A — log cos AO. 

C(?r. 1. If A = h\ then is sin ic =^ ?'" *^^? ^ sokJ 

C03 A 

log sin AA cb' = 10 + log sjn f acb — log cos A. 

Cor. 2. If the angles A and A' be very small, and nearly 
equal ; then, since the cosines of small apgles vary ex- 
tremely slowly, we may, without sensible error, take 
log.sin Ia'cb' = 10 + log sin ^acb - log cos 4(A + A'). 

Cor. 3. In this case the correction x = a'cb'— acb, may 
be found by the expression' 

j: = sin I" (tan ^(^O - ^)» - cotic(^r). 

And in this formula, as well as the first given for sin ^, d 
and d' may be either one or both greater or less than a qua- 
drant ; that is, the equations will obtain whether aca' and 
bob' be each an elevati<m or a depression. 

^ SchdiwtJh By means of this problem, if the altitude of a 
hill be found barometrically, according to the' method de- 
scribed in the 2d volume, or geometrically according to some 
of those described in heights and distances, or that given in 
the following problem ; dien, finding the angles formed at 
4the place of observation, by any objects in the country below, 
and their respective angles of depression, their horizontal an- 
gles, and thence their distances, may be found, and their re- 
lative places fixed in a map of the country ; taking care to 
have a sufficient number ofangles between intersecting Ikies, 
to verify the operations. 

PROBLEM IT. 

Given the Angles of Elevation of any Distant object, taken: 
at Three places in a: Horizontal Right Litie, which does 
not pass through the point* directly below the object; and 
the Respective Distances between the stations ; to find 
the Height of the Object, and its Distance from either 
station. 

Let AEQ be the horizontal plane : f e the perpendicular 
height of the object f above that plane; A, b, c, the three 
places of observation ; fab, fbe, fce, the respective angles 
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^ ,jmL -Jiose lines 
.^ . .mjc. To effect 
lIj use the following 

^ .m^^iu Take bm, on ac produced^ equal to bc^ 
.sj .i3 y 2nd make 

MG : Bm( = bc) : : cot A : cot Bj 
.:c :,s( = ab) : ng : : cot b : cot c. 
.^ iv; lines MN, MG, NG, constitute the triangle mng i 
>..i ?G. Draw AEso, that the angle £AB may be equal to 
, .ills line will meet bg produced in £, the point in the 
. .ujI plane falling perpendicularly below f. 

\uiOfi^lnUw7K By the similar triangles aeb, gmbl^ we 
have ae : be : : MG : MB : : cot A : cot B, 
.iiid be : ba( = Bn) : : bm : BG. 
V core the triai^les beg, bgNj are similar ; consequently 
i-.v.' : : DN : NG : : cot B : cot c. Whence it is obvious 
.idL AE, BE, CE, are respectively as cot a, cot b, cot c. 

Calculation. In the triangle mgn, all the sides are given, 
o nnd the angle gmn = angle aeb. Then, in the triangle 
xis^Ba two sides and the included angle are given, to find the 
.uigle MGB = angle eab. Hence, in the triangle aeb, are 
l^uv^wn AB and all the angles, to find ab, and be. And theix 
lifr = AK • tan A = BE', tan b. 

Olkerwise^ independent of the construciiony thus. 

Put ab = D, BC = £?, EF =: :r; and then express algebraic* 
aUy the following theorem, given at p. 128 Simpson's Select 
Sxercises : 

AE* . BC + CE* . AB =: BE* . AC + AC . AB . BC, 

t^ line £B being drawn from the vertex e of the triangle 
^JQIh to any point b in the base. The equation thence ori- 
l^blMtingis 

li»* . cot* A + DX* . cot* C = (D + rf)j;*.COt*B + (D + cf)lx/. 

And from this, by transposing all the unknown terms to one 
4dti md extracting the root, there results 

*" ^if .VQt« A-l-D.CU^C— (s-f 4«0t*B* 

Whence 
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Whence ef is known, and the distances ab, B£> c£> are 
readily found. 

Cor. When ly =: d, or d + d = 2d = 2rf, the expression 
- becomes better suited for logarithmic computation, being then 

X = d-T- *s/{i cot* A + i cot* c - cot* b). 
In this case, therefore, the rule is as follows : Double the log. 
cotangents of the angles of elevation of the extreme stations, 
find the natural numbers answering thereto, and take half 
their sum ; fi-om which subtract the natural number answer- 
ing to twice the log. cotangent of the middle angle of eleva- 
tion : then half the log. of this remainder subtracted from the 
log^ of the measured distance between the 1st and 2d, or the 
2d and 3d stations, will be the log. of the height of the object. 

PROBLEM V. 

In Any Spherical Triangle, knowing Two Sides and the 
Included An Me ; it is required to imd the Angle Compre- 
hended by the Chords of those two sides. 

Let the angles of the spherical tri- 
angle be A, B, c, the corresponding A 
angles included by the chords a', b'; ^^ .^;>^S^s;vJ5r 
c'i the spherical sides opposite. the //fy '^^^^ 

former fl, 6, c, the chords respect- ^^^7, — ^ ~?^C 

ively*bpposite the latter a> j8, y -, then, •** 

there are given A, c, and a, to find a'. 

Here, from prob. 1 equa. i chap, iv, we have 
cos a = sin ^ . sin c . cos a + cos b . cos c. 

But cos c = cos [ic-\-\C) = cos* ~c — sin*^ (by equa. v 
ch. iii) = (I — sin* ^)— sin* ic = 1 - 2 sin* ^c. And in like 
manner cos flf = 1 — 2 sin* ic, and cos 6 = 1 — 2 sin* -^b. 
Thereftre the preceding equation becomes 
1—2 sin* ^a =: 4 sin \b . cos ^i" . sin ic . co§ \c . cos A + 

(1-2 sin* ib) . (1 - 2 sin* \r). 
But sin \a = ^a. sin \b = J^, sin \g =: ^y : which values 
substituted in the equation, we obtain, after a little reduction, 

^ X '- — - == py . cos ^.cos^c. cos a + i3 y*- 

Now, (equa. n ch. iii), cos A' =; J^"" "* . Therefore, by 

substitution-, 

/3y . cos A = |8y . cos ib . cos ic . cos A + i/3y*y 
whence, dividing by /3y, there results 

cos a' = cos ib . cos if . cos A -ir 4^j3 . ^ ; 
or, lastly, by restoring the values of 4|3, 47* we have 

cos a' =;s cos \b • cos ic • cos a -f" sin ^b • sin ic. . . (t«\ 



dr. I. U follows evidently fiom tfaki fiwmila^rfta^ 
-h« spherioki angle i& right or obtuse, it is ^kmvf^ greater 
iban the correspoading angle of the chords. 

C4!ir. 2. The spherical acj^ if acute, is less than the cor- 
responding aif^e of die chords^ whea we have cos a greater 

than ; — ^^-jT — ^— -. 

1 — '."O* iy . 'JOS : r 

l[iM)iiFing Two Sides and the lacfaideAAagfeofa tt^rfa;- n 
iTriangley it is reqnbed to fisct die SfiiiBical Aagie off dii^ 
Two Arcs of which tkoce two sid^ are dbe cho^k* 

Here jS, y, and rhe angle a' are gnren^ to fincf a. Mov^ 

sfnce in all cases, cos =s y^ ( I — $m*), we iuwe 

we have also, as above, sia ^^ =r 4^^, and sin ic = ^y, 
Substkdting these values in the eqoatioa i of the prececSns 
problem, there will result, hf redattiom^ 

To cocnpute bv this fcnodb, the ^does <n the ndet /S^ yy 
mast be reduced CO the conreapoBdiBg vahies of the choids of 
a drde whflse radius is OBzcr. Tlus b easQj efiected by di* 
▼iding die vahzes of th* sUei giicn in fret, or toises^ &•, hj 
soch a power of l<i% that Mdicr of die sides shaH exceed ^ 
the value of the greatest dttrd, when radios is eqaal to uftity.. 

From this investiganoo, and that of die preceding pnd>lem, 
the following coroUaries auT be dnnm. 

0>r. 1 . Uc =^ i^ and cf cQDseqnence j = fi% dien will 
cos a' =3 cos A . cos^ ^c + sin^ 4^; and dunce 
l-2sin"4A'=^l-2sin*iA)cos*4tf+(l-coi*ic>: 
from which may be deduced 

<nn 4a' = sin \a . cos ^c. . . . (HL) ^ 

Cor. 2. Also, since cos ic =^{l — an*^lr>=3v'(i-"iy*)> 
equa* ii will, in this case, reduce to . 

sm i A - ^^^ ^ ^^j ^, ^ j^^ (lY.; 

Cor» 3. From the equation iii, it appears that tbt vertical 
angle of an isosceles spherical triangle, is tHwzjs greater dian 
the corresponding angle of the chords. 

Cor. 4. If A = 90', the formulae i, ii, j^ve * 
cos a' = sin ib .^sin ic = ^JjSy. . . . (V.) 

These five formula are strict and rigorous, whatetw be 
the magnitude of the triangle. But if the triangles be smtn> 
the arcs may be put instead of the sines in equa. T, th^ 

C0r. 5. As cos a' = sin (90*- 1') = in this casei 90**— a'; 

it small excess of the spherical right angle oTtr die corre- 
sponding 



^Bding reet^eor aoglei will, suppoakif the arot b, e, tAdk 
iff ^iBccMidsy ba givaa i» seeon<^ by the Mllt>wki^ •xpreatkm 

The error in this formula will not amount to a secohd, 
when b + c h less than 10% or than '7od mile$ measureid on 
the earth's surface. 

Cor. 6. If the hypotl&enu^ci does not exceed l^, we ma^ 
substitute d sm c instead of c, and a cos c instead of ^; thit 
will give be ss d^ . sin c • cos C a:. ^^ • sin 2(90*^—6) ae ^. 
sin 2b : whence % 

ff ^=il4«, and B:±sc±:*r n^arfy; then will 90*- a'.ssIY.I 

Cor. 7. Retaining the same hypothesis of a = 90% and 
a = or < Ii% we have 

Alsoc-c'=±-^ fCt) 

Cor. 8. Comparinjf formulje vm, ftt^ with ti, #e felve 

t — ti' Sir G - c = U90f'^A)i Yft^net it appear* tltaetM 

sum of the two excesses of the oblique spherical angles, over 
the corresponding angles of the chords, in a small right-an- . 
gled triangle, is equal t6 the ^ee^s 6( the rij^t ^ti^b'6^f€i 
the corresponding angfe of the chofds^ So that dther 6f t&e 
formulae vi, viiy viii, ix, will suffice to determine the diflSnv . 
ence of each of the thr^ angles of a small right-angled spde* 
rical triangle, from the corresponding angles of the choi*ds. 
And hence this method may bef sailed to the measuring, an 
arc of the meridian by. means of a series of triangles^ Set 
arts. S, 9 J sect. 1 of this chapter. 

f^o&tniA vit: 

(n a jSpherical iTriangle abc, Right Angled in A^ knowing 
the. Hypothenuse bc {less tAa$f 4/^) zxuS the Angle b, it is- 
required to find the Error e conunitted through finding 
by Fiane Trigonometry, the Opposite Side AC. 

Referring still to the diagram of prob* 5, where we now 
s^ipose the spherical angle A to be rigltr» we hbve (tliew*. l(fi 
dbpw iv) sin bt± sin^a . sin m* Bnt k has be^fi rtmark^al 
pii 5 voU ih that the sine of any^ at« m i^'equttl^te^ tiMi<suttl^f 
Hmt fisHewing series $ 

sm A ss A — g 3 + 2 3^^ -* 2.3.4.5.6.7 + *^* 

cr^sm-A « A — -jr + jjj — jgji, + «c. 

K2 ^oAt 



Mai^ ia che pieAmt cnqozrT, all the terms after the seccmd 
ma^ be acgiecceiiy b ec aae the 5th power of an arc of 4** di- 
Tided by 1:20, gtv» a qxzodent not exceeding 0""01. Con- 
sKcizendy« we cay assume sin 5 = 4 — -J4^, sin a = a — -J^^* 
ami this die precsdixig egrancn will hecome» 
^ — 1^ = an Byi* — l*!^') 
er, i = J . £11 s ~ ^<i^ . sin B — ft'). 
Kcw« if the iMing ^ were coosidered as rectilinear» we should 
bre 7 ^ X . scL s ^ a theorem which manifestly gives the 
»5e 5 cr ic rcc gresr by ^a} . an b — i^). But, iieglecting 
CTsxntrfss c£ die ffch order, for the reason already assigned, 
cIdub^ !;£§t ej^qatScn. bcr ooe gires ft* =: a' . an' B. Therefore, 
by ^Kicscicicocit ' = "" 1^ - sn B^l — sin^ b) : or, to have this 
ccrcr ji :fo:ccc<) r^e "sJ ^ the radius e xp ressed in seconds. 



CE'i' 



tVr. I. It X = V. and B = 55"16', in which case the 
T^slue cc sa 5 . 02S* 3 s i — i^rmr n^ we shall find ^ = — 44'. 

iV". i. 14 wuh thse susbe data, the correction be app&d, 
to isd ib« sibLe c A&Kiexit to the given angle, we should haT» 



e = j; . cos B 



So tha this error exssts la a cocscrarr sxaose to the other; the 



Cor. S. The data bein^ the s«r;e> if we have to find the 
XBgle c, the error to be correcied wiH b< 



e z= 



4«' " 

As to the excess of the arc over its dKxrd, it is easr to find it 
correctly firom the expressions in prob. 5 : but for arcs that 
are very small, compared with the radius, a near approxima- 
tion to that excess will be found in the same measures as the 
radius of the earth, by taking ^ of the quotient of the cube 
of the length of the arc divided by the square of the radius. 

PROBLEM Yin. 

It ]s required to Investigate a Theorem, by means of ^Aidi, 
Spherical Triangles, whose Sides are Small con^nred with 
the radiaSf may be solved by the rules for Plane Trigono- 
metry, without considering the Chords of the respective 
Arcs or Sides. 

Let Uf b^ Cf be the sides, and a, b, c, the angles of a sphe- 

* ;al triangle^ on the surfiice of a sphere whose radius is r ; 

' then 
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then a similar triangle on the sur£ice of a sphere whose radios 
= 1, will have for its sides — » — » — ; which, for the sake 

T T T 

of brevity, we represent by a, jSj y, respectively : then, by 

, . , cos a — cos & . cos y 

equa. i chap, iv, we have cos a = 1^-^ — r -. 

* sin ^ . sin y 

Now, r being very great with respect to the sides fl, i, r, 
we may, as in the investigation of the last problem, omit all 
the terms containing higher than 4th powers, in the series 
for the sine and cosine of an arc, given at pa. 5 vol. ii : so 
shall we have, without perceptible error, 

cos « = 1 - ^ + 5-3-^ . . , sin ^ =^ - -. 

And similar expressions may be adopted for cos /3, cos y, 
sin y. Thus, the preceding equation will become ; 

cos A- wT^Fi^^) • 

Multiplying both terms of this fraction by 1 +-J(h*+ 7^)j t« 
simplify the denominator, and reducing, there will result, 

__ /S« + y^ — tt« , a* + ^^ + /— 2a«/S»— 2«V— gjSy 

Here, restoring the values of a, j8, 7, the second member of 
the equation will be entirely constituted of like combinations 
of the letters, and therefore the whole may be represented by 

'=°' ^ - Wc + -m^ (';) . 

Let, now, a' represent the angle opposite to the side. a, in 
the rectilinear triangle whose sides are equal in length to 
the ares a, ^, c; and we shall have 

^0^^== 2^77 =2^^- 

Squaring this, and substituting for cos* a' its value 1 —sin* a', 
there will result - ^ 

- 4i V sin* a' = fl* + 4* + c* — 2a*4* - 2a*6-^ - 26*c* = n. 
So that, equa* i, reduces to the form 

cos a = coS'a' — -r^ sin* a'. 

Let A = a' -I- JT, then, as jt is necessarily very small, its second 
power may be rejected, and we may assume cos a = cos a' — 
.r . sin a' : whence, substituting for cos A this value of it, we 

shall have a: =: -- sin A'. 

It hence appears that x is of the second order, withrfespect 

to — and — 5 and of course that the result is e^act to quan« 

"titles within the fourth order. Therefore, because a=a'+-^*. 

A = A + rr . sm a'. 



ihitf bf fgdb. S sqU 2y H^nstiration of Plants, iic sia a' is' 

|}^^mi of the xtxtUin^ZT triangle, whosit sidfis 9f^ a^ ^, and c. 

Hicrtfcite A =? A^ + ^5 

* , 9rea * 

V A =x A - -—. 



manner ( c' s= r — *'^ 

3r» 






And A' + b' +c' a: 180° = A + B + c - ^: 

or, -^- = A + B + c — ISO^. 

VPl^actff since the spherical excess is a measure of the area 
(th. 5 ch. iv), we have this theorem : viz. 

A spherical triangle being proposed, of which the sides are 
fitry smalif compared with the radius of the sphere; ifjrorjn 
each qf ifs angles one third of the excess of the sum of it^ 
three angles above two right angles be subtracted^ the anf^les 
so diminished marf be taken for the angles of a rectilinear 
triangle y xf^hose sides are equal in length to those 4^^ the pro^ 

$QS^ spktrifiol tmngl^^. 

Scholium. 

We h^T^ (llr^^dy gi^^in, ot th. ^ chap, iv, expressions for 
finding the sphierical excess, in the two cases, where two sides 
and the included angle of a triangle are known, and wherie 
the three sides are knpwn. A £^w additional rules may with- 
propriety be presented here. 

I. The sfdierical excess £, may be found in seconds, by the 

txpression e =s ^; whpre s is th^ surface of the triangle = 

ifc.sin A 5= iaA. sine = iac.sm b = ia^ ^^^4^, r is 

, . sin(B+c)' 

the radius of the earth, in the same measures as a, i, and c, 
yid r" = 20^2§V'S| the s^con4s in an arc equ^ in length tp 
t|tL0 radi|is. 

If this formula be applied log^ithmic^y ; 'then log J^" = 

W;:;^^ = 5-3144251, 




%. Ixtsa^ 
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2. From the logarithm of the area of the triangle, taken 
as a plane one, in feet, subtract the constant log 9*3267737, 
tiien the remainder is the logarithm of the excess above 180", 
in seconds nearly*. 

3. Since s = 4^^*- sin a, we shall manifestly have e = 

^ be . sin A. Hence, if from the vertical angle B we demit 

the perpendicular Biy upon the base ac, dividing it into the 
two segments «, /3, we shall have 4 = a4-/3, 

and thence E = ^j;; r(a + (3) sin A == ^ ac. y^ 

sin A + ^ /3c . sin A, But the two right- / 

angled triangles abd, cbd, being nearly rec- aC^^^£^^ 
tilinear, give ec = a . cos Cj and /3 = c . cos A j ST^ 

whence we have 

E = r-r flfc . sin A . cosc -f tttC* . s5n A • cos A. 

In like manner, the triangle abc, which itself is so small as to 
differ but little from a plane triangle, gives c . sin a = fl. sin c. 
Also, sin A . cos A = 4^ sin 2a, and sin c • cos c =: -1^ sin 2c 
(eqna. xv ch. iii). Therefore, finally, 

E = 7-- a* . sin 2.C + t-^ c* . sin 2a. 

From this theorem a table may be formed, -from which the 
spherical excess may be found ; entering the table with each 
of the sides ajbove the base and its adjacent angle, as argu- 
,ments. 

4. If th^base b and l^eight A, of the triangle are givell^ 

then we have evidently £ = ibh -^. Hence result^ the fol- 
lowing simple logarithmic rule: Add the logarithm of the 
base of the triangle, taken in feet, to the logarithm of th0 
perpendicular, taken in the same measure ; deduct ifrom the . 
Slim 'the logarithm 9*6278037; the remainder will be the 
xommon logarithm of the spherical excess in seconds and 
decimals. 

5. •Lastly, when the three sides of the triangle are given 
in feet; add to the logarithm of hsjf their sum, the lo^. of 
the three differences of those sides and that hajif sum, divide 
the total of these 4 logS. by 2, and from the quotient subtract 
the log. 9*3267737 ; the remainder will be the logarithm of 
the spherical excess in seconds &c, as before. 

One or other of these roles will apply to all cases in which 
the $pharical excess will be required. 

• Tkis is General Roy'f rtU* given in the Philoiopbical Transactions, for 
1790, pa. 171. 
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ire together eqnal to two right -angles ; and consequently the 
angles a and a' are together equal to the angle c, whicii is 
measured by fhe arc bd. If therefore the sum c^^^the two 
^fepressions Hk'ay nAa\ be. taken £roi^ the »im of the angles 
KA A h'aa', or) which is equivalent, from the angle c> (which, 
is known,^ because its measure bd is known)i ; the remainder 
is the sum of both refractions, or angles tf a'a, a'a a^ Hence • 
this rule, take the mm of the two dtpressimis from the mea- 
4wre tjf tlie intercepted terrestrial arc, half the remairfder is 
the refraction. 

3. If, by reason of the minuteness of the contained arc bd, 
one of the obj^ts, instead of being depressed, appears elevai- 
ted^.^ -suppose a' to a!': then the sum of the angles oS'ka' and 
4Hla, will be greater th^ the suril liA'-f iA'a, or than c, by 
the angle ot elevation a^aa! ; but if from the former sum 
there be taken the depression ha'' a, there will remain the 
sum of the two refractions. So that in this case the rule be* 
comes as follows : take the depression from the sum of the 
eontained aix and elevation^ half the ranainder is the r>e- 

fraction. 

4. The quantity of this terrestrial refraction is estimated 
b? Dr. Maskelyne at one-tenth of the distance of the object 
observed, expressed in degrees of a great circle. So, if the 
dBstance be 10000 fathoms, its 10th part 1000 fathoms, is 
the 60th part of a degree of a great circle on the earth, or T, 
which therefore is the refraction in the altitude of the object 
at that distance. * 

But M. Legendre is induced, he says, by several experi<" 
jnents, to allow only -,ifth part of the distance for the refrac- 
tion in altitude. So that, on the distance of 1 0000 fathoms, 
'the 14th part of which is 714 fathoms, he allocs only 44" of 
terrestrial refraction, so many being contained in the 714 
fathoms. See his Memoir concermng the Trigonometrical 
operations^ &c. 

Again, M. Dclambre, an ingenious French astronomer, 
makes the quant;jty of the terrestrial refraction to be the 1 1th 
part of the arch of distance. But the English measurers, 
especially Col. Mudge, from a multitude ojTexact observa- 
tions, determine the quantity of the medium refraction to be 
the 12th part of the said distance. 

The quantity of this refraction^ however, is found to vary 
considerably, with the different states of the weather and at« 
mosphere, from the ^th to the i^g^th of the contained arc. 
See Trigonometrical Survey, voL i pa. 1 60, 355. 
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Scholhmu 

Having given the mean results of observations on the ter- 
restrial refraction^ it may not be amiss, though we cannot 
enter at large into the investigation, to present here a correct 
table of mezui astronomical refractions. The table which has 
been most commonly given in books c^ astronomy is Dn 
Bradley's, computed from the rule r = 57" x cot {a + SrJ^ 
where a is the altitude, r the refraction, and r = 2'35" when 
a = 20°, But it has been found by numerous observations, 
that the refractions thus computed are rather too snudL-^ 
Laplace, in his Mecanique Celeste (tome iv pa. 27) deduc«$f 
a formula which is strictly similar to Bradley's ; for it is 
r =z tn X tan (a — ?ir), where z is the zenith distance, and^ 
and k are two constant quantities to be determined froih ob- 
servation. The only advantage of the formula given by the 
French phiJos^plier, over that given by the English a^trono- 
xner, i9> that Laplace and his colleagues have found mo're 
correct coeffici<mts than Bridley had. 

Npw, if Ja = 57°»2^57795, the arc equal to the radius, if 

we ma]k:e m = — « (where a: i^ ^ constant coefficient which, as 
w^U as ny'is an abstract number,) the preceding equation will 
become — = i x tan(j8— m')- Here, as the refraction r is 
^ways yery small, as well as the correction nr, the trigono- 
metrical tangent of the arc nr may be substituted for ^ ; thus 

we shall have tan ?2r = i • tgn (z — wr). 

Put wr ar i%-{i:%-nr) ^ . . , «~ nr = iz +<j.2-72r) ; 

z f-2/rr 

tao { — — ) 

^ tan Tir 2 g sin ^ —sin (t^^nr) , 

^ *' tan iz—nr) ~" -z z—Qnr^ "~ sinz + sio («— 2nr) ~" 

tan(j+-^) 

Hence, sin («— 2nr) = j^ . sin z. 

This formula is easy to use, when the coefficients n and —j^ 

are known: and it has been ascertained, \\f a mean of many 
observatiops, that these are 4 and '99765174 respectively. 
Thus Laplace's equation becomes 

sin (z - Sr) = '99765 1 ^5 sin^ je : 
und from this the following table has been computed. Besides 
the refractions, the differences of refraction, for every ^10 
minutes of altitude, are given ; an addition which will render 
the table more extensively useful in all cases where great 
accuracy is required* 
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PROBLEM XI, 

To find the Angle made by a Given Line vith the 

Meridian. 

1. The easiest method of finding the angular distance of a 
given line from the meridian, is to measure the greatest and 
the least angular distance of the vertical plane in which is the- 
star marked a in Ursa minor (commonly called r he pole star), 
from the said line : for half the sum of these two measures 
will manifestly be the angle required, 

'2, Another method is to observe when the sim is on the 
given line; to m'easure the altitude of his centre at that time, 
aad correct it for refraction and parallax. Then, in the sphe- 
rical triangle zps, where z Is the zerith 
of the pli^ce of observation, p the ele- 
vated pole, and s the centre of the 
sun, there are supposed given zs tbe 
zenith distance, or co-altitude of the 
sun, PS the co-decKnation of that lu- 
minary, Pz the co-lntitude of the place of observation, and 
ZPS the hour angle, measured at die rate of Ir5'' to an hour, 
to find the angle szp beiween the meridian PZ and the ver- 
tical zs, on «hjch the sun is at the given time. And here, 
as three sid^ and one angle are known, therequired angle is 
readily found, by saying, 'as sine zs : sine zps :: sine ps : 
sine pzs ; that is, as the cosine of the sun*s altitude, is to the 
sine of the hour angle from noon ; so is the cosine of the 
son's declination, to the sine of the angle made by the given 
vertical and the meridian. 

Noie. Many other methods are given in books of Astro- . 
nomy ; but the above are sufficient for our present purpose- 
The first is independent of the latitude of the pUce; the se- 
cond requires it. 

PROBLEM XII. 

To find the Latitude of a Place; ' ^ 

The latitude of a place may be found by observing the 

greatest and least altitude of a circumpolar star, and then 

applying to each the correction for refraction ; so shall half 

the sum of the altitudes, thus corrected, be the altitude of* 

the poky «r th« latitiide. 

For 
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For, if P be the elevated pole, st 
the circle described by the star, pr 
ae Ezthe latitude: then since P5s= 

F/, Pi| must be =^ t(J^^+ **)• 

This method is obviouslv indepen- 
dei^ of the declination ot the star : 
It is therefore most commonly adopt- 
ed in trigonometrical surveys, itt , 
which the telescopes employed are 
cf such power a? t6 Enable the obs^ver to sseU ^tars in Atf 
day-time : the pole-star being here also ihzdk use of. 

Numerous other methods of solving tkis pt oblem lik^wisd 
are given in books of Astronomy i bat they need not be de^i- 
tailed here. 

Cord. If die mean altitude of a' eircumpolar star be t&iiB 
measured, at the two extremities of any arc o( a meridian^ (be 
difference of the altitudes will be the measure of ||^t arc : 
and if it be a small arc, one for exstmple not exceei&ig a^de- 
gree of the terrestrial meridian, since such small arcs difikr 
extremely little from arcs of the circle of curvature at tbiW 
middle points, we may, by a simple proportion, infet* the 
len|[|th of a degree whose middle point is me ititddle of that 
arc. 

Scholium. 

Though it is not cqi^istent with the purpose of thisebap- 
ter to enter largely into the doctrine of astronomical spherical 
problen^v yet it may be here added, for &e sake of the youngp^ 
student, that if a zr right ascension, d = decUnadon, I » 
altitude, X =3 longitude, p =^ angle of position (<»•, the aifg^ 
at a heavenly body formed by two great circles, one passing 
through the pole of the equator and the other through the 
pole of the ecliptic), i = inclination orobHquity of the eclip- 
tic, then the following equations, most of which are newy 
obtain generally, for all the stars and heavenly bodies. 

1. tan a = tan A , cos i — tan / . sec \ , ^n i. 

2. sin. £/ = sin A . cos / . sin i + sin / . cos /• 

3. tan A = sin i . tan rf . sec a + tan a . cos /. 

4. sin / == sin ^ . cos i — sm a • cos d • sin I. 

5. cotan p z=. cos d . sec a. cot i + sin rf . tan tf< 

6. cotan p = cos / . sec A . cot i — sin / . tan A. 
7l cos a , cos d c= -cos / . cos A. 

S". sin p . cos d ==: sini . eos A. 

9. sin p • cos A ^ sin / . cos a. 

Jo. tan : i= tan A . coa 1. ) when / ss 0, as is ahfaj* dfc» 
11. cos A = cos a . cose/.) case with the suft. 

The 




TO WinD THE LATITUDE. 141 

^ The investigatioD of these equations^ which is omitt;/ed flcMr 
the sake of brevity^ depends on the resolution of the spheri* 
cal triangle whose angles are the poles of the ecliptic and 
equator, and the given star, or luminary. 

PROBLEM XIII. 

To determine the Ratio of tjie Earth^s Axes, and their Actual 
Magnitude! fi-om the Measure of a Degree or Smaller 
Portion of a Meridian in Two Given Latitudes ; the earth 
b^ing supposed a spheroid generated by the rotation of an 
ellipse upon its minor axis. 

Let ADBE represent a meridian 
of the earth, de its minor axis, 
AB a diameter of the equator, 
M, m, arcs of the same number 
of degrees, or the same parts of 
a degree, of which the lengths 
are measured, and which are so 
small, compared with the mag- 
nitude of the earth, that they 
may be considered as coinciding with arcs of the osculator^ 
circles at their respective middle points; let mo, viOy the radii 
of curvature of those middle points, be = r and r respectively; 
MP, mp, ordinates perpendicular to ab: suppose further cd=c; 
cB = rf ; d^ " c* r= e* 'f C¥ = j: \ c/> = u ; the radius or sine 
total = i ; the known angle bsm, or the latitude of the mid- 
dle point M, =: L ; the known angle Bsm, or the latitude of 
the point ?n, = / ; the measured lengths of the arcs m and 
9ji being denoted by those letters respectively- 

Now the similar sectors whose arcs are M, w, and radii of 
curvature &, r, give r : r : : m : m ; and consequently Rm= 
ru. The central equation to the ellipse investigated at p. 29 

of this volume gives i»m= ^ v^(cP— x*); pm = -^\/(<'*— «*)» 

also sp = ^ ; ^ = ^ (by th. n EUipse). Artd the method 

of finding the i*adius of curvature (Flux. art. lif, 75), ap^ 
plied to the central equations above, gives 

a = liJl;^S andr = ^^^^. On the other hand, 
the trlanglfe spm gives' §p : pm : : cos L : sin L j that is. 

And from a like process there results, u* = ^_^^.^,j . 
Substituting in the equation KVi zz nf, for R, and r their 
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\\uues, for .r* and a* their values just found, and observing 
riiacsin'L + cos*L = 1, and sin*/ + cos*/ = 1^ we shall find 

m ' M * 

3 3_ 

or 7ji((l^ — ^ sin- /) * = M(d* — ^ sin* l) * , 

orm^(rf*— ^sin*/) = M^((/*— e^sin*L), 
From this there arises e* =: t/* — c* (by l\yp.) = 

Uut ^ = 1 — 



2 4 d* rf* 

M^ bin' L — w'SiU* ^ 

and consequently the reciprocal of this fraction, or 

rf* M' siii« L — m* Mii« / (m* siiiL + mTsin f).(M^gin l— m\ sin /) 

m* COS* i — M * cofc' L (wiT COS / + M^^ COS l) .(m5 cos /— M^'cos l) 

Whence, by extracting the root, there results finally 

rf / (mT sin L + wiT sin /) . (MTsin L — mJ sin i) 

^ (m^" cos I + M^cos l). (m* cos / — m^cosl) 

This expression, which is simple and symmetrical, has been. 
obtained without any developement into series, without any 
omission of terms on the supposition that they are indefinitely 
small, or any possible deviation from correctness, except what 
may arise from the want of coincidence of the circles of cur- 
vature at the middle points of the arcs measured, with the arcs 
themselves ; and this source of error may be diminished at 
pleasure, by diminishing the magnitude of the arcs measured : 
though it must be acknowledged that such a procedure may 
give rise to errors in the practice, which may more than coun- 
terbalance the small one to which we have just adverted. 

Cor. Knowing the number of degrees, or the parts of de- 
grees, in the measured arcs m, m^ and their lengths, which 
are here regarded as the lengths of arcs to the circles which 
have R, 7', for radii, those radii evidently become known in 
iiiagnitude. At the same time there are given the algelK*aic 
values of r and r : thus, taking r for example, and extermi- 

nating e* and ^*, there results R = ; .There- 

fore, by putting in this equation the known ratio of d to c,. 
there will remain only one unknown quantity d or c, whiqli 
may of course be easily determined by the reduction of the 
last equation ; and thus all the dimensions of the terrestrial, 
spheroid will become known. 



General 
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General Scholium and Remarks. 

1. The value ^ - 1, = ^, is called the compressim of 
the terrestrial spheroid, and it manifestly becomes known 
when the ratio —is determined. But the measurements of 

c 

philosophers, however carefully conducted, furnish resulting 
compressions, in which the discrepancies are much greater 
than might be wished. General ]^oy has recorded several 
of these in the Phil. Trans, vol. 77, and later measurers have 
deduced others. Thus, the degree measured at the equator 
by Bouguer, compared with that of France measured by 

Mechain and Dfelambre, gives for the compression — , also 

d = 327 1208 toises, c = 326 1 443 toises, rf- c = 9765 toises. 
General Roy's sixth spheroid, from the degrees at the equa- 
tor and in latitude 45% gives rrr:^- ^r. Dalby makes d =i 

3489932 fathoms, c = 3478656. Col. Mudge d = 3491420, 
c = 3468007, or 7935 and 7882 miles. The degree mea- 
sured at Quito, compared with that measured in Lapland by 

Swanberg, gives compression = . Swanberg's observa- 

tions, compared with B6uguei**s, give «^^:^ti "Swanberg's 

compared with the degree of Delambre and Mechain jq^^tj- 

' 1 

Compared with Major Lambton's degree ^Q=rrz» A minimum 

of errors in Lapland, France, and Peru gives -x^oiT* Laplace, 

from the lunar ipotions, finds compression = — . From the 
thpory of gravity as applied to the latest observations of Burg, 
Maskelyne, &c, ^Qg:^^'' From the variation of the pendulum 

in' different latitudes njirrg. Dr. Robison, assuming the Var 

nation of gravity at — , makes the compression — . Others 

give results varying from pjj^ to ^ : but far the greater 

number of observations di#er but little from — , which the 

computation from the phenomena, of the precession of the 
equinoxes and the nutation of the earth's axis, gives for the 
maidmum limit of the compression. 

2. From the various results of careful admeasurements it 
happens, as Gen. Roy has remarked, ^^ that philosophers ar« 

voimih; l ^^ 
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not yet agreed in opinion with regard to the exact figure of 
the earth ; some contending that it has no regular figure, tRat 
is, not such as would be generated by the revolution of a 
curve around its axis. Others have supposed it to be an 
ellipsoid ; regular, if both p>olar sides should ha\ e the same 
degree of flatness; but irregular if one should be flatter than 
the other. And lastly, some suppose it to be a spheroid dif- . 
fering from the ellipsoid, but yet such as would be formed by 
the revolution of a curve around its axis." According to the 
theory of gravity however, the earth must of necessity have 
its axes approaching nearly to either the ratio of 1 to 680 or 
of 303 to 304 ; and ;^ the former ratio obviously does not, 
obtain^ the figure of the earth vnist be such as to correspond 
nearly with the latter ratio. 

3. Besides the method above described, others have been 
proposed for determining the figure of the earth by measure- 
ment. Thus, that figure might be ascertained by the mea- 
surement of a degree in two parallels of latitude ; but not so 
accurately as by meridional arcs, 1st. Because, when the dis- 
tance of the two stations, in the same parallel is measured » 
the celestial arc is not that of a parallel circle, but is nearly 
the arc of a great circle, and always exceeds the arc that cor- 
responds truly with the terrestrial arc. 2d\y. The interval 
of the meridian's passing through the two stations must be 
determined by a time-keeper, a very small error in the going 
of which will produce a very considerable error in the com- 
putation. Other methods which have been proposed, are, by 
comparing a degree of the meridian in any latitude, with a 
degree of the curve perpendicular to the meridian in the same • 
latitude ; by comparing the measures of degrees of the curves 
perpendicular to the meridian in different latitudes ; and by 
comparing an arc of a meridian with an arc 6f the parallel of 
latitude that crosses it. The theorems connected with these 
and some other methods are investigated by Professor Play- 
fair in the Edinburgh Transactions, vol. v, to which> together 
with the books mentioned at the end of the 1st section of this 
chapter, the reader is referred for much useful information 
on this highly interesting subject. 

Having thus solved the chief problems connected with 
Trigonometrical Surveying, the student is now presented 
with the following examples by way of exercise. 

Ej:. 1. The angle subtended by two distant objects at a 
third object is 66°30'39^' j one of those objects appeared under 
an elevation of 25%T, the other under a depression of !"• 
Reguircd the reduced horizontal angle.. Ans. 66''SO'3T\- 

Ex.' 2.. 
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Ex. 2, Going along a straight and horizontal road which 
passed by a tower, I wished to find its height, and for this 
purpose measured two equal distances each of 84 feet, and at 
the extremities of those distances took three angles of eleva- 
tion of the top of the tower, viz, 36** 50', 2 1'' 24' and 14''. 
What is the height of the tower ? Ans. 53*96 feet. 

JEx.Z, Investigate General Roy's rule for the spherical 
excejss, given in the scholium to prob. 8. 

Er. 4. The three sides ' of a triangle measured on the 
earth's surface (and reduced to the level of the sea) are 17, 18^ 
and 10 miles: what is the spherical excess ? 

Ex. 5. The base and perjpendicular of another triangle 
are 24 and 15 miles. Required the spherical exce^. 

Ex. 6. In a triangle two sides are 18 and 23 miles, and 
they include an angle of 58** 24' 3 6". What is the spherical 
excess ? . 

Ex. 7. The length of a base measured at an elevation of 
38 feet above the level of the sea is 34286 feet : required the 
length when reduced to that level. 

Ex, S. Given the latitude of a place 48°5rN, the sun's 
r- declination 18*^ 3Q'n, and the sun's altitude at 10^ 1 l^'Se'AM, 
^^^2** 3 5'; to find the angle that the vertical on which the sun 
is, makes with the meridian. 

Ex. 9. When the sun's longitude is 29* 13' 43", what is 
his right ascension ? ' The obliquity of the ecliptic being 
23'*2r40''. 

r 

Ex. 10. Requiredthelongitudeof the sun, when his right 
ascension and declination are 32°46'52"i, andl3°13'27 N 
respectively. See the theofems in the scholium to prob. 12. 

Ex. 11. The right iascension of the star a Ursse majoris 
is 162°50'34", and the declination 62^5Q'n: what are the 
longitude and latitude ? The obliquity of the ecliptic being 
as above. 

Ex. 12. Given the measure of a degree on the meridian 
in N. lat. 49°3', 60833 fathoms, and of another in N. lat. 12°32', 
60194 fathoms : to find the ratio of the earth's axes. 

Ex. 13. Demonstrate that, if the earth's figure be that 
of an oblate spheroid, a degree of the earth's equator is the 
first of two mean proportionals between the last and first de-.. 
grees of latitude. 

Ex. 14. Demonstrate that the degrees of the terrestrial 
meridian, in receding from the equator to ward* the poles, are 

L 2 vcvcc^-jji^^ 
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increased very nearly in the duplicate ratio of the sine of the 
latitude. 

Ex. 15. If p be the measure of ii degree of a great circle 
perpendicular to a meridian at a certain point, m that of the 
corresponding degree on the meridian itself, and d the length 
of a degree on an oblique arc, that arc making an angle a 

with the meridian, then is </ = — , ^^x • ^ * Requir^ a 

p + (jw— p) am* a * 

demonstration of this theorem. 



CHAPTER VI. . 

FRINCIPLES OF POLTGONOMETRT. 

The theorems and problems inPolygonometry bear an in^ 
timate connection and close analogy to those in plane trigo- 
nometry ; and are in great measure deducible from the same 
common principles. Each comprises three general cases. 

1 . A triangle is determined by means of two sides and an 
angle ; or, which amounts to the sam^, by its sides except 
one, and its angles except two. In like 'manner, any rectili- 
near polygon is determinable when all its sides except one» 
and all its angles except two, are known. 

2. A triangle is determined by one side and two angles ; 
that is, by its sides except two, and all its angles. So like- 
wise, any rectilinear figure is determinable when all its sides 
except two, and all its angles, are known. 

3.^ A triangle is determinable by its three sides; that is, 
when all its sides are known, and all its angles, but three. In 
like manner, any rectilinear figure is determinable by m^ns 
of all its sides, and all its angles except three. 

In each of these cases, the three unknown quantities may 
be determined by means of three independent equations; the 
manner of deducing which may be easily explained, after the 
following theorems are duly understood. 

THEOREM I. 

In Any Polygon, any One Side is Equal to the Sum of all 
the Rectangles of Each of the Other Sides drawn into the 
Cosine of the Angle made by that Side and the Proposed 
Side*. 

• This theorem and the following one, were announced by Mr. Lexel of 
Petersburg, in Pbll. Trans, vol. ^b, p. 28< : but th«y were first demonstrated 
by Dr. Hutton, iu Phil. Tr«n«. tqI. ^^, pa. 600. 

Let 
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liet ABCDEF be a polygon : then will c^ 

AF = AB . COS A + BC^ COS CB^ FA + >^!!!!:^»P 

CD . COS CD^AF + DE^COSDE^Ai^ + y^ L J >».m 

jiF . COS efAaf*. ^V 1** j ^^ 

For, drawing lines from the several ; \ ! ) |\ 

angles^ respectively parallel, and per- if" \ c d '^ v 
pendicular to A¥ 5 it will be 

a( = AB . cos BAF, 

ic = b/3 = bc . cos cBjS = bc . cos cb^af, 

Cfl? = te = CD . COS CdJ =^ CD . cos CD^AF, 
de = €E = DE . cos DEC = DE , COS DE^AF, 
erp = . , . . EF . COS EFe ac EF , COS EP^AF. 

But AF =1 be + cd -\- de -^ er -^ Ab \ and Ai, as expressed 
above, is in efi^ct subtractive, because the cosine of ihe obtuse 
angle baf is negative. Consequently, 

AV = AC-i-cd-j-de-^ dF =AB.COS BAF 4- EC .COS CB^AF -f &C, 

' as in the proposition. A like demonstration will apply, ?WM- 
•tatis mutandis y to any other polygon. 

Cor. When the sides of the polygon are reduced 'to three, 
this theorem becomes the same as the fundamental theorem 
in chap, ii, from which the whole doctrine of Plane Trigo- 
siometry is made to flow. 

THBOHEM IX. 

The Perpendicular let fall from the Highest Point or Summit 
of a Polygon, upon the Opposite Side or Base, is Equal to 
the Sum of the Products of the Sides Comprised between 
that Summit and the Base, into the Sines of their Re- 
spective Inclinations to that Base. 

Thus, in the preceding figure^ c^^^CB. sin cb^fA + b A. sin A; 
or a: = CD . sin CD ^ af + de . sin de^ af + ef . sin f. This 
is evident from an inspection of the figure. 

Cor. 1. In like manner d^ = de . sio de^ af + ef. sin f, 
-or Dt/ = OB . sin cb^fa + ba . sin a — cd . sincD ^af. 

Cot. 2. Hence, the sum of the products of each side, into 
the sine of the sum of the exterior angles, (or into the sine of 
the sum of the supplemeiits of the interior angles), comprised 
between those sides and a determinate side, is 2= + perp. — 
perp. or := 0. That is to say, in the preceding figure, 
JIB .sin A + BC . sin (a + b) + CD.sin (a+b+c)+de .sin 

(a+B + C+d) + EF . sin (A + B4 C + D f-E) =:0« 



* When a caret is put between two letters or pairs of letters denoting lines, 
the expression altogether denotes the angle which would be made by those 
two lines if they were produced till they met : thus ca^fa denotes the in- 
>€linataon of the line cb to fa . 
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Here it is to be observed, that the sines of angles greater than 
180* are negative (ch. ii equa. vii). 

Cor. 3. Hence again, by putting for sin (A-ffi), sin ( A-|-b +-c), 
their values sin a . cos b + sin b . cos a, sin a . cos (b4- c) + 
sin (B + c; . cos a, &c (ch. ii equa. v), and recollecting that 

tang = — : (ch. ii p. 55)^ we shall have, 

sin A.(AB-f bc.cosb+cd.cos(b+c)+de.cos(b4-C+d)+&c) 
+ cosA.(BC.sinB+CD.sin(F+c)+DE.cos(B-|-C-|-D)-[-&c)=0; 
and thence finally, tan 1 80° — a, or tan baf = 

Bc sinB + CD :in(B + c + DE . sin (b + c + d) + EF . sin (b + c + d + e) 

"n^ ■ — - ^M ■-----.-_ . ^ »-- _ ■ - I -- ' ' 

AB + BC .COS B + CD . COb (b + c) + DE .COS (B + C+ D)+ EF .C0S(B + C+ D + e) 

A similar expression will manifestly apply to any polygon ; 
and when the number of sides exceeds' four, it is highly use- 
ful in practice. 

Cor, 4. In a triangle abc, where the sides ab, bc, and the 
angle abc, or its supplement b, are known, we have 

EC • sin B AB • sin b 

tan CAB = r . • . . tan bca = 



AB -h BC. COS B BC + AB . COS B ' 

in both which expressions, the second tisrm of the denonii- 
nator will become subtractive whenever the angle ABC is 
acute, or b obtuse. 

THEOREM III. 

The Square of Any Side of a Polygon, is Equal to the Sum of 
the Squares of All the Other Sides, Minus Twice the Sum 
of the Products of All the Other Sides Multiplied two and 
two, and by the Cosines of the Angles they Include. 

For the sake of brevity, let the sides 

be represented by the small letters which 

stand against them in the annexed figure: 

then, from theor. 1, we shall have the 

subjoined equations, viz. ^ A « u 

a zz b . cos a^b -x- c . cos a'^c + i . cos fl^^, 
b zz a . cos a'^b + c . cos b^c + ^ . cos A^J, 
c = a . cos a^c + b, . cos b^c -\- ^ . cos c^^, . 
J = a . cos a^d + 6 . cos 6A(/ -{- c. cos c^^. 

Multiplying the first of these equations by a, the second by 

J, the third by c, the fourth by ^; subtracting the three latter 

products from the first, and transposing A', c*, ^*, there will 

result 

a*=A* + c- f J*-2(4c.cosAAf^jj,^;psJA^^c^^cosc^J). 
In like manner, 

c*=fl* 4 6^+^•-2(«A ..cos«Aj_|_aJ,cosaA^4-A^.cosAA^), 

&c. &c. 

Or, 
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Or, since b-^c^Qy b^$ = c + d - 180°, c'^$ = d, we have 

rt* = ^ + 6** + «^'-2(Ac . cos c— W. cos (c + d) + 1 (^ . cos b), 

.f*- =: a* + 6' + ^"--'zlab . cos b- W . cos (a + b) +a^ . cos^a), 

&c. &c. 
The same method applied to the pentagon abcde, will give 

<l« = *4+c'2 + cf'-4-e*-«^'"^* ^"^^~ W.cos(c+D) + fe.cos(C+D+E)? 

* ^ + f(/ . COS D — C€ . COS (D + e) + </e . COS E J • 

And a like process is obvioasly applicable to any number of 
sides ; v^^hence the truth of the theorem is manifest. 

Cor. The property of a plane triangle expressed in equa. i 
ch, ii, is only a particular case of this general theorem. 

THEOREM IV. 

Twice the Surfiace of Any Polygon, is Equal to the Sum of 
the Rectangles of its Sides, except one, taken two and two, 
by the Sines of the Sums of the Exttrior* Angles Con- 
tained by those Sides. 

1 . For a trapezium, or polygon of four, 
sides. Let two of the sides ab, dc, be 
produced till they meet at p. Then the 
trapezium abcd is manifestly equal to the 
difference between the triangles pad and 
PBC. But twice the surface of the tri- 
angle pad is (Mens, of Planes pr. 2 rule 2) ap . pd . sin p = 
(ab + Bp) . (dc + cp) . sin p; and twice the surface of the 
triangle pbc is =z bp . pc . sin p : therefore their difference, 
or twice the area of the trapezium, is = (ab . dc + ab • cp 
+ DC . bp) . sin p. Now, in A pbc, 

« Bc . sin B 

sm p : sin b : : BC : PC, whence pc = 




sin p ; sin c : : BC : PB,'whence pb = 



sin p ' 
BC. sin c 



8in p 

Substituting these values of pb, pc, for them in the above 
equation, and observing that sin p = sin (pec + pcb) == sin 
sum o£ exterior angles b and c, there results at length, 

Twice surface? ' S ^^! ' "*= * '1° ? ^ x 
of trapezium, h = j +AB . DC . sin (b + c) 

^ J (^ + BC . DC . sin c. 

Cor, Since ab. BC . sin b = twice triangle ABc, it follows 
that twice triangle a cd is equal to the remaining two terms, viz, 

_ < AB . DC . sin (b + c) 



twice area acd . . 

BC . DC . sin c. 



• The exterior angles here meant, are those formed by producing the - 
sides in the same manner as in th.*.20 Geometry, and in cors. 1, 2, th. % of 
this «hap. 

^. For 
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2. For a pentagon^ as abcde. Its area 
is obviously equal to the sum of the areas 
of the trapezium abcd, and of the tri- 
angle ADE. Let the sides ab, dc^ as be- 
fore* pieet when produced at p. Then^ 
from the above, we have 

Twice area of T C ab . bc . sin b 
the trapezium J- =: ^ -f ab . dc . sin (b+ c) 
ABCD 3 ([ +BC . DC .sine. 
And| by the preceding corollary, 
Twice triangle "I _ ^ ap.de .sin (p 4- d) or sin (b+c+d) 
DAE I "■ 1 + DP . de . sin d. 



That is, twice 
triangle dab 



}={ 

r ab.de. sin (b+c+d) 
ice ) __ ^ + DC . DE • sin d 
^E ) "" VfBP . de . sin (b+c+d) 

C + cp . DE • sin D. 



Now, BP — 



BC Sin c 
8»n (b + c) 



, and cp = -7- 



BC • Sin B 



BC . DB 



sin (b + c) 
sin C/. sin (b + c + d) bc 



'-: therefore the last 



OF. . Sin B . sin] 



Twice thearcal 
of the penta- ?• = 

gon ABCDE 3 



two terms become . , . . , /.^«^ 

sin (b + c) sin (b + c) 

sin B . sin D + sin c . sin (B + C+ o) i i« 

=BC . DE • r—, r--^ ■ • and this expression, 

sm (B + c) r ' 

by means of the formula for 4 arcs (art. 30 ch, iii), becomes 
BC . DE . sin (c + d). Hence, collecting the terms, and ar- 
ranging th^m in the order of the sides, they become 

AB . BC . sin B 
+ AB • DC . sin (b+c) • 

f AB . DE . sin (b + c f D) 

+ BC . DC . sin c' 

f BC . DE ^ sin (c+d) 

+ DC. DE . sin D. 

Cor. Taking away from this expression, the 1st, 2d, and 

4th terms, which together make double the trapezium abcd, 

there will remain 

Twice 

the 

DAE. 

3. For a hexagon, as abcdef. The 
double area will be found, by supposing 
it divided into the pentagon abode, and 
the triangle aef. For, by the last rule, 
and its corollary, we have. 



111 remain 

ice area of) C ab . de. sin (b + c+d) 
Jie triangle?" = ] +bc . de . sin (c+d) 
3AE. 3 ( -+ DC . de . sin d. 




Twice 
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^ AB . Bc . sin B 
Twice area of) \ + *» • cd . sin (b+c) 

,, ^ f _ 7 +AB • DE . Sin (b+c+d) 

^ J m ^g^ j^^ j^^ (C+D) 

V 4-cD . D£ . sin D. 

Twice area oO C ap . ef . sin (b+c+d +e) 
the triangle > =: < +dp . ef .sin (J[>+e) 
AEF 3 ( + i^s • £F • sin E. 

t AB . £F . sin (b + C + D + B) 

Or, twice area of 1 \ +DC . ef . sin (d -|-e) 
the triangle > =r -^ +de . ef . sin b 

AEF. ) i -f BP . EF . sin (b+C+D+E) 

V.+CP . EF . sin (d-I-e). 
Now, writing for BP, cp, their respective values, 

BC .sin c , BC . sin B , r t i . . • 

-r-; — -T- and -:— 7 -, the sum of the last two expressions, 

sin(B + c) sin(B+c)' ^ ' 

in the double areas of abf, will become 

sin c . sin (b + c+ d+ E) + sin B .sin (o + b) 

BC . EF . — -' ^-^— . ■ , ^ , -^ ^-^: " : 

atD (b + c) 

and this, by tneans of the formula for 5 arcs (art. 30 ch. iii) 
becomes bc , ef . sin (c+d+e). Hence, collecting and pro- 
perly arranging the several terms as before, we shall obtain 

AB • BC . sin B 
+AB . CD. sin (b+c) 
+AB . D£ . sin (b+c+d) 
+AB . EF . sin (b+c+d+e) 
-l-BC . CD . sin c 
+BC . DE . sin (c+d) 
+BC . EF i sin (c+d+b) 
+ci> . DE . sin D 
+CD . BP . sin (d+e) 
V^+^E* BF • sin B. 

4. In a similar manner may the area of a heptagon be de- 
termined, by finding the sum of the area^of the hexagon and 
the adjacent triangle ; and thence the area of the octagon, 
nonagon, or of any other polygon, maybe inferred ; the law 
of continuation being sufficiently obvious from what is done 

above, and the number of terms = -p • ~y-> when the num- 
ber of sides of the polygon is n : for the number of terms is 
evidently the same as the number of ways in which w — 1 quan- 
tities can be taken, two and two f that is, (by the nature gf 

Permutations) = ~— . -^. 



Twice the area! 
of the hexa-> = -< 

gon ABCDEF^ 
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Scholium. 
This curious theorem was first investigated by Simon LhuiU 
iiery and published in 1789. Its principal advantage over the 
common method for finding the areas of irregular polygons 
is, that in this method there is no occasion to construct the 
figures, and of course the errors that may arise from such 
constructions are avoided. 

In the application of the theorem to practical purposes, the 
expressions above become simplified by dividing any proposed 
polygon into two parts by a diagonal, and computing the sur- 
face of each part separately. 

Thus, by dividing the trapezium abcd into two triangles, 
by the diagonal AC, we shall have 

Twice area? C ab . bc . sin b 
trapezium 3 ^ ^ +CD . ad. sin d. 
The pentagon abcde may be divided into the trapezium 
abcd, and the triangle ade, whence 

^ A6 . bc . sin B 
Twice area of 7 __ j + ab . dc . sin (b+ c) 

pentagon 3 ""^ +^^ • ^^ • ^^^ ^ 

V+DE . ae . sin E. 
Thus again, the hexagon may be divided into two trape- 
ziums, by a diagonal drawn from A to D, which is to be the 
line excepted in the theorem ; then will 

AB . BC • sin b 
+AB . DC . sin (b+c) 
4-Bc . DC.sin c 

+ DE . EF . sin E 

+DE . AT . sin (e+f) 

+ EF , AF . sin F. 

A : G 



Twice area of 
hexagon 



h 



And lastly, the heptagoti may be di- 
vided into a pentagon and a trapezium, 
the diagonal, as before, being the ex- 
cepted line: so will the double area be ex- 
pressed by 9 instead of 1 5 products, thus : 

'' AB . BC 
+ AB . CD 



Twice area 
heptago 



a of 7 
n 5 



sm B 

sin (B-f-c) 

+AB . DE . sin (b^-c + d) 

+BC . CD . sin c 
^ +EC . DE . sin (c+d) 

+ CD . de . sin D 

+ EF . FG . sin F 

-j-EF . G\ . sin (f + g) 
GA . sin G. 




L + FG 

The same method may obviously be extended to other 
polygons, with great ease and simplicity. 

It 
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It often happens, however, that oftly one side of a polygon 
can be measured, and the distant angles be determined by in- 
tersection ; in this case the area may be founds independent 
of construction, by the following problem. 

PBOBLEM I. 

Given the Length of One of the Sides of a Polygon, and the 
Angles made at its two extremities by that Side and Lines 
drawn to all the Other Angles of the Polygon ; to find an 
Expression for the Surface of that Polygon. 

Here we suppose known Pa; also 
Apa = a', BPa = 6', cpa = c', DPa = d'; 
A Qp = a", BOP = b'\ cap = c^. Dap = d!\ 
Now, sin PAa = sin {d-\-d')\ sin PBa = 
sin (6'+A"). 
Therefore, sin id + tf") : PCi : : sin a" : pa = . ^'" " ,,, PO. 

And, ... sin iV + A") : Pa : : sin h" : P3 = . *'" /«>> ^Q* 

' \ * ^ sin (^+£» ) 

But, triangle apb = ap . pb . i sin apb=^ap . pb . sin (a'— i'). . 
Hence, surface A apb = Jpa* .■ . . . — ^r — -. — - — -rr. 

^' Bin (a + a) . sin {l/+ii ) ^ 

_ ... ^ , * sin fc" . sin c" . sin (b'—c*) 

In like manner, A bpc = ^pa* . . ,,, ,,., — r-~ — :r^. 




sin a 



A CPD = ipa* 



sin (f' . sin rf' . sin (<*— d*) 



sin (c' + c";. bin {(T + tty 

&c. &c. &c, 
A Dpa = ap . PD . i sm DPa = Pa r . ,., ^.^ . tpa . sm(r= 

* sin (tf + cf ) * 

- sin d' . sin if ^ _ 

^^Q^' sin((/^-0 '' Consequently, 

r ging^.sinr .sin(d^-y) 
sin (a^+ a") .sin (^'4-^ 
sinr .sin<^\ sin(y-c ) 

"»"8iu(^' + b"). sin (c' + c") 
Surface PABCna = -^Pa* . ^ s in c^ . sin <r\ sin (c-<f) 

+ 8in (c'+ O.Bin {df + d") 
, sin d' . sin <f' 

"* ^n(d'i-0 * 

The -same method manifestly applies to polygons oi any 
number of sides : and all the terms except the last are so per- 
fectly symmetrical, while that last term is of so obvious a 
form, that there cannot be the least difficulty in extending 
the formula to any polygon whatever. 
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PROBLEM II* 




Giren^ in a Poljgon^ All the Sides and Angles^ except three ; 
'to find the Unknown Parts. 

This problem may be divided into three general cases, as 
shown at the beginning of this chapter : but the analytical 
solution of all of them depends on the same principles ; and 
these are analogous to those pursued in the analytical investi- 
gations of plane trigonometry. In polygonometry, as well as 
trigonometry, when three uiJcnown quantities are to be found, 
it must be by means of three independent equations, involv- 
ing the known and unknown parts. These equations may be 
d€hduced from either theorem 1, or 3, as may be most suited 
to the case in hand ; and then the unknown parts may each 
be found by the usual rules of extermination^ 

For an example, let it be supposed that 
in an irregular hexagon abcdef, there 
are given all the sides except ab, bc, and 
all the angles except b; to determine 
those three quantities. 

The angle B is evidently equal to (2n — 4) right angles — 
(a + c + d + e + p); n being the number of sides, and the 
angles being here supposed the interior ones. 

L^t ab = jr, bc = y : then, by th. 1, 

X ZZ y , cos B + DC . cos AB^CD + DE . cos AB^ED 

+ EF . cos AB^EF + AF . COS AB^AFj 

y = X . COS B + AF . COS BC^AF + FE • COS BC^FE 

+ DE . COS BC ^DE -f" I>C • COS BC^CD. 

In the first of the above equations, let the sum* of all the 
terms after v . cos b, be denoted by c\ and in the second the 
sum of all those which fell after x . cos B, by rfj both sums 
being manifestly constituted of known terms ; and let the 
known coefficients of :r and j/ be m and n respectively. Then 
will the preceding equations become 

jr = ny + c . , . . J/ =: mx + d. 
Substituting for j/, m the first of the two latter equations, its 
value in the second, we obtain x = nmx + wd + c. Whence 
there will readily be found 

X z=L ' , and y = -— 



wn 



Thus AB and bc are determined. Like expressions will serve 
for the determination of any other two sides, whether conti- 
guous or not : the coefiicients of x and j/ being designated by 
difierent letters for that express purpose V which would have 
been otherwise unnecessary in the solution of the individual 
case proposed. 



POLTGONOMETHr. , 1 57 

Jtetnark. Though the algebraic investigations commonljr 
lead to results which are apparently simple, yet they are often, 
especially in polygons of many sides, inferior in practice to 
the methods suggested by subdividing the figures. The fol- 
lowing exan^ples are added for the purpose oiexplaining those 
methods : the operations however are merely indicated ; the 
detail being omitted to save room. 

EXAMPLES. 

Ex, 1. In a hexagon abcd^f, all the sides except af, and 
all the angles except a and F, are known. Required the un- 
known parts. Suppose we have 

AB = 1284 Ext. ang. ^ Whence 

BC = 1782 B = 32^ B-hc = 80* 

CD = 2400 c = 48* B +C + D = 132" 
DB = 2700 D = 52' B + c4-» + E = 198* 
EF = 2860 E = 66"* , A + F = 162% 

Then, by cor. 3 th. 2, tan baf = 

BC. sin B + CD. tip (8 + 0)4- PB . g'wi (tHhC + PJ+BF. ^\n (m + c -i- D -i- 1) 
AB<f BC. cos B + CD. C€)8(b •!-€) + DB .COS (B-f C + d) 4* KP • COS (B4- C -f D+ B) 

BC .sio 38^4- CD sin 80° 4- DB , gin 132^4- bf . sin 19S0 

*~ AB4-BC .CQ8S2°4-Cb .COS 80^4- BB . COS 132° 4- EP • COS 198^ 

BC . sin 32° + CD . sin 80°4-db . sin 48**— bp . sin 18^ 

AB + BC . COS 32° 4- CD . COS 80°— DE . COS 48" — EF . COS 1 3°* 

Whence BAFis found 106^3r38"; and the other angle afe= 
9l°2S'22\ So that the exterior angles a and f are 13''28'22", 
and 88*^3 r38" respectively : all the exterior angles making 4 
right angles, as they oilght to do. Then, all the angles being 
known, the side af is found by th. i = 4621*5. 

If one of the angles had been a re-entering one, it would 
have made no other difference in the computation than what 
woul^d arise from its being considered as subtractive. 

Es. 2. In a hexagon abcdef, all the sides except AF^and 
all the angles except c and d, are known : viz, 
AB=2400 Kx.Ang. 
Bcs=2700 A =54'' 

CDe=:3200 B'=62*' 

DE==3500 E=64° 
SF=3750 F = 72 



o 



We shall have, by th. 4 cor. 1, 

AB.sinA V CoE.sin(E+F) 

+ BC . «n( A+B) > = j ^ Ep . 3^i7p/ 

+ CO . sm (a+b+c) N / 



/■ — AB . sin 54° 
Therefore, CD . «n (116- + c) = | ;»«^- jj J^f. 



'^Vift 
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The second of these will give for c, a re-entering angle ; 
the second will give exterior angle c = 33° 2 3' 2 6", and then 
will D = U° 36' 34". Lastly, 

— AB • COS 54° 

-f Bc . COS 64* 
AF = <^ 4 CD . COS 30'*36'34" > = 3885-905. 
4- DE \ COS 44" 

— EF . COS 72' 

Ex. 3. In a hexagon abode f, are known, all the sides ex- 
cept AF, and all the angles except b and £ ; to find the rest. 
Given ab = 1200 Exterior angles a = 64** 
BC = 1500 

CD = 1600 c =72° 

DE = 1800 D =75° 

ef = fOOO 

F = 84°. 
Suppose the diagonal bb drawn, dividing the figure into two 
trapeziums. Then, in the trapezium bcde, the sides except 
B£, and .the angles except b and e, will be known \ and these 
may be determined as in exam. 1 . Again, in the trapezium 
ABEF, there will be known the sides except af> and the- 
angles except the adjacent ones b and E. Hence, first for 
BCDE: (cor. 3 th. 2), 

CD . sin c+DE . sin (c + d) 
tan CBE = ^ ~ = 

BC + CD . COS C + DE . COS (c + D) 

CD . sin 72° + DB . sill 14";° . cd . sin 72"+ de . srn 33* 

BC + CD . COS 72*^+ DE . COS 147° BC + CD . COS 72°— DK . COS 33°* 

Whence cbe = 79^2'-i"; and therefore deb = 61° hli b^'\ 

r BC . cos 79^ 2' 1"! 
Then eb= \ +cd. cos T 2' \"\ = 2548»581. 
t+DE.cos67°57'59''3 
Secondly, in the trapezium abef, 
AB . sin A + BE . sin (a + b) = ef . sin f : whence 

. , , V KF . sin F — AM . sin n . C 20"55'54 ', 

sm(A + B) = r-^^ = sm Jj^^o 4^ g-^ 

Taking the lower of these, to avoid re-entering angles, we 
have p (exterior ang.) = ^b""^'^" \ abe=84°55'54"; feb= 
63'*4'6": therefore ABC= 163° 6T55"; and FEDrirlSl'^g'S": 
and consequently the exterior angles at b and E are 16° 2' 5" 
and 48** 5 7' 5 3" respectively. 

Lastly, AF = — AB . cos A — BE . cos (A + B) — EF . cos F= — 

AB . cos 64^ + BE . COS 20** 55' 54"- ef . cos 84°= 1645-292. 

J\ ote. The preceding three examples comprehend all the 
varieties which can occur in Polygonometry, when all the sides 
except one, and all the angles but two, are known. The un- 
known angles may be about the unknown sidej or they may 

be 
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BC = 2400 

DE = 4800 
EF = 5200 



be adjacent to each other, though distant from the unknown 
side ; and they may be remote from each other, as well as 
from the unknown side. 

Ejv. 4. In a hexagon abcdef, are known all the angles, 
and all the sides except af and CD: to find those sides.- 
Given ab :;= 2200 Ext. Ang. a = 96** 

B = 54^* 
C = 20* 
D = 24* 
E = 18" 
F = 148°. 

Here, reasoning from the principle of cor. th. 2, we have 

AB . sin 96°) f ,^«o OFAB .sin 84°"! f • •*• 

4.BC .sin 150°U J , ^^ ' ^-n \l^ +BC .sin30-f ^iJ^'-'l^^S 
+ CD.sinl70°i |+«F .sml48°. +cD.sinlO°S <+'^'-«"^- 

Whence 5 de . sin 14® . cosec 10® — ab . sin 84*> . cosec 10° ? _ ^..f. t- 
CD= ^ + EF . sin 32^ . cosec 10* - bc . sin 30° . cosec 10*» J "" *^*^'^'* 

And ^ DE . sin 24° . cobcc 10° — cb . sin 20** } ia'X'ja or 
AT^ ^ +Ei?.sin42o.c6seclO°- BA.sin74®S ^ * 

J?^. 5. In the nonagon abcdefghi, all the sides are known^ 
and all the angles except a, d, g : it is required to find those 
angles. 

FG = 3800 Ext. Ang. B = 40' 

GH = 4000 

HI = 4200 

lA = 4500. 



Given ab = 2400 
BC = 2700 
CD = 2800 
DE = 3200 
EF = 3500 



Suppose diagonals drawn to join the 
unknown anglesj and dividing the po- 
lygon into three trapeziums and a tri- 
angle; as in the marginal figure. Then, 

1st. In the trapezium abcd, where 
AD and the angles about it are unknown; 
we have (cor. 3 th. 2) 

sin B + cp .sin (b + c) 



C =32* 
E =36* 
F = 45' 
H = 48*' 
I = 50^ 




BC 



1 ^V 

BC . sin ^0° + CD . sin 72» 



tanBADz: _ « ^r 

AB + flC . cos B+CD ,COS.(b + C) AB + BC . COS40° + CD . COs72^ 

Whence bad = 39° 30' 42, cda = 32** 29' 18". 

( AB . cos 39°30'42" ) 
And ad = ^ + BC . cos 29 18 ^ = 6913-292. 
(.+ cb . cos 32 29 18 ) 

2dly. In the quadrilaterarbEFG, where DG and the angles 
about it are unknown; we have 

EF . sin E + ro. sin (e + f) ef .sin^6°+ fg .sinSl* 

tanEDG^: -^^ — — 



DE+ EF . COi? E + rO . COS(e + F) DE + EF. C0s36"+FG .COS*^ 
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, FGD = ay ^o 4 . 

5**14'53">- = SS12'8QS. 
9° 45' Ti 



Whence edg = 4P 14' 53", fgd = 39°45'r. 

SDE.cos4r'^''"'" 
+ EF . COS 5 
+ FG. COS 39 

3dly. In the trapezium ghi a, an exactly similar process gives 
HGA = 30^ 46' 53", I AG = 4T 13' 7", and AG = 9780-591. 

4thl7. In^the triangle Ario, the three sides are nowiaiowii, 
to find the angles: viz, dag =60** 53' 26", agd=,43*'15'54", 
ADG = 75** 5(y 40". Hence there results, lastly, 

lAB =47'13' 7" + 60''53'26'' + 39*30'42"=147*'3ri5", 

CDE = 32*'29'18'' +70** 50'40" + 4r 14'53"=: 149** 34'51", 

FGH = 39** 45' 7" + 43^ 1 5' 54" + 50** 46^53" = 1 33** 47'54". 

Consequently, the required exterior angles ^e A=32**22'4S"i 

D = 30° 25' 9", G = 46° 12' 6". 

Ex. 6. Required the area of the hexagon in e:^^ 1. 

An$^ 16530191; 

jFjr. 7. In a quadrilateral abcd, are given ab=24, bc=30, 
CD = 34 5 angle ABC = 92*^1 8", BCD = 97°23'. Required the 
side AD, and the area. 

E:i;. 8. In prob. I , suppose pa = 2538 links, and the angles 
as below ; what is the area of the field abcdgip ? 

APa=89''i4', BPa=68''li', cpa=36«24', Dpa= 19^5?'; 
Aap=25°18', Bap=69*24', cap=94° 6', dcipizISI'^IS'. 



CHAPTER VII. 



PROBLEMS BELATIVB TO THE DIVISION OF FIBLDS OR 

OTHER SURFACES. 

I 

PROBLEM I. 

To Divide a Triangle into Two Parts having a Given Ratio, 

mm. ' 

1st. By a line drawn fi:om one angle 
of the triangle. 

Make AB : ^B::m : fn+ ni draw cd. 

So shall ADC, BDC, be the parts required. ^ 

Herei evidently, ad = -^ ab, db = -~ ab. 

2dlj. 
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2dly. By a line parallel to one of the sides of the triangle. 

Let ABC be the given triangle, to be 
divided into two parts, in the ratio of m 
to 77, by a line parallel to the base ab* 
Make CE to £B as m to n : erect ed per- 
pendicularly to CB, till it meet the semi- 
circle described on CB, as a diameter, in 
D. Make cf=cd : and draw through f, gf || ab. So shall GV 
divide the triangle abc in the given ratio. 

For, CE : cb= — : : cd*(=cf*) : CB*. But ce : eb : : m : 77. 

or CE : CB : : wj : wi + 71, by the construction : therefore* 
CF* : CB* :: m:m + n. And since A cgf : A cab : : cf* : CB*; 
it follows that cgf : cab : : tti : tti + 7z, as required. 

Computation. Since cb* : cf* : : i» + 7i : tw, therefore, 
(m + 7z)cF* = m . CB*; whence cv^(m + 7i) =t cb-v/w, or 

CF = CB v/- 



m + n 



In like manner, CG = CA \/ . 

~ ffl + H 




Sdly. By a line parallel to a given line. 

Let HI be the line parallel to which 
a line is to be draw;n, so as to divide 
^e triangle abc in the ratio of m 
to n. 

By case 2d draw gf parallel tp ab, 
so as to divide abc in the given ratio. 
Through F draw fe parallel to hi. 
On C£ as a diameter describe a semi- 
circle; draw GD perp. to AC, to cut 
the semicircle in d. Make cp = cd : 
through p, parallel to ef, draw pa, the line required. 

The demonstration of this follows at once from case 2; be- 
cause it is only to divide fcs, by a line parallel to fs, into two 
triangles having the ratio of fce to fcg, that is, of CB to CO. 

Computaiim. co and cf being computed, as in case 1 , the 
distances ch, ci being given, and cp being to ca as ch to ci: 
the triangles cgf, opq, also having a common vertical angles 
are to each other, as cg.cf to ca . cp. These products there- 
fore are equal ; and since the factors of the former are known, 
the latter product issknowrf. We have hence given the ratio 
of the two lines cp( =x) to co(==y) as ch to ci ; say, as p to 
y ; and their product = cf . CG,^y =c a( : to find x andy. 

Here we find x = V^, y = v/^- That is. 



CP ='V/ 



CP .CO . CH 



5 C<^= \/ 



CF . CO . CI 



CI ' ^ '^ CH 

N. B. If the line of divisicm were to be perpendicular to 
one of the sides^ as to CA^ the constipiction woiikL be svov^lis^ 
VoLt III. M ^^ 
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cp would be a reometrical mean between CA and ci> fr 

° • tn-hn 

being the foot of tie perpendicuhtr from b upon ac. 
4fthly, By a line drawn through a given point p. ^ 





By any of the former cases draw Im (fig. 1 ) to divide the 
triangle abc, in the given ratio of vi to 7i : bisect c/ in r, and 
throngh r and 7;t let pass the sides of the rhomboid crsjiu 
Make ca = Ptf, which is given, because the point p is given 
in position : make cd a rourth proportional to Cfl, cr, cm ; 
that is, make ca : cr :: cm : cd\ and let a^ and d^ be two 
angles of the rhomboid cabd^ figs 1 and 2. p^, in figure 2, 
being drawn parallel to ad describe on ed as a diameter the 
semicircle efd^ on which set oflF ef zzce •=■ a? \ then set off 
dvL or dM^ on ca equal to dj^ and through p and m, p and M% 
draw the lines lm, l'm', either of which will divide the tri- 
angle in the given ratio.— The construction is given in 2 figs* 
merely to avoid complexness in the diagrams. 

The limitations are obvious from the construction : for, the 
point L must fall between a and c, and the point M between 
A and c; a? must- also be less than p^, otherwise ^cannot- 
be applied to the semicircle on ed. 

Demon. Because cr = \cl^ the rhomboid cr^m = triangle 
c6w, and because ca ; cr : : cm : cd^ we have cA. cd=cm.cr, 
. therefore rhomboid cabd = rhomboid crsm = triangle dm. 
By reason of the parallels cb, bd, and ca, ab, the triangles 
ALP, rfcM, Agp, are similar, and are to each other as the 
squares of their homologous sides av, duy bv : now ^rf* = ep- 
+ 4f^i by construction; and ed = ^b^ef -ri ap, df = ^m ; 
therefore pi* = ^P* + rf^% or, the triangle p3g taken away 
from the rhomboid, is equal to the sum of the triangles apL, 
i/MG, added to the part capcd: consequently clm = cabdy as 
required. By a like process, it may be shown that al'p, c/g'm', 
pia, are similar, and ai/p + dau' = pio'; whence vbdu'=^ 
ah'f, and cl'm' =; caW,^ as required. 

Com^ 



^ ' 
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Computation. , c/, cm, being known^ as well as ca, ap, or 
ce*, ep, cr = ic/, is known ; and Hence cd may be found by 
the proportion cfl : or : : cm : cd. Then cd— ctf = edy and 

\/€d* - eff=.y/ed^ -ap* =.df=.dM = du'. Thus cm is 
determined. Then we have — '■ — == CL. 

^ CM 

N. B. When the point is in one of the sides, as at M ; then 
make cL . cm . (//i + w) = CA . CB . 7n, or, cl : CA : : m . cb : 
{wi-hw)cM, and the thing is done. 

5thly. By the shortest line possible. 

Draw any liixe pq dividing the triangle in 
the given ratio, and so that the summit of the 
triangle cpa shall be c the most acute of the 
three angles of the triangle. Make cm = CN, 
a geometrical mean proportional between cp 
and ca ; so shall mn be the shortest line pos- 
sible dividing the triangle in the given ratio.-^ 
The computation is evident. 

Demons. Suppose mn to be the shortest A 

line cutting off the given triangle cmn, and /i\v 

CG J_ MN . mn = MG +. ON = CG . COt M + y fa. \ . 
CG . cot N = CG (cot M + COt n). But, COt M + / \ 

cot N = -: H- -r-- ^ -r-^ — — ^. Atidfequa. 

sin M sin N sin M. sin N ^ ^ 

XVIII, ch. iii) sin m.. sin n =: 4^ cos (m — n) — |^ cos (m 4- n) = 

-I: COS (m— n)+4 cos c. Theref. mn=cg . ^ — ~ " 4- ** !** ^l ; 

which expression b a minimum when its denominator is a 
maximum ; that is, when cos (m— n) is the greatest possible, 
which is manifestly when m — N = o, or m = n, or when the 
trianglecMN is isosceles. That the isosceles triangle must 
have the mest acute angle for its summit, is evident from the 
consideration, that since 2 A cmn = cG . mn, mn varies in- 
versely as CG; and consequently mn is shortest when CG is 
longest, that is, when the angle c is the most acute. 

N. B. A very simple and elegant demonstration to this 
case is given in Simpson's Geometry: vide the book on Max. 
and Min. See also another demonstration at case 2d prob. 
6th, below. , 



»- • 
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To Divide a Triangle into Three Parts, having the Ratio of 

tKe quantities m^ n, p. 

^ ' • * 

1st. By lines drawn from one angle of the triangle to the 
opposite' sidei* 

M 2 ^W\^^ 



I 



IM 
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Divide the side ab, opposite the angle c 
Irom whence the lines are to proceed, in the 
^¥en ratio at d, e ; join cd, ce ; and ago, 
j>C£» BCB, arjc the three triangles required. 
The demonstration is manifest ; as is also, the 
computation. 

If it be wished that the lines of division be the shortest the 
•nature of the case will admit of, tet them be drawn &om the 
most obtuse angle, to the opposite or longest side. 

2dl7. By lines parallel to one of the sides of the triangle. 
Make CD : DH : HB : : 7n : n : p. Erect 
DB, HI, perpendicularly to cb, till they meet 
the semicircle described on the diameter 
CB) in £ and i. Make cf = C£, and ck= 
CI. Draw GF through f, and lk through K, 
parallel to ab ; so shall the lines of and lk, 
divide the triangle abc as required. 

The demonstration and computation will be similar to those 
in the second case of prob. 1. 

3dly. By lines drawn from a given point on ofte of the 
sides. 




Fig. I. 




Fig.2. 




m 

Let 9 (fig. 1 ) be the given point, a aad b the ppiats mlngii 
jdivide the side ab in the given ratio of m,n,p: the'pmiit > 
falling between a and i. Join re, parallel to which dcaw ac, 
bd$ to meet the sides ac, bc, in the points c and d : join FT, 
if (if, so shall the lines cp, vd^ divide, the triangle in the fftm 
ratio. 

in fig* 2, where p fall? nearer one of the.extremitie8.of AB 
than both a and b^ the Qonstmction is essentially the nxa^y 
the sole difference in the result is, that the points c, and df 
hoth fall on em side ac of the triangle. 

DeVKm. The lines ca, c^, divide the triangleinto the givai 
ratio, by case 1st. But by reason of the parallel lines jor, pc, 
bd, A ace zz A acp, and A bdc = bdv. Therefore, in fig. 1, ' 
AAc + flcp = Aflc + ace,. that is, Arp = aac : and bW4- bdt 
^ bW + bdCi that is, Bflf? = bAc. Consequently, th^ re- 
mainder cc^d = ctfA.— ^In fig. 2f ACP = Aac, and Arfp = acJ} 
therefore c^d = acp; and acb — Arfp = acb — Acft, that is, 
€BPt/= cb6. • 

Computation. The perpendiculars cg^ cd being denattrdi 

ACV 
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A ACP : A ACB : : w : m+n+p : : ap. eg : ab.cd. Therefore 

On+n+p) ATXg=im.AB.CD, and <^e=' ^2+1+pUf ' '^^^^^°^ 
eg being thus known» we soon find ac ; for CD : ac : : c^ : 

AC ,Cg m . AB .AC TJJ1* • 1. 

AC sc 2 = — , Indeed this expression may be 

€D (m + n + p) AP ^ ^ 

deduced more simply ; for, since acb : acp : : ac • ab : 
Ac.AP :: w+n+p : w,wehave(wi+w+p) Ac.AP=m.AB.AC9 

and AC = 7-—-^ — ^ . By a like process is obtained, in 

fig. 1, Ba = ^"^^ ^ . — ; and, in fig, 2, Ad = -7 7 — . 

4thly. By lines drawn firom a given point p within the 
triangle. ' ^ 





CbTUf. Through p and c draw the line cvp^ and let the 
triangle be divided into the given ratio by |ines /7C, pd^ drawn 
from p to intersect ac, bc, or either of them ; according to 
the method described in case 3 of this problem. Through p 
draw PC, p(/, and respectively parallel to them, from p draw 
the lines j9m, pN : j(Hn pm, pn ; so shall these lines with pp, 
divide the triangle in the given ratio. 

Demon, The triangles cpm, c?py are manifestly equal, as 
are also dpN, dvp\ therefore cpm = cpc, and cpn = cpd\ 
whence also» in fig. 1, cnpm == cdpCy and, in fig. 2, cb^pn = 
CMpd. 

Ccmput. Siiice cp . cn ^=: cp . cd, we have cn = 2-i^. 

In like manner cm = ^ ' . 

CP 

Remark. It will generally be best to contrive that the 
smallest share of the triangle shall be laid ofiT nearest the ver- 
tex c of the triangle, in order to ensure the possibility of the 
construction. Even this precaution however may scnnetimes 
fail, of ensuring the construction by the method above given: 
when this happens, proceed thus : 

By case I , draw the lines c^, cc, from 
thtr vertex c to the <>ppcisite side Ai, to dU 
vide the triangle in the given ratio. Upon 
AB set off any where mn*, so that mk : ab : : 
pp (the perp. firom P on ab) : cpj t|ie alti- 
tude of the triangle. If mp and pk are to- 
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gether to be the least possible, then set off -^mn on each side 
the point p : so will the triangle mpn be isosceles, and its 
perimeter (with the given base and area) a minimum. 

5thly. By lines, one of which is drawn./rom a givfen angle 
to a given point, which is also the point of concourse of the 
other two lines. 





Art *ai 



Ccn&t, By case 1st draw the lines ca, c6, dividing the 
triangle in the given ratio, and so that the smaller portions 
shall lie nearest the angles A and b (unless the conditions of 
the division require it to be otherwise). From p and a demit 
upon AC the perpendiculars p/?, ac ; and from p and 6, on 
Bc, the perpendiculars -p^, bd. Make cm : ca : : ac : p/?, and 
ON : CB : : W : Py . Draw, pm, pn, which, with CP, will divide 
the triangle as required. 

When the perpendicular from b or from a, upon bc or ac, 
is longer than the corresponding perpendicular frqm p, the 
point N or M will fall further from c than B or a does. Sup* 
pose it to be N : then make nV : Vb : : Ne : eVy and draw pit' 
for the line of division. 

The demonstration of all this is too obvious to n^ed trat<> 
ing here. 



Comput. The perp. ca :r: Aa. sin a ; and cm = 



CA • oc 



bd =: Bb . sin B : and CN = — '- — ^, 

6thiy. By lines, one of which falls from the giv^n point of 
concourse of all three, upon a given side, in a given angle* 
- Suppose the given angle to be a right 
angle, and vf the given perpendicular : 
which will simplify the operation, though 
the principles of construction will be the 

same. ....- /^X/l "KV 

Const. Let Cfl, cJ, divide the triangle l&X ^fbUB 
in the given ratio. Make/N : CB : : i(/ : p/i 
^dju : ca :: ac : vji. and draw pn, pm, thus forming two 
triangles p/n, p/m, equal to c6b, caa, respectively. If n fall 
between^and B,*and M between a and/, this construction 
, manifestly effects the division. But if one of the points, sup- 
pose M, falls beyond the corresponding point A, the line pm 

intersecting 
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intersecting ic in ez then make u'e :€A :: eu: er^ and draw 
3pm' : «o shall ify fm', fw, <ifvide the triangle as required- 

Comput. Here ca and bd are found as in case 5th;* and 
hence /n = ^; and/M =—^p. Then pm = ^(m/+^p*), 

and — = sin m. Also 180*~(M+A)=ii«fA. Then sin m^a : 
sin M : sin A oc ma( = ai/'— a/") : ke : m^. Again pczzpm — Mtf; 
and lastly mV = — ^-^. 

Here also the demonstration is manifest. 

7thly. By lines drawn from the angles to meet in a deter- 
minate point. 

Constmr. On one of the sides, as ac, set 
off AD, so that AD : AC : : ?» : m + n + p. 
And on any other, as ab, set off be, so that 
BE : Bc :: 71 : 9n + w + p. Through D draw 
DG parallel to ab; and through E, kh parallel 
to bc; to their point of intersection i draw the lines ai, Bi, ct, 
which will divide the triangle abc into the porfions required. 

Danon, Any triangle whose base is a a, and whose vertex 
falls in dGl parallel to it, will manifestly be to abc> as ad to 
AC, .or as m to m .+ w + /? : so also, any triangle whose base 
is BC, and whose vertex falls in eh parallel to it, will be to 
ABC, as BE to BA, that is,,as w to w -J- 7i + p. 

Thus we have AIB : acb.: : m iin + n +.P, 
and . . . Bic : acb : :n : vi + ji + p, 
therefore . . aib : bic : : m : w. 
And the first two. proportions give, by composition, 
AIB + Eic : acb urn + n : m + « + p; and by division, 
acb — (aib+eic) : acb :: m-^-n+j) — (w-fw) :m + n+p, 
or Aic : acb :: p : m -j- n +p, consequently aib : Bic : aic 

Loinput. BE = Gi = ; BG = ; ande BGI 

3^ 2 right angles — B. Hence, in the triangle BGi, there are 
known two sides and the included angle, to find the third 
side BI. 

Beniark. When m^^n^^ p, the construction 
becomes simpler. Thus;: from tfhe vertex draw 
CD to bisect AB ; and from b draw be in like 
manner to the middle of ac :' the point of inter- A 
section i of the linescD, be, will b^ the point sought. 

For, on be and be produced, demit, from the angles cand 
A, the perpendiculars ci, ak: then the triangles CEi, ab&, 
ar£ equal in all respectSf because ab r= C£, kab = ice, and 

the 
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the equal angles of two triangles having a common angle are 
equal, those triangles are equal i therefore A ihd = A ipm. 

Q. JE. D* 

CompuL In the triangles adi, adg, are given all the angles, 
and the side adj whence ai, ag, di, and ic, = di — dc, be- 
come known. In the triangle ifc, all the angles and the side 
IC are known ; whence if becomes known, as well as fh, 
since ah : he : : 711 : w. Lastly, IP = V(lH . Ig), and IG : 
ID :: IP : im. 

Cor, 1. When the line of division pm is to be perpendicu- 
lar to a side, or parallel to a given side ; we haye only to draw 
DG accordingly : sd that those two cases are include in this- 

Cor. 2. When the line pm is to be the shortest possible, it 
must cut off an isosceles triangle towards the acutest angle ; 
and in that case ig must evidently be equal to id. 

3dly. By a line drawn through a given point. 

The method will be the same as that to case 4th prob. 1 , 
and therefore need not be repeated here. 

Scholium. If a quadrilateral were to be divided into four 
parts in a given proportion, w, w, />, ^ : we must first divide 
it into two parts having the ratio of vi -\- riy to p -\- q \ and 
then each of the quadrangles so formed into their respective 
ratios, of m to r?, and p to y. 

problem v. 

To Divide a Pentagon \ into Two Parts having a Given 
Ratio, from a Given Point in one of the Sides. 

Reduce the pentagon to a triangle by prob. 37, Geometry, 
and divide this triangle in the given ratio by case 1 prob. 1 . 

problem VI. 

To Divide any Polygon into Two Parts having a' Given 

Ratio. 

1st. Frotn a given point in the perimeter of the polygon. 

Construe, Join any two opposite 
angles a, d, of the polygon, by the line * A^LiJ- 

ad. Reduce the part abcd into an /• " 

equivalent triangle Nrs, whose vertex ^y 

shall be the given point p, and ba^e ad V'TS. 
produced : an operation which may be J^ 

performed at once, if the portion abcd Xjr 

be quadrangular ; or by several opera- 
tions (as from 8 sides to 6, from 6 to 4, &c,) if the sides be 
more than four. Divide the triangle nps into two parts hav- 
ing the given ratio, by the line ph. In like manner, reduce 

ADEF6A 
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IMvIde FB in M, in the given ratio of m to n : join p, m ; so 
skali the line pm divide the quadrilateral as required. 

Demon. That the triangle fpe is equal to the quadrangle 
ABCD, may be shown by the same process as is used to demon- 
strate the construction of prob. 36, Geometry ; of which, in 
fact/ this is only a modification. And the line pm evidently 
divides fp^ in the given ratio. But fpm = adpm, and epm = 
BCPM : therefore pm divides the quadrangle also in the given 
I'atio. 

Remark 1. If the line pm cut either of the sides ad, bc, 
then its position must be changed by a process similar to that 
described in the i5th and 6th cases of the last problem. 

Remark 2. The quadrilateral may be divided into three^ 
four, or more parts, by a similar method, being subject how- 
ever to the restriction mentioned in the .preceding remark. 

Remark 3. The same method may obviously be used when 
the given point p is in one of the angles of the figure. 

Cwmput* Suppose i to be the point of intersection of the 
sides DC and ab, produced \ and let the part of the quadrila- 
teral laid off towards i, be to the other, 2&n\.Qm^ Then we 

, n(lD . lA — IB . ic) A . ^t_ J» . y» 

have iM 3= — 7 r ' . As to the distances di, ai, (smce 

(m + n) IP ' '^ 

the angles at A and d, and consequently that at i, are known), 
they are easily found from the proportionality of the sides of 
triangles to the sines of their opposite angles. 

2dly. By a line drawn parallel to a given line. 

Construe. Produce do, ab, till 
they meet, as at i. Join db, pa- |^ 

rallel to which draw cf. Divide af 
in the given ratio in h. Through 
D draw dg parallel to the given / . . _, , 
line. Make IP a mean proportiopal as p k ^"^—y" \ 
between ih, ig ; through p draw 

PM parallel to gd : so shall pm divide the quadrilateral abcd 
as required. 

Demon. It is evident, from 4:he transformation of figures, 
so often resorted to in these problems, that the triangle adf 
= quadrilateral abcd (th. 36 Gepm.) : and that dh divides 
the triangle adf in the given rtitio, is evident from prob. I 
case 1. We have only then to demonstrate that the triangle 
IHD is equal to the triangle lpm, for in that case hdf will 
manifestly be equal to bcmp. Now, by construction, ih : 
IP : : IP : IG : : (by the parallels) im : id ; whence, by making 
the products of the means and extremes e^ual, we have 
id . IH s IP . IM ; but when the products of the sides about 
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2d fig. upon EF (produced if necessary) 
demit the perp. ak. Then, in the right- 
angled A AiK, the perp. ak is less than 
the hypothenuse Ai, and therefore much 
more less than the other perp. ad. But, 
of equal triangles, that which has the 

¥*eatest perpendicular, has the least base, 
herefore the base bc is less than the base ef. a. £« d. 

This series of problems might have been extended much 
further ; but the preceding will furnish a sufficient Tariet7» 
to suggest to the student the best method to be adopted in 
almost any other case that may occur. The following prac- 
tical examples are subjoined by way of exercise* 

Ex^ 1. A triangular field, whose sides are 20, 18, and 15 
chains, is to have a piece of 4 acres in content fenced offfrom 
it, by a right line drawn from the most obtuse angle to^the 
opposite side. Required the length of the dividing line, and 
its distance firom either extremity of the line on which it 
fiills ? 

Ex^ 2. The three sides of a triangle are 5, 1 2, and 13. If 
two-thirds of this triangle bd cut ofi' by a line drawn parallel 
to the longest side, it is required to find the length of the . 
dividing line, and the distance of its two extremities fiom the 
extremities of the longest side. 

Ex, 3. It is required to find, the length and position of 
the shortest possible line, which shall divide, into two equal- 
parts, a triangle whose sides are 25, 24, and 7 respec^vely. 

* 

Ex^ 4. The sides of a triangle are 6, 8, and 10 : it i% re- 
quired to cut off* nine-sixteenths of it, by a line that shall pass 
tlurough the centre of its inscribed circle. 

Ex. 5. Two sides of a triangle, which include an an^^e of 
70**, are 14 and 17 respectively. It is required to* divide if 
into three equal parts, by lines drawn pai*allel to its longest 
side. 

Ex. 6i The base of a triangle is 1 12*65, the vertical angle 
57*57', and the difference of tne sides about that angle is S*, 
It is to be divided into three equal parts, by lines drawn from 
the angles to meet in a point within the triangle. The lengths 
of those lines are required. 

Ex. 7. The legs of a right-angled triangle are 28 andt45. 
Required the lengths of lines drawn from die middle of the 
hjipothenusej^to wade it into foucciqual parts. . 

Ex. 
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Ex, %. Tiie length and breadth o£ a rectangle are 15 and 
9. It is proposed to cut off one-ififth of it» by a line which 
shall be drawn from a point on the longest side at the dis« 
tance of 4 from a comer. ■' ■ 

Ex. 9. A regular hexagon, each of whose sides is 12, is 
to be divided into four equal parts, by two equal lines; both 
passing through the centre of the figure. Wlut is the length 
of those lines when a minimum ? 

Ex. 10. The three sides of a triangle are 5, 6, and 7. How 
may it be divided into four equal parts, by two lines which 
sha^ cut each other perpendicularly ? 

^% The student will find that some of these examples wiU 
sulmit of two answers. 



CHAFTBR Vin. 

ON THjS NATURE AND SOLUTION OF EQUATIONS VX 

GENERAL. 

1. In order tx> investigate the general properties oixhm 
higher equations, let there be. assumed between an unknown 
quantity ;r,' and given quantities a, by£j d, an equation con- 
stituted of the continoed product of uniform factors : thus 

(x-i-va) X \x^b) X (jr— c) x <r— d) =s 0, 
This, by performing the myltiplicarions^ and arranging the 
final product according to the powers or dimensions of x, 
becomes 

x?-^ ab\j^rTaic\x4'abcdmO. . . . (A) 
+ acM ^abdi 

^ic\ ^-bed) 

+ bd\ 

+ cdJ 
Now it is obvious tha^b the assemblage of terms which compose 
the first side of this equation may become equal to nothing in 
four difiTerent ways i namely, by supposing either 'x = a, or 
4* = 6, or X S3 c, or x psid^ .£ur in either case one om^^cthtt 
of the hctqn x -*-ir, « — A, xr-.c, x-^J, will be equal ta no* 
thing, and nothing multiplied by any quantity whatever will 

g*ve nothing fiortb^ {raduct. If any other value ^ be put 
r Xf then none of the factors e^Uy e-^i, e-^c, e-^d^ be^lg 
equal ;to, nothing,. their xontinued product cannot beequal-to 
nothing. Ulcere are tberefi>re| in the prooosed ^qu^tion^ four 
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roots or valoes of t ; and that which cluuvcterizes th' 
ii, that on substituting each of them successively inst 
' the aggregate of the terms of the equation vanaah 
opposition of the signs + and — . 

The preceding equation is only of the fourth pc 
gree ; but tt is manifest that the above remarl: 
equations of higher or lower dimensions : viz, thii 
an equation of any degree whatever has as many r 
are units in the exponent of the highest powc 
known quantity, and that each root has the pro 
dering, by its substitution in place of the unknr 
the aggregate' of all the terms of the equatio' 
thing. 

It must be observed that we cannot have al 
X = b, Jr =: c, &c, for the roots of the equsiti' 
particular equations x — a = 0, x — b=:0, 
obtain only in a disjunctive sense. They ( 
the same equation, because algebra givei j by 
formula, not only the solution of the partic 
which that formula may have originated, br' 
of all problems which have similar condit 
enE roots of the equation satisfy the rer 
and those roots may difFer-from one anoT 
tity, and by their mode of existence. 

It is true, we say frequently that tfaei : 
are ^ = a, .r =r A, x ■= c. Sec, ai thoiiy.* 
existed conjunctively; but this 
breviation, which it is necessary to 
explained above. 

2. In the equation A, all the root 
Victors which constitute the cquaiio 
X -\- c, X + d, the roots would h.^. 
tractive. Thus 

^ j^+ aJ\i*+ abc 



cquatiam c 

'.^ ail its roots re 
will want its secoi 
is equal to the n 
\iW, the equadoa 



■ jII imagmary, « 

I eiil quantities whi 

, in partly pouti^ 

-. iiii-«d lo nothing, t 

" . . i.h uther by ailaiti 

■■ ..-.^lutiim of art. 5 IS 

- J. - O, or a = c. T 

.^:, V likch has its roots pari 
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Here are the two positive roots, viz, or = a, or — 5 ; and cnie 
negative root, viz, ;r = — c : the equatioti being constituted 
of the continued product of the three factors, a: — fl = 0, 
;i' - i == 0, ^ 4- c = 0. 

From an inspection of the equations A, B, c, it may be in- 
ferred, that a complete equation consists of a number of terms 
exceeding by unity the number of its roots. 

4. The preceding equations have been considered as formed 
from equations of th^ first degree, and then ^ach of them con- 
tains so many of those constituent equations as there are units 
in the exponent of its degree. But an equation which ex- 
ceeds the second dimension, may be considered as composed' 
of one or more equations of the second degree, or of the 

' third, &c, combined, if it be necessary, with equations of the 
first degree, in such manner, that the product of all those 
constituent equations shall form the proposed equation. In- 
deed, when an equation is formed by the successive multipli- 
cation of several simple equations, quadratic equatibns, cubic 
equations, &c, are formed ; which of course may be regarded 
as factors, of the resulting equation, 

5. It sometimes happens that an equation contains Imagi- 
nary roots; and then they will be found also in its consti- 
tuent equations. This class of roots always enters an equation 
by pairs ; because they may be considered as containing, in 
their expression at least, dne even radical placed before a ne- 
gative quantity, and because^ an even radic^ is necessarily 

- preceded by the double sign ± . Let, for example, the equa- 
tion be a.*-(2a-2c)ar3-|-(a*-fi*-4tfc4-c*+rf*)i?*-i- (2aV + 
26V - 2ac^ - 2ad'')x + (^* + b") . (^ + d"-) - 0. This may 
be regarded as constituted of the two subjoined quadratic 
equations, x*"— 2aX'{-a^ + b^ = 0, x^ + 2cx + c* -^^ £/* = ^ 
and each of these quadratics contains two imaginary roots ; 
the first giving x=a ± b^ — 1 , and the second a: = — c ± 
flfV-l. 

In the equation resulting from the product of these two 
quadratics, the coefficients of the powers of the unknown 
quantity, and of the last term of the equation, are real quan- 
tities, though the constituent equations contain imaginary 
quantities ; thevreason is, that these latter disappear by means 
of addition and multiplication^ 

The same will take place in the equation (jt— a). (jr4-3) . 
(jr* + 2cx + c* + flP) = 0, which is formed of two equations 
of the first degree, and one equation of the second whose 
roots are imaginary. 

These remarks being premised, the subsequent general 
theorems will be easily established. 
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THEOREM I. 

Whatever be the Spedes of the Roots of an Equation, when 
the Equation is arranged according to the Powers of the 
Unknown Quantity, if the First Term be positive, and 
have unity for its Coefficient^ the following Properties may 
be traced : 

I. The first term of the equation is the unknown quantity 
raised to the power denoted by the number of roots. 

n. The second term contains the unknown quantity raised 
to a power less than the former by unity, with a eoefficient 
equal to the sum of the roots taken with contrary dgns. 

in. The third term contains the unknown quantity raised 
to a power less by 2 than that of the first term, with a caeffi- 
cient equal to the stun of all the products which can be formed 
by multiplying all the roots two and two. 

IV. The fourth term contains the unknown quantity raised 
to a power les^ by 3 than that of the first t^m, with a coefii- 
cient equal to the sum of all the products which can be made 
by multiplying any three 6f the roots with contrary signs. 

V« And so on to the last term, which is the continued 
product of all the roots taken with contrary signs* 

All this is evident from inspection of the equations ex« 
hibited in arts". 1, 2, 3, 5. 

Cor. 1. Therefore an equation having all its roots real, 
but some positive the others negative, will want its second 
term when the sum of the positive roots is equal to the sum 
of the negative roots. Thus, for example, the equation c 
will want its second term, i£a + b = c. 

Cor. 2. An equation whose roots are all imaginary, will 
want the second term, if the sum of the real quantities which 
enter into the e:spression of the roots, is pardy positive^ 
partly negative, and has th6 result reduced to nothing, the 
imaginary parts mutually destroying each other by addition 
in each pair of roots. 7^s, the first equation of art. 5 will 
want the second term if — 2a 4- 2c == 0, or a = c. The 
second equation of the same article, which has its roots partly 
real, partly imaginary, will want the second term if 4 — a + 
2c = 0, or a — A = 2c. 

Cor. 3. An equation will want its third term, if the sum 
of the products of the roots taken two and two, is partly po- 
sitive, partly negative) and these mutually destroy each other, 

Bemark. An incomplete equation may be thrown into the 
forwlpfcomplete equations, J3y introducing, with the coefficient 
a cypher^ the absent powers of the unknown quantity : thus^ 

for 
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for the equation jr' + r = 0, may be written jr' + x* + 
X* 4. r =: 0. This in some cases will be useful. 

Cor. 4. An equation with positive roots may be trans- ' 
Formed into another which shall have negative roots of the 
same value^ and reciprocally. In order to this> it is only ne^ 
cessary to change the signs of the alternate terms, beginning 
with the second. Thus, for example, if instead of the equa- 
tion x^ — 8jr* 4- 1 T-f— 10 = 0, which has three positive roots 
1, 2, and 5, we write x^ + 8^* + llx + 10 = 0, this latter 
equation will have three negative roots x= — l,jr=r — 2, 
.r = — 5. In like manner, if instead of the equation jr*4- 
2^*— 13^" + 10=0, which has two positiye roots x= 1, -r=2, 
and one negative root jr == — 5, there be taken x^ — 2^* — 
13^ — 10 =: 0, this latter equation will have two negative 
roots, ;r=— l,jr = — 2, and one positive root j? = 5. 

In general, if there be taken the two equations, (x — a) x 
{x— 0) X {x— c) X (x — d)x ^Q =^0j and (x + a)x{x +i)x 
{X'\-t:)x \x-\'d)x Sec = 0, of which the roots are the same 
in magnitude, but with different signs : if these equation^ be 
developed by actual multiplication, and the terms arrange > 
according to the powers of x, as in arts. 1,2; it will be seen 
that the second terms of the two equations will be affectied 
with different signs, the third terms with like signs^ the foiflrth 
terms with different signs, &c. 

When an equation has not all its terms, the deficient terms 
must be supplied by cyphers, before the preceding rule caxvbe 
applied. * 

Cor. 5. The sum of the roots of an equation, the sum of 
their squares, the sum of their cubes, &c, may be found with- 
out knowing the roots themselves. For, let an equation of 
any degree or dimension, ?», be x"" + fx^^^ + gx^""^ -{- 
^^w-3 ^ &c = 0, its roots being <z, A, c, flf, &c. Then we 
shall have, . ' 

1st. The sum. of the first powers of the roots, that is, of 
the roots themselves, or a + 6 -f c -f- &c = ^fs since the 
coefficient of the unknown quantity in the second term, is 
equal to the stim of the roots taken with different signs. 

2dly. The sum of the squares of the roots, is equal to the 
square of the coefficient of the second term made less by 
twice the coefficient of the third term : viz, ti* + 6* + c* + 
&c =/' -H- 2g. For, if the polynomial a + 6 + c + &c, be 
squared, it will be found that the square contains the sum of 
the squares of the terms «, 6, c, &c, plus' twice the sum of 
the products formed by multiplying two and two all the roots 
«, A, c, &c. That is> (fl + A+c-f &c)* = a' + 6* + c*+ &c 
+ 2 (a* + ^ + i^ + &c). jBut it is obviouft^fcotxitx^^ ^'*- 

Vox. Ui. N 
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that(a+ *^ tf + &c)* =>^, and {ab ^ ac -{- fcV+ &c) = g. 
Thus we have f^ =^ (d^ + b^ + c^ + &c) + ^g-^ and conse- 
<|umtly flr + 4* + c* + &c =/ - S?^. 

Sdly. The sum of the cubes of the roots, is equal to 3 tinles 
the rectangle of the coeflkient of the second and thtfd tennst 
made less by the cube of the coefficient of the second termt 
apd 3 times the coefficient of the fourth term : viZ) i^ ^ t^ 
-f c* + &c = -/^ + 1ifg - 3A. For we shall bj actualin- 
▼dution, have (« f 6 + c + &c)* = a' + i' + c^ + &c + 
3(a + A + f) X {ab + ac + be) — 3a*c. But (a+6+c + &cy 
== -/',(a + b + c + 8cc)x (ab + ac + be + 8cc):=-/g, 
abc = — A. Hence therefore, — y = a' + i' + c^ + &c — 
^g + 3A J and consequently, a^ + i' + c' + &c = — ^^ + 
;^ -* 3A* And so on, for other powers of the roots.. 

THEOREM II. 

Iii Every Equation, which contains only Real Root*? : 

I. If all the roots are positive, the terms of the equation 
will be + and — alternately. 

II. If all the roots are negative, all the terms will have the 

>igO +* 

.-. III. If the roQts are partly positive, oartly negative, there 

will be as many positive roots as there are variations of signs, 

wd as many negative roots as there are permanencies of signs ; 

ihese variations and permanencies being observed from one 

term to the following through the whole extent of the equai- 

tion. 

In all these, either the equations are complete in their 
terms, or they are made so* 

The first part of this theorem is evident from the exami« 
nation of equation a % and the second from equation b. 

To demonstrate the third, we revert to the equation c 
(art. 3), which has two positive roots, and one negative. It 
inav happen that either c > a + i, or c < a + i. 

In the first case, the second term is positive, and the third 
is negative \ because, having c > a + ^9 we shall have ac + 
^ > (f* + i)*^ > ab. And, as the last term is positive, we see 
that from the first to the second there is a permanence of 
«gns ; from the second to the third a variation of signs; and 
from the third to the fourtL another variation of »«is. Thiis 
there are two variations and one permanence of signs ; that 
is, as m:my variations as there are positive roots, and as many 
permanencies as there are negative roots. 

In the second case, the second t^rm of the equation is ne* 
jiative^ and the third may be either po^tive or tiegative. if 

that 
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that tfrm is poiitive^ there will be from the first to the second 
a variation of signs ; from the second to the third another 
variation ; from the third to the fourth a permanence ; msiking 
in all two variations and one permanence of signs. If the 
third term be negative; there will be one variation of signs 
,4rom the first to thd second; onepermaneiice from the second 
to. the third ; and onevariaticm from the third to the fourth: 
thus making again two variations imd one permanence. The 
number of variations of signs therefore, in this case as well as 
in the former, is the same as that of the positive roots ; and 
the tiumber of permanencies) the same as that of the negative 
toots. 

CoroU Whence it follows, that if it be knowli^ by any 
rheans whatever, that an equation contains only real roots, it 
is also known how many of them are positive, and how many 
negative. Suppose, for example, it be known that, in the 
equation x^ + 3.r^ - 23jr^ - 27jr* + 166jr — 120 == 0, all 
the roots are real : it may immediately be concluded that there 
are three positive and two negative roots. In fact this equa- 
tion has the three positive roots Jt ^s l^ j; zz 2^ x zz 3 ', and 
two negative roots, x=s — 4*, jr=— 5. 

If the equation were incomplete, the absent terms must be 
supplied by adopting cyphers for coefficients, and those terms 
must be marked wiidi the anibiguous sign jb* Thus^ if the 
equaftiod were 

jr* — 20jr' -h 30jr* + \9x - 30 =t 0, 
sdl the roots being real, atid the second terqi wanting. It 
must be written thus : 

x^ ± Ox* - 20.r' + 30j:* + I9x - 30 =: 0. 
Then it will be seen that, whether the second term be posi- 
tive or negative, there will be 3 variations and 2 permanencies 
of signs : and consequently the equation has 3 positive and 2 
negative roots. The roots in fact are, 1 , 2, 3, — i, — 5. * 

This rule <mly obtains with regard to equations whose roots 
are real. If, for example, it were inferred that, because the 
equation x* + 2:r -f- 6 =: had two permanencies of signs, it 
h^ two negative roots^ the conclusion would be erroneous ; 
for both the roots of this equation are imaginary. 

THl^OREM III. 

Every Equation may be Transformed into Another whose 
Roots shall be Greater or Less by a Given Quantity^ 

Is any equation nvhatever^ of which x is unknown, (the 
equations a, b, c, for example) make x = z + 71%, z being a 
itrew xxtikAofmi c^aoftity, tn any given ^uautift^^ ^losk^vi^ <ijt 
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negative: then substituting, instead of jt and its powert^ theif 
values resulting from the hypothesis that a: =s Z'\'mi so shall 
there arise an equation, whose roots shall be greater or less 
than the roots of the primitive equation, by the assumed 
quantity w. 

Carol. The principal use of this transformation is*, to take 
away any term out of an equation. Thus, to transform an 
equation into one which shall want the second term, let m be 

so assumed that nm — a = 0, or m = •— , n being the index 

of the highest power of the unknown quantity, and a the 
coefficient of the second term of the equation, with its sign 
changed : then, if the roots of the transformed equation can 
be found, the roots of the original equation may also be foundy 

because x sz z -{ — . 

THEOHEM lY. 

Every Equation may be Transformed into Another, whose 
Roots shall be Equal to the Roots of, the First Multiplied 
or Divided by a Given Quantity. 

1. Let the equation be z^ + flz* + i% + c = : if we put 

/z =^ Xj or z zz -f the transformed equation will be x^ + 

ffx"^ +f^bx +/h' = 0, of which the roots are the respective 
products of the roots of the primitive equation multiplied into 
ihe quantityyi 

By means of this transformation, an equation with frac- 
tional quantities, may be changed into another which shall 

he free from. them. Suppose the equation were z^ + ^ h 

Y + -^ = : multiplying the whole by the product of the 

denominators, there would arise gkkz^ + hkaz^ + gkbz + 

ghd = 0: then assuming gkkz z= ;r, or « = -rr* the trans- 

formed equa. would be x^ + hkax^ + g^k^kbx+g^k^h^d=0. 
The same transformation may be adopted, to exterminate 
the radical quantities which affect certain tierms of an eaua- 
tion. Thus, let there be given the Equation z' + az*\/K + 
bz + c^k: make zVk = jr j then will the transformed 
equation be x^ + akx*- + bkx + ck^ = 0, in which there are 
no radical quantities. 

2. Take, for one more example, the equation a' + fl2* + 

iz + ^ = 0. Make -4=0:; then will the equation be 

transformed to x^ +y- + ~+~=0, in which the roots 

♦ are 



/ 
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are equal to the .quotients o£ those of the primitive equations 
divided by/. 

It is obvious that, by ahalo^x)us methods, an equation may 
be transformed into another, the roots of which shall be to 
those of the proposed equation, in any required ratio. But 
the subject need not be enlarged on here. The preceding , 
succinct view will suffice for the usual purposes, so far as re- 
lates to the nature and chief properties of equations. We shall 
therefore conclude this chapter with a summary of the most 
useful rules for the solution of equations of different degrees, 
besides those already given in the first volume. 

I. Bales /or the Solution of Zi^dratics by Tables of Sines 

and TangmU, 

1. If the equation be of the form J?* + px = q : 

Make tan A == ~^/g ; thein will the two roots be, 

;r = + tan i^y/q jt x= — cot ^^ a V.qm 

2. For quadratics of the form x^ '- px =s q. 

Make, as before, tan A =» — ^/q : then will 

;r s= — tan \K^q . . . . • or = + cot \k^/q. 
5. For quadratics of the form x* + pjr = — ^. 

Make an a = •jj'V'? • tlien will 

X = — tan iK'i/q x = — cot^A-v/j. 

4. F6r quadratics of the form x^ — px "=- -- q* 

Make sin a = — -v/^ : then will 

P 

X = + tan \Ki^q ^ == + cot\h.*yq* 

In the I^ two cases, if -r^/q exceed unity, sin Ais imaginary, 

and consequently the values of x. 

The logarithmic application of these formulae is very simple. 
Thus, in case 1st. Fitid A by making 

10 + log 2 + i log y — log p = log tan a. 

Thenl6g:r=i + ;?g^^'^t''tt}''^^""!^; 

. \ - (log cot iA + i log jT - 10). 

Note. This method of solving quadratics, is chiefly of use 
when the quantities jc^ and jr are Isu-ge integers, or complex 
fractions. 

IT. Rules for tlie Solution of Cubic Equations hy taUes of 

Sines J Tangents, and Secants. 

1. For cubics of the form x^ + px ±q=s 0, 

Make tan b = ^ . ^\^ip tan a = |/ tan ^b. 

Then r =c ^ cot 2a . 2 V-ip. 
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^ ^iMTciiliM? «" rhe form x* — /ir ± f = 0. 

Itefc ^w:F:r'^.i:^ir tanA=J/ tair|s. 

Tber : = ^F cosec 2a • 2^4^. 

HcK. t: dw vulne ot an s shoold exceed imhr, b vould 
Be ■ migH i i :%> aiui the equatiim would hVL in what is called 
nr rnmtfiATtii^ roir of ctibic&. In that case we mat oaake 

S^. s ^ . Ca'4.v . and then the three roots woold be 



: = ^ sir A . i^^ '^^ 

J = - sir '^^^-^A^C^^. 
! fK vTilii. n: fnr. i were i, we diould have B = 90% tan 
T- . rneretm r. = 4r', and J = T *^ip- Bn: this 
n*".- K? the onh' TOOi . The second snlrrrifin woold give 

^. = ] therefore a = -g-; and then 

.7' = ± fiin S0« . 2^ip = ± V^4^. 
.r =: ± sin 50"^ . Sv^i/^ = ± V^t/^- 

t <rrr i: i>* ^Nv'v^^u^ ^^ ^^ ^^'^ ^^^ ''^'^^ ^^ equalj that their 
^•^.i *. f^al to the third with a contrary sign, and that this 
fh'-*^- *" ^^ '"'^^ which is produced from the first solution*. 

In ihi>^ solutions, the doBble signs in the Talue of jt, re* 
1^ to the doeUe signs in the Yahie ef y. 

>«. B. Cardan^ Rnk for the solution of Cubics is given in 
^ rtns Tolnme of this course. 



% kf^ tdU«s <rf sioes tangents, Sk, beudet tbeir use in trigonometry, and 
i^JIfc vdNiiMi 9itkt cqoatMAi* are mim verjr naefoi in finding the value of 
'AXttCtf'^ ' i P ' " " " * «b«re eztnctiOQ of roots would be otberwis^ required. 
dS^ir« «M h be Any two qfwuitities, of whicb a is the greater. Find x, z^ 

^fti %hi ^9bM tuijr •• V"** sin s "> ^ -» aecy » ---, tan u =» -., and. siu • 
^■^ a • P o ■ - 

Ilt«/(4(^H)*I«| «'fl<C siny •• log ^+log tan y. 

5?V5**-Sr*w{*+*)+tog re-*)]. 

^ VT^^^)"'Nr«'^^Mc « ■> logl<l- logcoaee u, 

hf V(«**)«tlQf«*l- log cots ■> floga -f t los^^ l<Vi>A|y* 

^tlf.^$fm ~£l«f « ♦ iQf eoti + lHtaa45<>d:W]. 

VvimUift* 9ilkifm Ibnmite win often be uwM, wImw two tides of a 
Hljlli lIlM^ f» gitm, t» Bud ibe thiri. 
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III. Sohttian (f Biquadratic Equations. 

Let the proposed biquadratic be jt* + 2px^ = qx^ + rX'{'S. 
Now {x^ ^px-^nY = JT* + 2px^ + (p''-\-2n)x^^2pnx-\-n\ 
if therefore (p* + 2n)jr* + ^pnx + w* be added to both sides 
of the proposed biquadratic, the first will become a compleit 
square (x* + pr + w)*, and the latter part (p* -f 2/» + ?)^ 
-f- (2/m + r)a: f »* + 5, is a complete square if 4{/>* + 2il 
+ ^) • ('i* + ^) = 2/^w + r* ; that is, multiplying and arranging 
the terms according to the dimensions of w, if 8?i^ + 4^* + 
(85 — 4r/))n + 4?5'^'f + 4/>*5 — r* = 0. From this equation 
let a value of 7i be obtained, and substituted in the equadon 
(X* + p^ + nf = (/>' + 2n + 5r>tr« + (2^ + r)x +.»*4- ^5 
then extracting the square root on both sides 

And from these two quadratics, the four roots of the given 
biquadratic may be determined*. 

. Note. Whenever, by taking away the second term of a 
biquadratic, after the manner described in cor* th. 3, the 
fourth term also vanishes, the roots may immediately be ob- 
tained by the solution of a quadratic only. 

A biquadratic may also be solved independently of cubics, 
in the following cases : 

1. When the difference between the coefficient of th^^ 
third term, and the square of half that of the second term, is 
equal to the coefficient of the fourth term, divided by IwljF 
that of the second. Then if p be the coefficient of tlie second 
term, the equation will be reduced to a quadratic by dividing 
it by T* ± ipx. 

2. When the last term is negative, and equal to the square 
of the coefficient of the fourth term divided by 4 times th^t 
of the third term, minus, th.^ square of that of the second : 
then to complete the square, subtract the terms of the pro* 
posed biquadratic from {x^ ±, ipxf^ and add the temsuodfr 
to both its sides. 

,3. When the coefficient of the fourth term divided by 
that of the second term, gives for a quotient the square root 
of the last term: then to complete the square^ add the square 
of half the coefficient of the second term, to twice thes^ugre 
■■ ' ■ ' ' • ' .1 - 1 . . ■ ^1 ^,f ^ j 

* This rule, for soWing bi({uadratics, by conceiriRg each to be the difiereoee 
of twosquares, is frequently ascribed to JDr. Waring ; but its original inventor 
was Mr. Tkonuu Simpson, formerly Professor of Mathematics in the Royal 
Military Academy. 
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root of the last teriht multiply the sum by .r\ from the pro- 
duct take the third term> and add the remaincier to both sides 
of the biquadratics. 

4. The fourth term will be made to go out by the usual 
operation for taking away the second term, wheii the differ- 
ence between the cube of half the coefficient of the second 
term and half the product of the coefficients of the second 
tad third term, i^ equal to the coefficient of the fourth term. 

rV. Euler^s Ride for the Soluimi of Biquadratics, 

Let x^—ax^—bx — t* = 0, be the given biquadratic equa- 
tion wanting the second term. Takey'= ^a, ^' = -^^ + ^rf, 
and h = Vt^*> ^^ ^^/A = 4^ > ^^'^ which values of./, gy h, 
form the cubic equation, z^ —/^* f gz — h = 0. Find the 
roots of thi? cubic equation, and let them be called /?, q, r. 
Then shall the four roots of the proposed biquadratic be these 
following: viz. 

When 4^ is positive. When -^b is negative : 



4. X = — ^j[> — -/^ -i-x/r. 



X = ^p + Vq — Vr. 



Note 1. In any biquadratic equation having all its terms, 
if \ of the square of the coefficient of the 2d term be greater 
than the product of the coefficients of the 1st and 3d terms, 
or •§• of the square of the coefficient of the 4th term be greater 
than the product of the coefficients of the 3d and 5th terms, 
or f of the square of the coefficient of the 3d term greater 
than the product of the coefficients of the 2d and 4th terms; 
then all the roots of that equation will be real and unequal : 
but if either of the said parts of those squares be less than 
either of those products, the equation will have imaginary 
roots. 

2. In a biquadratic x^ + ax^ -f bx* + ex + «/ = O, of 
which two roots are impossible, and d an affirmative quantity, 
then the two possible roots will be both negative, or both 
affirmative, according as a^ — 4fli + 8c', is an affirmative or 
a negative quantity, if the signs of the coefficients a, by c, rf, 
are neither all affirmative, nor alternately — and + *. 



Varit-us gen>'ral rules for the solution of equations have been given by 
DcoMMvre, Bezout, Lagrange, &c ; but the most universal in their applica- 
^oo are approximating rule^, of which a very simple and useful one isgivea 
p our first volume. 
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EXAMPLES. 

Br. 1. Find the roots of the equation x* + --x = j-jj^ 
by tables of sines and tangents. 

Here p = — , ^ = 12716* ^^^ ^^ equation agrees with the 

1st form. Also tan A = ^^j^^, and x = tan iA = v/lSm- 
In logarithms thus : 

Log 1695 = 3*2291697 
Arith. com. log 12716 *= 5-8956495 

sum + 10 = 19-1248192 

half sum = 9*5624096 

log 88= 1-9444827 

Arith. com. log 7 = 9*1549020 

sum — 10 = log tan A = 10-6617943 = log tan 7 7*42' 3 T^; 

log tan ^A = 9'90eill5 = log tan 38°51'15''4^ 
log Vqi as above =, 9*5624096 

sum - 10 = log a:* = - 174685211 = log -2941176. 

This value of or, viz -2941 176, is nearly equal to j^. To find 

whether that is the exact root, take the arithmetical compli- 
ment of the last logarithm, viz 0*5314379, and consider it as 
the logarithm of the denominator of a fraction whose nume* 

rator is unity : thus is the fraction found to be ^ exactly, 
and this is manifestly equal to ~. As to the other root of 

T. ^- V • 1 ' ' 1€95 . 5 339^- — — ' 

the equation, it is equal to — j^^j^ -2. ^^ r= -- -j^ 
Ex. 2. Find the roots of the cubic equation 

403 46 ^ , i_i r • 

;r' — — JT + — = 0, by a table of smes. ^ 

Here P = ^» ^ = fjji ^® second term is negative, and 
4p3 > 27flf*-. so that the example falls under the irreducible eas«. 
Hence, smSA s= -yj- ^ 555 x - — j^ ~ j^^. ig,2« 

The three values of x therefore, are 

^1619 
^= sm Ay^jjjj. 

x^ sin(60VA)v'j||, 

^ = -sm(60°+A).v^j3^. 
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The logarithmic computadcm is subjoined. 

Log 1612 = S'207365O 
Arith. com. log 1S23 = 6-8784402 

sum — 10 ..... = 00858052 

half sum = 0*0429026 const* log. 

Arith. com. const, log = 9*9.'»70974 

log 414 ... =r 2-617000S 

Arith. com. log 403 . = 73946950 

log sin 3a . . . = 9-9687927 = log sin 68 32' 1 8"i. 

Log sin A == 9'5891206 
const, log 0*0429026 

1. sum - 10 = logT=- I*63202323=log42857l4 = log|. 

Log sin (eO**— a) = 9*781006T 
const, log .... = 0*0429026 

2. sum - 10 = log x=z - 1*8239087 =: log •6666666= log|. 

Log sin (60°+ a) = 9*9966060 
const, log .... = 0*0429026 

S. sum - 10 = log -x sr O0395086 = logl*095238=:l(^$l. 
So that the three roots are f , 4, and — |4 ; of which the 
first two ^^e together equal to the third with its sign changed^ 
as they ought to be. 

Ear. 3. Find the roots of the biquadratic x* — 25>* + 
60a: - 36 = (), by Euler's rule. 
Here a = 25, ^ = — 60, and c = 36 ; therefore 

^ 25 625 , ^ 769 , , 225 

consequently the cuDic e4uation will be 

2 "^16 4 — ^* 

The three roots of which are 

9 . 05 

the square roots of these are v'p = 4> \/^ = 2 or 4, v^r=^ 
Hence, as the value of ^ is negative, the four roots are 
1st. x= 4+^-^= 1, 

2d. ^ = 4 - 4 + i = 2, . 
3d. X =-4 + 4+4:=, 3^ 

4th. x=-i- 4- ^=^-6. 

j^* ^' ^'^^"^^ ^ quadratic equation whose roots shall be 

y^^°^ Ans.^^ -.|ix + 4 = O. 

_ £j\ 5. Produce a Cubic equation whose roots shall be 2, 

-5, and - 3. • Alls, x^ - 4jr* - Jix + 30 = O. 
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Ex. 6. Produce a biquadratic which shall have for the 
roots 1,4, — 5, and 6 respectively. 

Ans. x^ — 6jr' — 21x* + 146x - 120 = 0. 

Ex. 1. Find x, when x* + 347x = 221 10. 

Ans. X =s $Bf X = — 402. 

• 55 325 

-£x. 8. Find the roots of the quadratic ;r* — —x = — , 

Ans. j: = 10, JT = — — . 

-Ej:. 9. Solve the equation x* -yx = — . 

Ans. x = 3, x = -jj-. 

^x. 10. Given x^ - 241l3x = — 481860, to find x. 

Ans. JT = 20, JT = 24093. 

Ex. 1 1 . Find the roots of the equation or' — 3jr — 1 =r 0. 

Ans. the roots are sin 70% — sin 50°, and — sin 10% to a ' 
radius =c 2 ; or the roots are twice the sines of those arcs as 
given in the tables. 

Ex. 12. Find the real root of x' — jr — 6 = 0. 

Ans. l-v/S X sec 54* 44' 20''. 

Ex. 13. Find the real root of 251?* + iSx — 46 = O. 

Ans. 2 cot 14** 21' 48". 

Ex. 14» Given jr* - 8a:' - 12jr* + 84x — 6 3 = O, to 

find X by quadratics. Ans. x = 2 + ^/7 ± x/i 1 4- V'l. 

Ex. 1 5. Given ^ + Se^r' - 400^:* - 3 1 68a: + 7744 « 0, 
to find X, by quadratics. Ans. x = 1 1 + y^209. 

£jr. 16. Given x^ + 24ar' - 1 14a:* - 24ar .+ 1=0, to 
find a-. Ans. ar= iV^^'^ - ^*>«^ = 2± -^5. 

Ex. 17. Find x, when x^ '— 12x — 5 = 0. 

Ans. a: = 1 ± x/2, a: = — 1± 2^ - 1. 

Ex. 18. Finda', when o;^— 12a:^ + 47a;^- 72a: + 36a:0. 

Ans. a: = 1, or 2, or 3, or 6^ 

Ex. 19. Given or* - 5air*- 80a*a:'- 68fl'x*+7tf*a;+a*=0^ 
to find X. 

Ans. a: = — a, a: =a 6a ± a\/^lf a: = ± a\/ 10 — Sa, 
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CHAPTER IX. 

«K THE ^*ATURB AMD PROPERTIES OF CURVES, AND THK 

CONSTRUCTION OP ECIUATIONS. 



SECTION L 

Nature and Properties of Cikwes. 

Dbf. 1 . A curve is a line whose several parts proceed ia 
different directions, and are successively posited towards dif- 
ferent points in space, which also may be cut by one right* 
5ne in two or more points. 

If all the points in the curve may be included in one plane, 
the curve is called a plane curve ; but if they cannot all be 
comprized in one plane, then is the curve one of double cur- 
vahire. 

Since the word direaion implies straight lines, and in strict- 
ness no pait of a curve is a right line, some geometers prefer 
defining curves otherwise : thus, in a straight line, to be called 
the line of the abscissas, from a certain point let a. tine arbi- 
trarily taken be called the abscissa, and denoted (commonly) 
by jr : at the several points corresponding to the diderent 
values of jt, let. straight lines be continually drawn^ making 2 
certain angle with the line of the abscissas: thesejtraight lines 
being regulated in length according to a certain law or equa- 
tion, are called ordinates ; and the line or figure \n which 
their extremities are continually found is, in general, a curve 
Kne. This definition however is not free from objection ; 
for a right line may be denoted by an equation between its 
abscissas and ordinates, such ?Lsy =: aa: + b. 

Curves are distinguished into algebraical or geometrical^ 
and transcendental or mechanical. 

J)ef. 2. Algebraical or geometrical curves, are those in 
which the relations of the abscissas to the ordinates can be 
. denoted by a common algebraical expression : such, for ex- 
ample, as the equations to the conic sections, given in the first 
chapter of tHis volume. 

J)ef, 3. Tramce7idental ox mechanical curves, are such as 
cannot be so -defined or expressed by a pure algebraical equa- 
^on ', or when they are'^expressed by an equation, having one 
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of its terms a variable quantity, or a curve line. Thus, j^ =s 
^og J^,y = A . sin i:,y =2: A . cos jr,y = a*, are equations to^ 
transcendental curves ; and the latter in particular is an eqiui* 
tion to an exponential curve. 

Def, 4. Curves that turn round a fixed point or centre^ 
gradually receding from It, are called spiral or radial curves. 

Def. 5. Family or tribe of curves, is an assemblage of 
several curves of different kinds, all defined by the same 
equation of an indeterminate degree ; but differently, accord- 
ing to the diversity of their kind. For example, suppose an 
equation of an indeterminate degree, a'"""'^: =y": if mzs2p 
then will du* = ^ j if 7n =: 3, then will a^a: = v'; if ?« = 4^ 
then is a^^ =y^ > Sec: all which curves are said to be of the 
same family or tribe. 

Def. 6. The axis of a figure is a right line passing through 
the centre of a curve, when it has one : if it bisects the ordi- 
nates, it is called a diameter. 

Def. 1. An asymptote is a right line which continually 
approaches towards a curve, but never can touch it, imless the 
curve could be extended to an infinite distance. 

Def. 8. An abscissa and an ordinate, whether right or 
oblique, are, when spoken of together, frequently termed <ro- 
ordinates. 

Art. 1- The most convenient mode of classing algebraical 
curves, is according to the orders or dimensions of the equa- 
tions which express the relation between the co-ordinates. 
For then the equation for the same curve,* remaining always 
of the same order so long as each of the assumed systems of 
co-ordinates is supposed to retain constantly the same incli- 
nation of ordinate to abscissa, while referred to difiTerent points 
t)f the curve, however the axis and the origin of the abscissas, 
or even the inclination of the co-ordinates in different systems, 
may vary •, the same curve will never be ranked under dif- 
ferent orders> according to this method. If therefore we 
take, for a distinctive oiaracter, the number of dimensions 
which the co*ordinates, whether rectangular or oblique, form 
in the equation, we shall not disturb the order of the classes, 
by changing the axis and the origin of the abscissas, or by 
varying the inclination of the co-ordinates. 

2. As algebraists call orders of different kinds of equations, 
those which constitute the greater or less number of dimenr 
sions, they distinguish by the same name the Afferent kinds 
of resulting lines. Consequently the general equation of the 
first order being Q :=: ^ + fix +^yy •, "^^ vk^ t^let x.ox^^ - 
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first order all the lines which, by taking x ^x\Ay for.Jkhe co- 
ordinatesy whether rectangular <:>r oUiquei give rise to this 
equation. But this equation comprises the right line alone» 
which is the most simple of all lines ; and since, for tins rea- 
son, the name of curve does not properly apply to. the first 
order, we do not usually distinguish the different orders by 
the name of curve lines, but simply by the generic term oif 
lines : hence the first order of lines does not comprehend any 
curves, but solely the right line. 

As for the rest, it is indifferent whether the c^^-Ordinates 
are perpendicular or not ; for if the ordinates make with the 
axis an angle ^ whose sine is |x and cosine v, wef can refer the 
equation to that of the rectangular co-ordinates, by making 

j^ = — , and JT = Y t\ which will give for an equation 

between the perpendiculars t and u^ 

Thus it follows evidently, that the signification of the 
equation is not limited by supposing the ordinates to be rightly 
applied : and it will be the same with equations of superior 
orders, which will not be less general though the co-ordinates 
are perpendicular. Hence, since the determination of the in- 
clination of the ordinates applied to the axis, takes nothing 
from the generality of a general equation of any order what- 
ever, we put no restriction on its signification by su^^posing 
the co-ordinates rectangular j and the equation wil| be of the 
same order whether the co-ordinates be rectangular or ob- 
lique. 

3. All the lines of the second order will be comprised in 
the general equation 

=z a + /So: -I- 73/ -I- &r* -H txy + Cy* ; 
that Is to say, we may class among lines of the second order 
all the curve lines which this, equation expresses, r and j/ de- 
noting the rectangular co-ordinates* These curve lines are 
therefore the most simple of all, since there are no curves io 
the first order of lines ; it is for this reason that some writers 
call them curves of the first order. But the curves included 
in this equation are better known under the nsone of €X>nic 
SECTIONS, because they all result from sections of the cone. 
The diflferent kinds of these lines are the ellipsej the circle, 
or ellipse with equal axes, the parabola, and die hyperbola ; 
the properties of sdl which may be deduced with faciuty from 
the preceding general equation. Or this eqiiattoti may be 
transformed mto the subjoined one : 

and 
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and this again may be reduced to the still more simple form 

Here, when the first term/r* is affifmatiue, the curve ex- 
pressed by the equation is a hyperbola; when/r^ is negative 
the curve is an ellipse; when that term b absent^ the curve 
is a parabola. When x is taken upon ^ diameter, the equa* 
tions reduce to those already given in sect. 4 ch. i. 

The mode of effecting these transformations is omitted for 
the sake of brevity. This section contains a sumnuify, not an 
investigation of properties: the latter would require many 
volumes, instead of a section. 

4. Under lines of the third order, or curves of the second, 
are classed all those which maybe expressed by the equation 
= « + jSj:' + yj/ + Jx* + txif + ?j/*+ ijj:^+ 9j^+ <^*+ 'g/'* 
And in like manner we regard as lines of the fourth order, 
those curves which, are furnished by the general equation 

= a + /3a: +xy + fT*+gj:y + ty* + 1;.r' + 9.r^ + lTy*+ 
xy5 + \x^ + fux^i/ + 9x^y^ + ^xy^ + ®J/* 5 
taking always x and y for rectangular co-ordinates. . In the 
most general equation of the third-order, there are 10 con- 
^stant quantities, and in that of the fourth order 15, which 
may be determined at pleasure \ whence it results that the 
kinds of lines of the third order, and, much more, those of 
the fourth order> are considerably more numerous than those 
of the second. 

5. It will now be easy to conceive, from what has gone be- 
fore, what are the curve lines that appertain to the fifth, sixth, 
seventh, or any higher order; but as it is necessary to add to 
the general equation of the fourth order, the terms 

xs, xy, xy% x^y^y xy% y^, 
with their respective constant coefiicients, to have the general 
equation cornprisinfi^ all the lines of the fifth order, this latter 
will be composed ot 21 terms : and the general equation com- 
prehending all the lines of the sixth order, will have 28 terms; 
and so on, conformably to the' law of the triangtllar numbers. 
Thus, the most general equation for lines of the order n, will 

contain ^^— ^ ^' terms, and as many constant letters, 

which may be determined at pleasure. 

6. Since the order of the proposed equation between the 
co-ordinates, makes known that of the curve lin^ ; whenever 
we have given an algebraic equation between the co-ordinates 
X xady, or i and u, we know at once to what order it is ne- 
cessary to refer the curve represented by that equation. If 
the equation be irrttional, it must be freed fewat^o^s%'«A.^ 
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if there be fractions, they must be made to disappear ; this 
done, tlie greatest number of dimensions formed by the ya- 
riahle cjuantities x and y, will indicate the order to which die 
line belongs. Thus, the curve which is denoted by this equa- 
tion ?/ — AT c 0, will be of the second order of lines, or of 
the first order of curves ; while the curve represented by the 
< quation y* = rx/(a- - x^), will be of the third order (that 
j*., the fourth order of lines), because the equation is of the 
f-'-irrii order when freed from radicals; and the line which is 

It i'.'.i'r-z by the equation y =: -^ — -, will be of the third 

:r_:-. -r -,f tLe second order of curves, because the equation 
'■ . r: '.. ? zrLzzi'. r. L= n-iade to disappear, becomes ay + xy = 
. - . . '~:.tT'2 rr.c- term -r 3/ contains three dimensions. 

"- - -■-- :.- :r.*-.: one and the same equation may give 
- - - — --. :^jc-J:r.c zi the applicates or ordinates fall 

■ .— ^-:. .c.Lirl" or under a given oblic'^iity. 

- r . : ■ =: ^ .r — J" ', gi\'es a circle, wifn 

— .-^ - < . w^oc jxrpendicular ; but whe:: ri- 

- - ■ ■ .- M". r.N: o;:n represented by the sszie 

. ->v T c*: i".l these different curves apv. 

• ^ ' -.v Nvt;T<c :hc transformation of rect- 

-x^-.-^ '.::os. ird the contrary, does nos 

•V ." — ^ .T of its equation. Hence, 

' ■"■. » ' c ^ ^h:ch the ordinates form 

j-^— ^ -^ -c.v.inishes the generah'tr 

< ., - - ^-'.>5i^"v rv^'.ines of each order; yet, 

• -^ , . - , .^ ^ v; c;:rve which it expresses . 

V - \ • V r-:rl'f hetwecn the co-ordi- 

m . ■ 

. ■ \' vv vrlr to the order in- 

• V ..>^ VA- :h^i this equation l>e 

V ^^ N ^ KM- if it could be ccn- 

X > . V NX,;: would then compre- 

X . ^*>xA wouKl generate a 

. *- » .V^o linos would be all 

^ .» N . v-Nvxv*;:. Those equations, 

\ .y.- Nv^'v* '.v <:vh factors, do not 

X . -xx X> j\*N05al at once, each of 

, , x ''^ \ ,;-.vV*..'.r equation ; and such 

. , - »^vv • v ^lon.'lt^l by the term com- 

;y ./.r, which seems to 

... >Vi, it it be reduced to 

* — o, will be composed 

•'» - v»; it therefore comprises 

thft 
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the two equations j/ — x = 0, and j/ — tf =: 0, both of which 
belong to the right line : the first forms with the axis at the 
origin of the abscissas an angle equal to half a right angle ; 
and the second is parallel to the axiS) and drawn at a distance 
= a. These two lines, considered together, are comprized 
in the proposed equation J/^ = ^J/ + ^y — «^- In like man- 
ner Ave may regard as complex this equation, j^ — xy^ — 
o^x*- —-^oy^ + flx*^ + c^xy = ; for its factors being (y—x.) 
{y—a) (y^—ax) = 0, instead of denoting one continued line 
of the fourth order, it comprizes three distinct lines, viz, two 
right lines, and one curve denoted by the equa. ^* — ox = 0. 

9. We may therefore format pleasure any complex lines what* 
ever, which shall contain 2 or more- right lines or curves. For, 
if the na.ture of each line is expressed by an equation referred 
to the same axis, and to the same origin 
of the abscissas, and after having reduced 
each equation to zero, we multiply jhem 
one by another, there will result a com- 
* plex equation which at once comprizes 
all the lines assumed. For example,- if 
from the centre c, with a radius ca =:/r, 
a circle be described \ and further, if a 
right line ln be drawn through the centre c ; then we may, 
for any assumed axis, find an equation which will at once in- 
clude the circle and the right line, as though these two lines, 
formed only one. 

Suppose there be taken for an axis the diameter ab, that 
forms with the right line LN an angle equal to half a jight 
^angle: having placed the origin of the abscissas in A, make 
the abscissa aP = x, and the applicate or ordinate pm =^ ; 
we shall have for the right line, pm = CP = a ^ x; and since 
the point M of the right line falls on the side of those ordi* 
nates which are reckoned negative, we have.y = — a + x, 
orj^ — X -f a = 0: but, for the circle, wehavePM*=AP.PBf 
and BP = 2a — x, which gives y* = 2ax — x*, or^* + x* — 
2ax = 0. Multiplying these two equations together we ob-» 
tain the complex equation of the third order, ' 

y — yx + 3^x* - jfi + ay^ r^ 2axy + 3flx^ — 2a*x = 0, 
which represents, at once, the circle aind the right line. Hence, 
we shall find that to the abscissa ap = x, corresponds thre« 
ordinates, namely, two fo&the circle, and one for the right 
line. Let, for example, x = ia, the equation will become 
y +4^j/*— |a*y— -f^' ^ ^ > whence we first &ndy+^assOf 
and by dividing by this root, we obtain j/*—|a* = 0, the two 
2X>ots of which being taken ^nd.ranked with the former, giv« 
the three following values of ^ : 

Yohf JJJ. O !• 
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• — ■ » 

III. jf =r - iai^/S. 
We see^ tfaarefbre, that the whole is repeseatited by one 
eqoation> as if the circle together with the right line formed 
only one continued curve. 

10. This difference between simple and complex curves 
being once established^ it is manifest that the lines of the 
second order are either continued curves, or complex lines' 
formed of two right lines ; for if the general equation have 
rational factors^ they must be of the first order^ and conse- 
quently will denote right lines. Lines of the third order will 
be either simple, or complex, formed either of a right line, 
and a line or the second order, op of three right lines* Ift 
like manner, lines of die fourth order will be continued and 
simple, or complex, comprizing a right line and a line of the 
third order, or two lines of the second order, or lastly, four 
right lines. Complex lines of the fifth and superior ordets 
will be susceptible of an analogous combination, and of a- 
similar enumeration. Hence it follows, that any order what- 
ever of lines may comprize, at once, all the fines of inferior 
order, that is to say, that they may contain a complex line of 
any inferior orders with one or more right lines, or with lines 
of the second, third, &c, order ; so that if we sum the num- 
bers of each order, appertaining to the simple lines^ there will 
result the number indicating the order of the complex line. 

Def. 9. That is called an hi/perbolic \tgy or branch of 9 
curve, which approaches constantly to some asymptote ^ and 
that a parabolic one which has no asymptote* 

Art. 1 !• All the legs of curves of the second andbigfaer 
kind?, as well as of the first, infinitely drawn out, w^ & of 
either the hyperbolic or the paraboUc kind : and these legs 
are best known from the tangents. For if the point of couf* 
tact be at an infinite distance, the tangent of a hyperbolic kg 
wiH coincide with the asymptote, and the tanj^t of a para- 
bolic leg will recede iri infiniiwniy will vaniah ami be no wheie 
found* Therefore the aiympt^te of any leg is found by seek- 
ing the tangent to that leg at a point infinitely distant: axid 
the course, or way of an infinite leg, is found by seeking the 
po^sition of any right line which is parallel to the tangent 
wher« the point of contact goes ofFtn infinitum*. &>r this right 
line is directed the same way with the infinite leg. 

Sir Isaac Newton's Reduction of all Lines of (he Thii'd 
Order y to foivr Cases of Equ04ions ; with the Emmieration 
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CASE I. 

19. An the lines of the first, third, fifth, and seventh order, 
or of any odd oi^er, have at least two legs or sides proceed- 
ing on ad infinitum-^ and towards contrary parts. And all lines 
<rf'the third order have two such legs or branches running out 
contrary ways, and towards which no other of their infinite 
Ie»s (except in the Cartesian parabola) tend. If the legs are 
afthe hyperbolic kind, let gas be their asymptote ; and to it 




let the parallel CBtr be drawn, terminated (if possible) at both 
ends at the curve. Let this parallel be bisected in x, and 
theiT win the lociis of that point x be the conical or coiiamon 
hyperbola xq, one of whose asymptotes is as. Let its other 
asymptote be ab. Then the^ equation by which the relation 
between the ordinate Bc = V, and the abscissa ab == .r, is 
determined, wiM always be ofthis form : vi:2. 



xy^ + ey zr ax^ + bx^ + cr + rf 



(I.) 



Here the coefficients tf, ir, A, c, dy denote ^ven quantities, 
affected with their signs + and — , of which terms any one 
maybe wanting,, provided the figure through their defect does 
hot become transfbrmed into a conic section. The conical 
kyperbola xa may coincide with its asymptotes, that is, the 
point X may come to be in the line AB •, and then the term 
+ ty will be wanting. 

CASE II. 

13. But if the right line cbc cannot be terminated both 
ways at theciorve, but will come to it only in one point; then 
draw any Ikw in a given position which shall cut the asymp- 
tote At in A ; as ako any other right line, a» BC, •^'wc^V^Vvo 

02 
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the asymptote) and meeting the curve in the point c ; then 
the equation, by which the relation between the ordinate bc 
and the abscissa ab is determined, will always assume this 
form : VIZ. .ry = ax^ -f bjf' + ca: + d . . . . (II.) 

CASE III. 

14. If the opposite legs be of the parabolic kind» 4t2lw the 
right line CBC, terminated at both ends (if possible) at the 
curve, and running according to the course oi the legs; which 
line bisect in b : then shall the locus of b be a right line. Let 
that right line be ab, terminated at any given point, as A : 
then the equation, by which the relation between the ordi- 
nate BC and the abscissa ab is determined, will always be of 
this form : y^ = ax^ + bx^ + cr 4- rf . . . . (III.) 

CASE IV. 

15. If the right line cbc meet the curve only in one point, 
and therefore cannot be terminated at the curve at both ends; 
let the point where it comes to the curve be c, an>d let that 
right line at the point B, fall on any other right line given in 
position, as ab, and terminated at any given point, as A. 
Then will the equation expressing the relation between bc 
and AB, s^ume this form : 

jf ^ax^ -{• bx^ -^cx -Vd . . . . (IV.) 

16. In the first case, or that of equation i, if the term (u^ 
be affirmative, the figure will be a triple hyperbola with six 
hyperbolic legs, which will run on infinitely by the three 
asymptotes, of which none are parallel, two legs towards each 
asymptote, and towards contrary parts; and these asymptotes, 
if the term A.r* be not wanting in the equation, will mutually 
intersect each other in 3 points, forming thereby the triangle 
ix/i. But if the term bx^ be wanting, they will all converge 
to the same point. This kind of hyperbola is called reduruU 
ant, because it exceeds the conic hyperbola in the number of 
its hyperbolic legs. 

In every redundant hyperbola, if neither the term ey be 
wanting, nor b^ — 4:ac = ae^a, the curve will have no dia- 
meter ; but if either of those Occur separately, . it will have 
only one diameter ; and three, if they both happen. Such 
diameter will always pass through the intersection of two -of 
the asymptotes, and bisect all right lines which are terminated 
each way by those asymptotes, and which are parallel to the 
third asymptote. 

17. If the redundant hyperbola have no diameter, let th^ 
four roots or values of x in the equation iax^ + bx^ + ^^ + 
drrf—^e"" == 0, be sought; and suppose them to be AP, Awj 

Air, 
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At, and Ap (see the preceding figure). Let the ordinates pt, 
wr, 7r7, pty be erected; they shall touch the curve in the points 
T, 7*, 7, tj and by that contact shall give the limits of the curve, 
by which its species will be discovered. 

Thus, if all the roots ap, Atff, Air, Ap, be real, and have the 
same sign, and are uaequal, the curve will consist of three 
hyperbolas and an oval : viz, an i7isa'ibed hyperbola as eg ; 
a circumscribed hyperbolay as t^c ; an mfibigeTteal hyperbola, 
(i. e. lying wfthin one asymptme and beyond another) as pt % 
and an oval r7. This is reckoned the jirst species. Other 
relations of the roots of the equation, give 8 more different 
species of redundant hyperbolas without diameters j 1 2 each 
,with but one diameter ; 2 each with three diameters ; and 9 
each with three asymptotes converging to a common point. 
Some of these have ovals, some points of decussation, and in 
some the ovals degenerate into nodes or knots. 

1 8. When the term ax^ in equa. i, is negative, the figure 
expressed by that equation, will be a deficient or defective 
hypei^bola ; that is, it will have fewer legs than the complete 
conic hyperbola. Such is the marginal 
figure, representing Newton's 33d spe- 
cies ; which is constituted of an anguu 
neal or serpentine hyperbola, (both legs 
approaching ^ common asymptote by 
means of a contrary flexure,) and a con- 
jugate oval. There are 6 species of de- 
fective hyperbolas, each having but one 
asymptote, and only two hyperbolic legs, 
running out contrary ways, ad infinu 
turn: the asymptote being the first and principal ordinate. 
When the term ey is not absent, the figure will have no 
diameter ; when it is absent^ the figure will have one diame- 
ter. Of this latter class there are 7 different species, one of 
which, namely Newton's 40th species, is exhibited in the 
mafgin. 

19. If, in equation i, the term ax^ be 
wanting, but bx^ not, the figure ex- 
pressed by the equation remaining, will 
be a parabolic hyperbola, having two 
hyperbolic legs to one asymptote, and 
two parabolic legs converging one and 
the same way. When the term ey is 
not wanting, the figure will have no 
diameter ; if that term be wanting, the 
figure will havt one diameter. There are 7 species apper- 
taining to the former case; ' and 4 to the latter« 
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20. When, in equa. i, the terms ojr^, bx\ ard wanting 
when that equation becomes jtj/* + g/ = ex + d, it ezpr< 
a figure ( oiibisting of three hyperbolas opposite to ont 
other, one lyii'g between the parallel asymptotes, ar 
other two without : each of these curves having three : 
totes, one of which is the first and 

principal ordinate, the other two pa- 
rallel to tlie abscissa, stnd equally 
distant from it ;~as in the annexed 
figure of Newton*s 60th species. 
Otherwise the said equation ex- 
presses two opposite circumscribed 
hyperbolas, and an anguineal hyper- 
bola between the asymptotes. Under 
this class there are 4 species, called 
by Newton Hyperbolis^ina qfan hyperbola. By h 
of a figure he means to signify when the ordina 
by dividing the rectangle under the ordinate ol' 
section and a given right line, by the common 

21. When the term tf jr* is negative, the ^i 
by the equation jrj/^ + i?y =: — f j;* + i4 " eii^ 
hyperbola, having only one asymptote, bein 
ordinate ; or else it is a conchoid^ figure. 
there are 3 species, called Hyperbolisma of 

22. When the term cx^ is absent, the c 
expresses two hyperbolas, lying, not in thf 
the asymptotes (as in the come hyperbol. 
cent angles. Here there are only 2 specie, 
an inscribed and an amUgeneal hyperbol 
inscribed hyperbolas. These two specie 
perbolisma of a parabola, 

23. In the second case of equations, 
there is but one figure ; which has f 
these, two are hyperbc^c' about one : 
wards contrary parts, and two con\ 
making with the former nearly the f 
jfamiliar name given to this species, 
parabola, by which equations of 6 dr' 
constructed: it is the 66th sp^es of '^^ 

24. The third case ci equadons^ 
equa. iii, expresses a figure haying Ite^p. 
parabolic legs running out contrary wr: .^ 
of these there are 5 diSnpent spec"_ 
called diverging or belljform m ' \-^^ 
of which 2 have ovala,4 
punaate, and I cuipid||it^j ^ 
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Species ; in which the oval must always be so small that ao 
right line which cuts it twice can cut the parabolic ccrre c/ 
more than once. 

25. In the case to which equa. iv 
refers, there is but one species. It ex* 
presses the cubical parabola with con- 
trary legs« This curve may easily be 
described mechanically by means of a 
square and an equilateral hyperbola. Its 
most simple property iss that rm ([nraL- 
lel to Aa) always varies as aN^ — QR^« 

26. Thus according to Newton there are 72 species of lines 
of the third order. But Mr. Stirling discovered four more 
species of redundant hyperbolas j and Mr. Stone two more 
ispecies of deficient hyperbolas, expressed by the equation 
;ry* = bx^ + cr + d: i. e. in the case when 6jr*+cjr+d=0, 
has two unequal negative roots, and in that where the equa- 
tion has two equal negative roots. So that there are ai least 
78 difierent species ol lines of the third order. Indeed Enler, 
who classes aU the varieties of lines of the third order under 
16 general species, affirms that they comprehend more'than 
80 varieties; of which the preceding enumeration necessarily 
comprizes nearly the whole. 

27. lines of the fourth order are divided by. Euler into 
146 classes I and these comprize more than 5000 varieties,: 
they all flow from the different relations of the quantities in 
the JO general equations subjoined. 

y' +fx^ +gjAf +^^ ...... I 

y3 +fxs' +gxy -f 7iy . . . . . J 
y4 + ex9y +fxifi + gxy* + hy^+ iiy -hky 
«3y +ex^ +fi*y +gy« +hxy + iy . . 



8. 
3. 
4. 
5. 
6. 
7. 




ax^-t-bf+cx + d. 



9. «»y +fy3 +Jtn^ +gxy +ky . . , 
10.?aajf +<?3f3 +J^ +gxy +Ay . . . 

28. Lines of the fifth and higher orders, of necessity be- 
come still more numerous ; and present too many varieties to 
admit of any classification, at least in moderate compass. 
Instead, therefore, of dwelling upon these -, we shall give a 
concise sketch of the most curious and important properties 
of curve lines in general, as they have been deduced from a 
contemplation of the nature andmutual relation of the roots 
of the equations representing those curves. Thus a curve 
bein^ odled of n dimensions, or a line of the wth orJer^^^*^" 
its representative equation rises to n (l\m(iT\s\otv^\ ^Vicx\^^"^i^^ 
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for every different value o£ jv there are n values of y, it wiH 
commonly happen that the ordinate will cut the curve in n or 
in » — 2, . n — 4, &c, pointSi according as the equation has 
n, or n — 2, w — 4, &c, possible roots. It is not however to 
be inferred, that a right line will cut a curve of ndimensions^ 
in I?, n — : 2, n — 4, &c, points, only ; for if this were the 
case, a line of the 2d order, a conic section for instance, could 
only be cut by a right line in two points ; — but this is mani- 
festly incorrect, for though a conic parabola will be cut in two 
points by a right line oblique to the axis, yet a right line pa- 
rallel to the axis can only cut the curve in one point. 

29. It is true in general, that lines of the n order cannot 
be cut by a right line in more than n points ; but it does not 
hence follow, that any right line whatever will cut iii-n points 
every line of that order; it may happen tnat the number of 
intersections is n — 1, » — 2, 7J — 3, &c, ton — n. The 
number of intersections that any right line whatever makes 
with a given curve line, cannot therefore determine the order 
to which a curve line appertains. For, as Euler remarks, if 
the number of intersections be = n, it does not follow that 
the curve belongs to the n order, but it may be referred to 
some superior order ; indeed it may happen that the curve is 
not algebraic, but transcendental. This case excepted, how- 
ever, Euler contends that we may always affirm positively 
that a curve line which is cut by a right line in n pointsj can- 
not belong to an order of lines inferior to n. Thus, when a" 
right line cuts a curve in 4 points, it is certain that the curve 
does not belong to either the second or third order of lines; 
but whether it be referred to the fourth, or a superior order, 
or whether it be transcendental, is not to be decided by 
analysis. 

SO. Dr. Waring has carried this enquiry a step forther than 
^uler, and has demonstrated that there are curves of any num* 
ber of odd orders, that cut a right line in 2, 4, 6, &c, points 
only ; and of any number of even ordei^ that cut a right line 
in 3, 5, 7, &c, points only; whence this author likewise in- 
fers, that the order of the curve cannot be announced from 
the number of points in A\hich it cuts a right line. See his 
Proprietates Algebraicarum Cur varum. 

31. Every geometrical curve being continued, either re- 
turns into itself, or goes on to an infinite distance. And if 
any plane curve has two infinite branches or legs, they join 
one another either at a finite, or at an infinite distance. 

32. Ift any curve, if tangents be drawn to all points of the 
curve ; and if they always cut the abscissa at a finite distancie 
from its origin; that curve has an asymptote, otherwise not.: 

S^v A 
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33. A line of any order may have as many asymptotes as it 
has dimensions^ and no more. 

34* An asymptote may intersect the curve in so manjr 
points abating two^ as the equation of the curve has dinven- 
sions. Thus, in a conic section^ which is the second order 
of lines, the asymptote does not cut the curve at all ; in the 
third order it can only cut it in one point ; in the fourth 
order, in two points; and so on. 

35. If a curve have as many asymptotes, as it has dimensionf^ 
and a right line be drawn to cut them all, the parts of that 
measured from the asymptotes to the curve, will together be 
equal to the parts measured in the same direction^ from the 
curve to the asymptotes. 

36. If a curve of n dimensions have n asymptotes^ then the 
content of the n abscissas will be to the content of the n or- 
dinates, in the same ratio in the curve and asymptotes ; the 
sum of their n subnormals, to ordinates perpendicular to their 
abscissas, will be equal to the curve and the asymptotes; and 
they will have the same central and diametral curves. 

37. If two curves of n and m dimensions have a common 
asymptote; or the terms of the equations to the curves of the 
greatest dimensions have a common divisor ; then the curves 
cannot intersect each other in n x m points, possible or im^ 
possible. If the two curves have a common general centre^ 
and intersect each other in n x vi points, then the sum of 
the affirmative abscissas, &c, to those points, will be equal to 
the sum of the negatiye ; and the sum of the n subnormals 
to a curve which has a general centre, will be proportional 
to the distance from that centre. . 

38. Lines of the third, fifth, seventh, &c order, or any 
odd number, have, as before remarked, at Jeast two infinite 
legs or branches, running contrary ways; while in lines of the 
second, fourth, sixth, or any even number of dimensions, the 
figure may return into itself, and be contained within certain 
limits. 

39. If the right lines ap, PM9 forming a given angle apm^ 
cut a geometri<;al line of any order in as many points as it 
has dimensions, the product of the segments of the first t€r« 
minated'by p and the curVe, will always be' to the product of 
the segments of the latter, terminated by the same point and ' 
the curve, in an invariable ratio. 

40. With respect to double, triple, quadruple, and other 
multiple points, or the points of intersection of 2, 3, 4, or 
more branches of a curve, their natiu*e'and number maybe 
estimated by means of the following principles. 1. A curve of 
then order is determinate whed it is subjected to ^ass through 



^BBBAAI. PBOPE^TIES OF CU|IVXS« 

Ike nmnber <*-^^) -^""^^^ ^ 1 points. 2. A curve of the n 

^itiiW cannot intersect a curve of the wj order in more than 
9i It points. 

Iience it follows that a curve of the second order, for ex- 
ample^ can always pass through 5 given points (not in the 
same right Gne), and cannot meet a curve of the m order in 
more than mn points ; and it is impossible that a curve of the 
m order should have 5 points whose degrees of multiplicity 
make together more than 2tn points. Thus, a line of the 
fourth order cannot have four double points ; because the line 
©f the second order which would pass through these four 
double points, and through a fifth simple point of the curve 
of the fourth dimension, would meet 9 times ; which is im- 
possible, since there can only be an intersection 2 x 4 or 8 
times* 

For the same reason, a curve line of the fifth cannot, with 
one triple point, have more than three double points : and in 
a similar mann^ we may reason for ciurves of higher orders. 

Again, from the known proposition, that we can always 
make a line of the third order pass through nine points, and 
that a curve of that order cannot meet a curve of the m order 
in more than Zm points, we may conclude that a curve of the 
m order cannot have nine points, the degrees of multidlicity 
•f which make together a number greater than 37/». Thus, 
a line of the fifth order cannot have more than 6 double 
points -, a line of the 6th order, which cannot have more than 
one qu^ulruple point, cannot have with that quadruple point 
more than 6 double points ; nor with two triple points more 
than 5 double points ; nor even with one triple point more 
than 7 double points. Analogous conclusions obtain with 
respect to a line of the fourth order, which we may cause to 
pass through 14 points, and which can only meet a curve of 
the m order in 4wi points, and so on. 

41. l^he properties of curves of a superior order, agree> 
tinder certain modifications, with those of all inferior orders. 
For though some line or lines become evanescent, and others 
become infinite, some coincide, others become equal; some 
points coincide, and others are removed to an infinite dis-* 
tance ; yet, undei- these circumstances, the geasratl properties 
still Iiold good with regard to the remaining quantities; ;sa 
thiit whatever is demonstrated generally of any order, holds 
true in the inferior orders : and, on the contrary, there is 
hardly any property of the inferior orders, but there is some 
similar to it, in the superior ones. 

, For,, as in the conic sections,* if two parallel lines are drawn 

to 



OUCSRAL PmOPSRTIBS OF CURVS9. 203 

te> terminate at the section, the right line that bisects these 
will bisect all other lines parallel to them ; and is therefore 
called a diameter of the figure, and the bisected lines ordi- 
naiesy and the intersections of the diameter with the curve 
vertices; the common intersection of all the diameters the 
centre; and that diameter which is perpendicular to the or- 
dinates, the vertex. So likewise in higher curves, if two 
parallel lines be drawn, each to cut the curve in the number 
of points that indicate the order of the curve; the right line 
that cuts these parallels so, that the sum of the parts on one 
side of the line, estimated to the curve, is equal to the sum 
of the p^ts on the i^her side, it will cut in the same man* 
ner all other lines parallel to them that meet the curve in the 
same number of points ; in this case also the divided lines are 
called (yrdinateSy the line so dividing them a diameter^ the 
intersection of the diameter and the curve vertices; the com* 
men intersection of two or more diameters the centre; the 
diameter perpendicular to the ordinates, if there be anjsucht 
the axis; and when all the diameters concur in one point, 
that is the general centre. 

Again, the conic hyperbola, being a line of the second 
order, has two asymptotes ; so likewise, that of the third 
order may have three ; that of the fourth, four ; and so on : 
and they cen have no more. And as the parts of any right line 
between the hyperbola and its asymptotes are ^qual \ so like- 
wise in the third order of lines, if any line be drawn cutting 
the curve and its asymptotes in three points ; the sum of two 
parts of it falling the same way from the asymptotes to the 
curve, will be equal to the part falling the contrary way from 
the third asymptote to the curve ; and so of higher curves. 

Also, in the conic sections which are not parabolic : as the 
square of the ordinate, or the rectangle of the parts of it on 
each side of the diameter, is to the rectangle of the parts of 
the diameter, terminating at the vertices, in a constant ratio, 
viz, that of the latus rectum, to the transverse diameter. So 
" in non-parabolic curves of the next superior order, the solid 
under the three ordinates, is to the solid under the three ab^ 
scissas, dr the distances to the three vertices ; in a certain given 
ratio. In which ratio if there be taken three lines proper* 
tional to the thr^e diameters, each to each; then each of these 
three lines may be called a latus rectum^ and each of the cor* 
responding diameters a transverse diameter. And, in the 
common, or Apollonian parabola, which has but one vertex 
for one di^i^^ter, the rectangle of the ordinates is equ^ to 
the rectangle 'of the abscissa and latus rectum : so, in those 
curves of the second kind, or lines of the third kiud ^srkick 
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have only two vertices to the same diameter, the solid under 
the three ordinates> is equal to the solid under the two al>- 
scissas> and a- given line, which may be reckoned the latits 
rectum. 

Lastly, since in the conic sections where twa parallel lin^ 
terminating at the curve both ways, are cut by two other pa- 
rallels likewise terminated by the curve ; we have the rect- 
angle of the parts of one of the first, to the rectangle of the 
parts of one of the second lines, as the rectangle orthe parts 
of the second of the former, to the rectangle of the parts of 
the second of the latter pair, passing also through the com* 
mon point of their division. So, when four such lines are 
-drawn iu a curve of the second kind, and each meeting it in 
three points ) the solid under the parts of the first line, wiU 
be to that under the parts of the third, as the solid under the 
parts of the second, to that under the parts of the fourth. 
And the analogy between curves of difierent orders may be 
carried much fijrther : but as enough is given for the objects 
of this work } we shall now present a few of the most useful 
problems. 

• PROBLEM I. 

Knowing the Characteristic Property, or the Manner of 
jDescription of a Curve, to find its Equation. 

This in most cases will be a matter of great simplicity ; 
because the manner of description suggests the relation be- 
tween the ordinates and their corresponding abscissas; and 
this relation, when expressed algebraically, is no other than 
the equation to the cui^e. Examples of this problem have 
already occurred in sec. 4 ch. i, of this volume : to which the 
following are now added to exercise the student. 

Ex. 1 . Find the equation to the cissoid of Diocles ; 
whose manner of description is as below. 

From any two points p, s, at equal 
distances from the extremities A, b, of 
the diameter of a semicircle, draw, st, 
PM, perpendicular to ab. From the 
point T where ST cuts the semicircle, 
draw a right line AT, it will cut pm in 
M, a point of the curve required. 

Now, by theor. 87 Geom. as . SB = st* ; and by the con- 
struction, AS . SB = AP . PB. Also the similar triangles apm, 

AST, give AP : PM :: AS : ST :: PB : ST = ^uLLIT. CoHse- 

AP 

c^eutly 
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quently st* = 



PM« 



= ap.pb; and lastly 



PB« 



= AP.A?*, 



AP* ' - PB 

or PA^ = PB . PM*. Hence, if the diameter ab = d, aps^jt^ 
PM =: J/; tbe equation is a' =^(d— j:). 

The complete cissoidrwill have another branch equal and 
similar to a Ma, but turned contrary ways; being drawn by 
means of points t' falling in the other hsdf of the circle. But 
the same equation will comprehend both branches of the 
curve ; because the square of — ^, as well as that of -f y, is 
positive. 

Cor. All cissoids are similar figures; because the abscissse 
and ordinates of several cissoids will be in the same ratiOf 
when either of them is in a given ratio to the <}iameter of its 
generating circle. 

JEa.\ 2. Find the equation to the logarithmic curve, whose 
fundamental property is, that when the abscissas increase or 
decrease in arithmetical progression, the corresponding ordi- 
nates increase or decrease in geometrical progression. 

Ans. ^=: a'y a being thef number whose logarithm is 1, ia, 
the system of logarithms represented by the curve. 

Mr, 3. Find the equation to the curve called the Witch^ 
whose construction is this: a semicircle whose diameter it 
ab being given ; draw, from any point p in the diame^r, a 
perpendicular ordinate, cutting the semicircle in d, and ter- 
minating in M, so that ap : pd : : ab : PM ; then is M always 



a point in the curve. 



Ans.j^ =rfv/ 



d^M 



X 



PHOBLBM II. 

Given the Equation to a Curve, to Describe it, and trace its 

Chief Properties. 

The method of effecting this is obviott3 : for any abscissas 
being assumed, the corresponding values of the ordinates be- 
come known irom the equation; and tlaus the curve may be 
traced, and its Umits and properties developed. 

jE^r. 1. Let the equation y^ = a*a:', or y ^z^a^x^ to a line 
of the third order, be proposed. 

First, drawing the two indefinite lines 
BH, DC, to make an angle bag equal to 
the assumed angle of the co-ordinates ; - 
let the values of x be taken upon ajC, 
and those of y upon ab, or upon lines 
parallel to ab. Then, let it be enquired 
whether the curve passes through the 
point A, or not. In order to this, we 
^ust ascertain what y will be when 
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.V := : and in that case y = 4^fl* x 0), that is, j/= 0. There^ 
fore the curve passes through a* Let it next be ascertained 
whether the curve arts the axis AC in gny other point ; in 
order to which, find the vahie of .r when j^ =: 0: this will be 
i/e^s rr (\ or J? = 0. Consequently the carve does not cut 
the axis in any other point than a. Make .r = ap =t ^, 
Hid the given equa. will become j^ = ^la^ = ^\/h There- 
fore draw VM pwrallel to ab and equal to a^/i, so will m be 
3 pcint in the carve. Again, make x = ac = a; then the 
equation will give y = ^/a^ = a^ Hence, drawing cn parallel 
te Ait-f and equal to AC or a, n will, be another point in the 
aaofre. And by assuming other values of j/, other ordinates, 
and consequently other points of the curve, maybe obtained* 
Once more, making x infinite, or «ri=oo , we shall have v= 
(/(«• X ce) ; that is, y is infinite when or is so ; and therefore 
the curve passes on to infinity. And further, since when x 
is taken = 0, it is also y = 0, and when jr = oo, it is also 
j< = oo ; the curve will have no asymptotes that a^e parallel 
to the co-ordinates. 

Let the right line an be d.-awn to cut pm (produced if ne- 
cessary) in s. Then because cn=ac, it will be ps = AP=:Atf« 
But PM = a^i =r i^^-lf, which is manifestly greater than ia ; 
so that PM is greater than ps, and consequently the carve is 
concave to the axis Ac. 

Now, because in the ^ven equation y' = a*x the exponent 
of X is odd, when x is taken negatively or on the other side 
of A, its sign should be chaqged, and the reduced equation 
will then be 3/ = Iz—aKv. Itere it is evident that, when. the 
values of x are taken in the negative way from a towards D» 
but equal to those already taken the positive way, there will 
result as many negative values of 3/, to fall below AD, and each 
equal to the corresponding values of j/, taken above AC*. 
Hence it follows that the branch am'n' will be simihur and 
equal to the branch amn; but contrarily posited. 

Ex. 2. Let the lemniscate be proposed, which is aline of 
the fourth order, denoted by the equation a^y^ = a^x^—x^. 

In this equation we have j/= ± — \/ (a* — x^) ^ 

where, when x = 0, y = 0» therefore the curve 
passes through A, the point from which the va- 
lues of X are measured. When x x ± a, then 
3/ =5 O ; therefore the curve passes through B 
and c, supposing ab and AC each = ± a. If jr 
were assumed greater than a, the value of y 
would become imaginary v therefore no part of 
the curve lies beyond » or c. When x = ^ 
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thenys: i\/iF^* = ^v^3 ; which is the value of the 
semi-ojrdinate pm when ap = -i^ab. And thus, bf assmninr^ 
other values of x, otKer values of j/ may be ascemined^ and 
the curve described. It has obviously two equal and similar 
parts^ and a double point at A. A right line may cut this 
curve in either 2 points^ or in 4 : even the right line bag is 
conceived to cut it in 4 points ; because the double point A 
is that in which two branches of the curve^ viz^ ma/», and 
WACt, are intersected. 

JEx. 3. Let there be proposed the CowcAoi/ of the anciently 
which is a line x)f the K)iu'th order defined by the e^uatioa 

(a*-jr»)'. (^r- A)* = xy, or j^ = ± .'" * 

Here, if jt = 0, then y becomes in- 
• £nite ; aod therefore the ordinate at 
A (the origin of the abscissas) is an 
asymptote to the curve. If ab = i, 
and p be taken between A and b, then 
shall FM and pm be equal, and lie on 
different sides of the abscissa A p. If 
^=3, then the two values of j/ vanish, 
hecause jt — . 6 ±= 0, and consequently 
the curve passes through b, having 
there a double point. If ap be t^ea 
greater than ab, then will there be 
two values of ^, as before, having contrary signs ; tSiat fAtm 
which was positive before being now negative, and vice versm^ 
But if AD be takeff = a, and p comes to d, then the two va- 
lues o€y vanish, because in that case \/{a^^a^) = 0. If a# 
be taken greater than ad or /?, then <z*— x* becomes negative, 
and the value of ^ impossible : so that the curve does not £9 
be^yond s. . , 

Now let a: be considered as negative^ or as lying on the 

side of A towards o. Then j/ = ± - — ->v/(a*— .r*). ^^ere 

if X vanish, both these values of j/ become infinite ; and con- , 
sequently the curve has two indefinite arcs on each side the 
asymptote or directrix ay. If 4r tncre^^e, y manifestly <Umi'- 
nishes; and when x=idy then j/ vanishes: that is, if ac=aBj 
then one branch of the curve passes through o, whHe ihfi 
other passes through d. Here also, if a;* be taken ^eater 
than ^, y becomes imaginary; so that no part of the curve 
tan be found beyond e. 

If a = d, the curve will have a cusp in b, the node hetweep 
B and B vmushing in tliat case. If ii^ be less than b, then b 
will beconw axwajngtte poiQt. - 
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In theS'guref M'cm' represents what is termed the superior 
eonchoidf and GBm^uBm the inferior conchoid. The point 
B is called the pole of the conchoid ; and the curve may be 
readily constructed by radial lines from this point) by means 

of the polar equation z = ^-^ — ± ff. It will merely be re- 

qnisite to set off from any assumed point a, the distance 
hhzz b\ then to draw through b a right line mjM making 
any angle (p with cb^ and from l> the point, where this line 
cuts the directrix Ay (drawn perpendicular to cb) set off upon 
it lm' = hm = a ; so shall m' and m be points in the superior 
and inferior condioids respectively. 

Ex. 4. Let the principal properties of the curve whose 
equation isyx" = tf"'+ ', be sought ; when 7i is an odd num- 
ber^ and when n is an ^ven number. ^ 

Ex. 5. Describe the line which is defined by the equation 
xjj -\' ay + cy zn be -{- bx* 

Ex. 6. Let the Cardioide, whose equatioxl is^*— 6ay'+ 
(2^* + 12j')y - {eax"- + ^a^)it/ + (x* + 3a*);r* = 6, be 
proposed. 

Ex. 7. Let the Trident, whose equa.tion is jry = ax^ + 
hx^ + ex + J, be proposed. 

Ex. S. Ascertain whether the Cissoid and the Witchj 
whose equations are found in the preceding problem^ have 
asymptotes. 

PROBLEM III. 

To determine the Equation to any proposed Curve Surface. 

Here the required equation must be deduced from the law 
or manner of construction of the proposed surface^ the. refer- 
ence being to three co-ordinates, commonly rectangular ones, 
the variable quantities being x, j/, and z. Of these, two, 
namely x and^, will be found in one plane, and the third 2; 
will always mark the distance from that plane. 

Ex. 1 . Let the proposed surface be that of a sphere, fng» 

The position of the fixed point A, 
which is the origin of the co-ordinates 
AP, PM, MN, being arbitrary ; let it be 
supposed, for the greater convenience, 
that it is at the centre of the sphere. 
Let MA, NA, be drawn, of which the 
latter is manifestly equal to the radius /^ 

of the sphere, and may be denoted by r. Then, if AP = x^ 
JtM =J/f WN = » ; the right-angled triangle apm will give 




EaUATlONS TO CURVE SURFA(Ss. 209 

AM* = AP* + PM* = JT* + ^. In like manner^ the right- 
angled triangle amn, posited in a plane perpendicular to the 
former, will give AN* = AM* -f mn*, that is, r* = jr*+y+a*; 
or «• = r* — 4:* — ^, the equation to the spherical surface^ 
as required. 

Scholium. Curve surfaces, as well as plane curves, are 
arranged in orders according to the dimensions of the equa- 
tions, by which they are represented. And, in order to de*- 
termine the properties of curve surfaces, processes must be 
employed, sunilar to those adopted when investigating the 
properties of plane curves. Thus, in like manner as in the 
theory of curve lines, the supposition that the ordinate^ is 
equal to 0, gives the poitit or points where the curve cuts its 
axis ; so, with regard to curve surfaces, the supposition of 
z .= 0, will |[ive the equation of the curve made by the in- 
tersection of the surface and its base, or the plane of the co- 
ordinates x^y. Hence, in the equation to the spherical sur- 
face, when j8 z: 0, we have J^ +^ = r*, which is that of a 
circle whose radius is equal to that of the sphere. See p. 3 1. 

' Ex. 2. Let the curve surface proposed be that produced 
by a parabola tiuning about its axis. 

Here the abscissas x being reckoned from the vertex or 
summit of the axis, and on a plane passing through that axis; 
the two other co-ordinates being, as before, y and z \ and 
the parameter of the generating parabola being p : the equa- 
tion of the parabolic surface wm be found to be z^ + ^ '^ 
px = 0. 

Now, in this equation, if s be supposed = 0, we shall have 
2^ =:p.r, which (pa. 31) is the equation to the generating 
parabola, as it ought to be. If we wished to know what 
would be the curve resulting from a section parallel to that 
which coincides with the axis, and at the distance a from it, 
we must put s = a ; this would give jf"=ipx ^ a% which is 
still an equation to a parabola, but in which the origin of the 
abscissas is distant from the vertex before assumed by the 

quantity — . 

Ex. d« Suppose the curve surface of a right cone were 
proposed* 

Here we may most conveniently refer the equation of the 
surface to the plane of the circular base of the cone. In this 
case, the perpendicular distance of any point m the surface 
from Ae base, will be to the axis of the cone, as the distance 
of the foot of that perpendicular from the circumference 

Vol. hi. P ' (measured 



<o» ^ti^ ^'^'" *'^*^^"'- 

7\^ jL^), to ttfndius of the base ; that is, if 

j^ ^eo' '^iJijiateJ ^^ ^^^ centre of the base, and 

'^ i^^'^^'^^^t^n varv as r - ^/(.r* + j/'). Conse- 

• *• ih' 'l- ratifl*** * Miuatfcui 0/ the conic surface, will be 

«J r ^^.l^' if ^''^J^j, or '-^ - 2'-^ + «^" = ^' + y- 

oft ^^as"* ^■'^ Jhe uature of curves formed by planes cut- 

m^ ' %V» ''**' '^Ji^reiit directions, may readily be inferred- 

AB -rf ''^ '^UrfJ ^rst, that the cutting plane is inclined to 

alue of z sub- 



it 




^ '^/Ijv iin equation to a parabola, 

ifp^^'^gthe thijig more generally, let it be supposed that 

(^i^fl n/gne is so situated, that the ratio of :v to 2 shall 

(hf ^'^i to 7n : then will inx =- «, and w^ar^ = 2*. These 

y^jfjfbr z and 2* in the equation of the surface, will 

P^'^ffff the equation of the projection of the section on the 

i^ Jibe base, 7** — 2???x + (??z* -- 1 ).r* = y^. Now this 

f^Lfl, if wi be greater than unity, or if the cutting plane 

'^'^ween the vertex of the cone and the parabolic sec- 

tf will b® ^^'^^ ^f ^" hypeibold: and if, 6n the contrary, 

igcutting I -lane pass between the parabola and the base, i. e; 

^gi be less than unity, the term (?w*— \)x' will be negative, 

Z/^n the equation will obviously designate an eliipse. 

SchoL It might here be (demonstrated, in a nearly simi- 
^ manner, that every surface formed by the rotation of any 
£Onic section on one of its axes, being cut by any plane what- 
^fer, will alwa}'^ give a conic section. For the equation 6f 
luch surface will not contiiin any power of .r, j/, or z, greater 
tfian the second ; and therefore the substitution of any values 
of « in terms of jr or of 3/, will never produce any powers of 
'X or of J/ exceeding the square. The section therefore must 
be a line of the second order. See, on this subject, Hiitton'i 
Mensuration, part iii, sect. 4. 

Ex, 3. Let the equation to the curve surface be xr/z^a^. 

Then will the curve surface bear the same relation to the 
solid right angle, which the curve line whose . equation is 
xy = a^ beys to the plane right angle. That is, the carve 
surface will be posited between the three rectangular feces 
bounding such solid right angle, in the same manner as the 
equilateral hyperbola is posited between its rectangular asymp- 
totes. And in like manner as there may be 4 equal equila* 

t^ral 



GON&TRUCriON OF EOUAT^C^llll^ 2)1 

teral hyperbolas comprehended between the same rettangubr 
asymptoteSf when produced botth leays firon Hxo angttbir point;} 
so there may be 6 equal hyperboloids posited within the § 
solid right angles which meet at the same summit^ and alt 
placed between the same three asymptotic planes* 



SECTION IT. 

On the Construction of Equations^ 

• • • • . . 

PROBLEM I* . 

* « 

To Construct Simple Equations, G€K>m6tricdIy« 

Here the sole art consists in resolving the'fracuon$j to 
lirhich the unknown quantity is equ'al^ into proportional teiiii^f 
tod then constructing the respective proportioiis, by itieims '^' 
probs. 8, 9, 10, and 27 Geometry. A few simple iMUU 
will render the method obvious* ..-•*-. 

1. Leta:=:— 5 thenC:a :: h t jf* "Whence 4^ may bf 
found by constructing according to ju'pb. 9 Ceonieti^. 

2. Let ;r =a j^. First construct the proportion d :a :': b : 
y, which 4th term call g ) tiben jrs-; or e : € :; g ix^ 

3. Letx = ?^. Then^since a*-A*=:(it + *)x,(ir-*)j 
it will merely be nec6ssaty to construct the proportion 

4. Let X = * ■ ^ ^« . Kad, as in the first- case, g* =?^ =i 

^, and A =: -|, so that -j may = ^. Then find by the 

first pase « =: — . So shall x::^ g " i^ the difference of* those 
fines, found by constnictioii. 

5. Letx=^-^^. Flr$tfiaxd^, the fourth propor- 
tional to bf a andyi wluch fnake = A. Then «r ss ^v"^ . 
Dr^ by construction it will be h ^c la —. rf :: a i x. 

i6. Let 4? S5 ^--~. Make t3xeright*angledtriap^e ABC ;5u<?4 

P 2 ^^^^^»*^ 
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(measured on a radius), to the radius of the base : that i 
the values of or be estimated from the centre of the baM| 
r be the radius, z, will vary as r — y^ (^* + ^'). Co- 
quently, the simplest equation of the conic surface^ wi. 
z rs^ r = — \/(-r* + J/*), or r* — 2rz + z^ = jr* +^. 

Now irom this the nature of curves formed by plane 
ting the cone in different directions, may readily be in 
Let it be supposed, first, that the cutting plane is ihcl' 
the base of a right-angled cone in the angle of 45*, and 
through its centre : then will z = j:, and this vsAueo 
stituted for it in the equation of the surface, will gi^ 
2rx = J/*, which is the equation of the projection of tV 
on the plane of the cone's base : and this (art. 3 of th 
is manifestly an equation to a parabola. 

Or, taking the thing more generally, let it be supj 
the cutting plane is so situated, that the ratio of x '■ 
be that oi 1 to w : then will mx =- «, and w*jr* = r 
subsiituted for z and z* in the equation of the su 
give, for the equation of the projection of the sect 
plane of the base, 7'* — 2mx + (?7Z* — 1 ):r* = ^. 
equation, if w^ be greater than unity, or if the cut 
pass between the vertex of the cone and the par 
tion, will be that of an hyperbola: and if,'<m tl 
the cutting plane pass between the parabola and 
if m be less than unity, the term (tw*— \)x^ wiV 
when the equation will obviously designate an t 

SchoL It might here be demonstrated, In a 
lar manner, that every surface formed by the n 
conic section on one of its axes, being cut hy an 
ever, will always give a conic section. TPor t^ 
such surface will not contain any power of .r, j 
than the second ; and therefore the substitution 
of 2 in terms of jr or of 3^, will nevdr. product' 
X or of J/ exceeding the square. The section 
be a line of the second order. See, oh this si 
Mensuration, part iii, sect. 4. 

Ex, 3. Let the equation to the curve surf 

Then will the curve surface bear the san- 
solid right angle, which the curve line v 
xy = a^ beys to the plane right angle, 
surface will be posited between the three 
bounding such solid right angle, in the s.: 
equilateral hyperbola is posited between its 
totes. And in like manner as there may 



CONSTRUCTION OF SaUATXONS. SIS 

inscribe two chords, ab = a, ad = & — c, both from smy 
common assumed point A. Theny produce ad to F 90 that 
DF = Cy and about the centre c of the former circle, with the 
radius cf, describe another circle, cutting the chords ad, ab^ 
produced, in f, e, g, h : so shall AG be the affirmatioevad 
AH the negative root of the equation :r* + ox — Ac =0} and 
contrariwise ao will be the negative and ah the affirmative 
root of the equation x^ — ax —be ^nO. 

For, AF or ad + df = ^i and df or ab = c; and, making 
AG or BH = Xi we shall have ah = a + x : and by the pro* 
perty of the circle egfh (theor. 61 Geom.) the rectangle 
E A . AF = GA . AH, Or Jc = (a + jr)j:, or again by transpo^ 
sition a:* + ax — Ac = 0. Also if ah be = — x, we shall have 
AG or BH or AH — AB = — jT — fl; and conseq. ga . ah =s 
x^ + <^j as before. So that, whether ag be = jr, or 
AH = — o:, we shall always haver* + ax —be = 0. And 
by an exactly similar process it may be proved that AG is the 
negative, and ah the positive root of r* — ax — ic = 0. 

Cor. In quadratics of the form x* + ax — Ac == 0, the 
positive root is always less than the negative root ; and in those 
of the form jr* — ax — Ac = 0, the positive root is always 
greater than the negative one. 

2. The third and fourth cases also are 
comprehended under one method of con- 
struction, with two concentric circles. Let 
x* T <25X + Ac = 0. Here describe any 
circle abd, whose diameter is not less than 
either of the given quantities a and A -h c; 
and within that circle Inscribe two chords 
AB SB a, ad = A + <^f both from the same 
point A. Then in ai> assume df = c, and about C the centre 
of the circle abd, with the radius of describe a circle, cutting 
the chords ad, ab, in the points f, b, g, h : so shall AG, ah^ 
be the two positive roots of the equation x* — ax + Ac s=b Q, 
and the two negative roots of the equation x* -I- ax + Ac = 0. 
The demonstration of this also is similar to that of the first 
case. 

Cor, I. If the circle whose radius is of just touches the 
chord AB, the quadratic will have two equal roots ^ which 
can only happen when ^* = Ac, 

Cor* 2. If that circle neither cut nor touch the chord aBj 
the roots of the equation will be imaginary ; and this will 
always happen^ in these two forms, when Ac is greater 
than \a\ 
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■t ■ : PROBLBU III. 

^0 fil^i the Roots of Cubic and Biquadratic Equations, by 
Construction. 



1. Ip finding the roots of any equation, containing only 
^e unknown quantity, by construction, the contrivance con. 
■Uti chiefly in bringing a new unknown quaiitity into tiiat 
equation} so that various equations may be tud, each con- 
iaining,the two unknown quantities; and further, such that 
^y two of them contain t<^ether all the known quantities of 
the proposed equation. Then from among these equations 
{wo of the most simple are selected, and their corresponding 
loci constructed ; the intersection of those loci vill give th«i 
coots sought. 

. Thus it will be found that ciibics may be constructed by 
■tVO parabolas, or by a circle and a parabola, or by 3 circle 
and an equilateral hyperbola, or by a circle and an eU^>se, 
ice : and biquadratics by a circle and a parabola. Or by a 
circle and an ellipse,- or by a circle and an hyperbola, &c. 
Now, since a parabola of given parameter may be easily con- 
structed by the rule in cor. 2 th. 4 Parabola, we select the 
circle and the parabola, for the construction of both biqua- 
dratic and cubic equations. The general method applicable 
to both, will be evident from the following description. 

2. Let m"am'm be a parabtOa whose A 
axis is kv, m'm'gm a circle whose cen- 
tre is c and radius cm, cutting the pa- 
tabola in the points M, m', m", m": 
from these pomts draw the ordinates 
to the axis mp, m'p', m'^", m'"p"'j and 
from c let fall cd perpendicularly to 
the axis; also draw CN parallel to the 
ixist meeting pm in n. Let ad = a, 
DC = A| CM = n, the parameter of the 
parabola = p, ap = x, pm =J/. Then {pa. 31) pj^ =«*: 
also cm' = CN* + NM*, or n* = {x i^ af A- {yv bf; that 
is, x' ± Ux •\- a'- + y" ± 2by -(-/•' = n\ Substituting in 
this equation for x, its value — , and arranging the terms ac- 
cording to the dimensions of j/, there will arise 

y* ± (2pa + p;)}/' ± 2i>p'y + (a^ + «» _ »')p- = o, 
^biquadratic eqmtion, whose roots will be expressed by the 
drdinates pm, P m', p"m", p"'m'", at the points of intersection 
91 thq.given parabola aiid circle, 

3. To make this coincide with any proposed biquadratic 
whose second term is taken away (by cor. theor.-3) i assume 
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«y* — jy* + ^ — «y = O, Assome also /> = 1 ; then com* 
paring the terms of the two equationsi it w*ll be, 2a— 1 =:fr, 

or a = ?i-f -24 = r, or i =: ~; a* + A^ - n* = — 5, or 

71* = tf* 4- 6* + 5, and consequently ?i = -v/(a* 4- A* +^). 
Therefore describe a parabola whose parameter is 1, and in 

the axis take ad = ^-^ : at right angles to it draw vq and 

=: — ^r ; from the centre c, with the radius v/(a*+6*+ s\ 
describe the circle m^'m gm, cutting the parabola in the points 
M, M', m", m'"; then the ordinate pm, p'm', p"m", p^'m'", 
will be the roots required. 

Note. This method) of making j» = I , has the, obvious 
advantage of requiring only one parabola for any number of 
biquadratics, the necessary variation being made in the radius 
of the circle. 

Coi\ 1, When do represents a negative quantity, the 
ordinates on. the same sicjle of the axis with c represent th^ 
negative roots of the equation ; and the co^rary. 

Cor, 2; If the circle touch the parabola, two roots of the 
equation are equal ; if it cut it only in two points, or touch it 
in one, two roots are impossible 9 and if the circle £ilL wholly 
within the parabola^ all the roots are knpos&ibie. 

Cor/ 3. If fl* + i* = 71% or the circle pass through the 
point A, the last term of the equation, i. e. (a*+ i^ — n*)/>*=Oi 
and therefore y* ± {2pa + p^)j/^ ± 2bpy = O, or 
2/3 ^ ^2pa .+ p^)y ± 2A/)* = 0. This cubic equation may 
"be ^ made to coincide with any proposed cubic, wanting its 
second term, and the ordinates PM, p"m'', p'"m"', are its roots^ 

Thus, if the cubic be expressed generally by^ ± jy ± «J==0. 
By comparing the terms if thji^ and. the preceding equation, 
'we shall have i 2pa + ■©*=: ± ^, an4 ± ?*/>* = ± J, or 

T fl ^ ip T ^» and i == J; — • So that, to construct a 

jtubac equation^ wijth vajgwen parabola,, whose half parameter 
is AB j(see the jpreceding figure) : from the point B takei ia 
the axis, (fprward if the e^q^U^ttion have — y, l),u,t backward if 

q be positive) theltnie ad ^ )^.\ then raise the perpendicular 

X)c == — , and ^oni ^ (j^es^rit^ a circle passing through th# 

vertex a of the parabola; the ordinates i^M, &c, drawn from 
the points of intersection of the prcl^ aijid parabolai will be 
Ahe roots required. 



-s^o^oj^:^ 
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PROBLEM IT. 



To Construct an Eqnation of any Order by means of a Locira- 
of the same Degree as the Equation proposed, and a Right 



- As the general method is 
tiie same in all equations, let 
it be one of tbe 5th degree, as 
*» — bx* + dcj* — iC-dx^ + a'ftr 
— at/=0. Let the last term 
oybe transposed \ and, taking 
one of the hnear divisors, f^ 
of the last term, make it equal 
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On the indefinite line bo describe the curve of this equa- 
tion, BMDIII.FC, by the method taught in prob. 3, sect. I, of 
this chapter, taking the values of x from the fixed point B. 
The ordinates PM, sr, &c, will be equal to x\ and thereforct 
from the point b draw the right line ba =/, parallel to the 
ordinates fm, sr, and through the point A draw the inde- 
finite right line KC both ways, and panllel to so. From the 
points in wtuch it cuts the curve, let fall the perpendiculars 
M?, RS, ca; they will determine the abscissas bp, bs, bo, 
which are tbe roots of the equation proposed. Those from 
A towards a are poutive, and those lying the contrary way 
are negative. 

If the right line AC touch the curve in any pojnt, the cor- 
responding abscissa x will denote two equal roots; and if it 
do not meet the curve at all, all the roots will be imaginary. 

If the sign of the last term, a*fy had been positive, then 
we must have made % =z —f, and therefore niust have taken 
ai=-~f) that is, below tbe point p, or on the negative side. 



Ex. I. Let it be proposed to divide a given arc of a circle 
into three equal parts. 

Suppose the radius of the circle to be represented by r, 
tbe sine of the given arc by a, tbe unknown sine of its third 
part by x, and let the known arc be 3u, and of course the 
Hquired arc be u. Then, by equa. viii, ix, chap. iii» we 
shall have 

.. a ■ If. 1 1 «n 2ii . COS u + C0« Bu - iin u 

sm 3u = Sin (2tt -J- «) = , 



sin 2u = sin ( u + n) ^ - 
siaSU =s cos( W+«) =- 



Vnttia^, 
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Putting) In the first of these equations, for sin 3u its given 
value a, and for sin 22^, cos 2Uj their values given in the two 
other equations, there will arise 

^ 3 sin u . cos^ u . sinS u 

a = . 

r 

Then substituting for sin u its value x^ and for cos* u its 
value r* — jr*, and arranging all the terms according to the 
powers of x^ we shall have 

x^ — \7^x + l^zr* n 0, 
a cubic equation of the form or^ — pa: + ^t = 0, with the 
condition that -J^p^ > ^* \ that is to say, it is a cubic equa- 
tion falling under the irreducible case, and its three roots are 
represented by the sines of the three arcs u, u + 120% and 
u + 240°. 

Now, this cubic may evidently be constructed by the rule 
in prob. 3 con 3. But the trisection of an arc may also be 
effected by means of an equilateral hyperbola, in the follow- 
ing manner. 

Let the arc to be trisected be ab. 
In the circle abc draw the semi- 
diameter AD, and to AD as a diame- 
ter| and to the vertex A, draw the 
equilateral hyperbola AE to which 
the right line ab (the chord of the 
arc to be trisected) shall be a tangent in the point A ;^ then 
the arc af, included within this hyperbola, is one third of 
the arc ab. 

For, draw the chord of the arc af, bisect ad at G, so that 
G will be the centre of the hyperbola, join df, and drav OH 
parallel to it, cutting the chords AB, af, in i and K. Then, 
the hyperbola being equilateral, or having its transverse and 
conjugate equal to one another, it follows &om Def. 16 Conic 
Sections, that every diamete^p is equal to its parameter, and 
from cor. theor. 2 Hyperbola, that ok . ki = ak% or that 
GK : AK : : ak : KI ; therefore the triangles gka, aki are 
similar, and the angle kai=aok, which is manifestly = adp. 
Now the angle adf at the centre of the circle being equal to 
KAi or FAB ; and the former angle at the centre being mea- 
sured by the arc af, while the latter at the circumference is 
measured by half fb j it follows that af = ^fb, or = j-AB, as 
it ought to be. 

Ex. 2. Given the side of a cube, to find the side of an- 
. other of double capacity. 

Let the side of the given cube be a, and that of a double 
oney, then 2a^ =y , or, by putting 2a = It, it will be a*i =y : 
there are therefore to be found two mean proportionals be- 
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tween the side of the cube and twice that side, and the fir^ 
of those knean proportionals will be the side of the double 
cube. Now these may be readily found by means of two 
• parabolas ; thus : * 

Let the right lines An, as, be joined * g g 

«t right angles ; and a parabola amh be ^ (r^^^\ 
described about the axis ar, with the \ n. 
parameter a ; and another parabola ami ^--^ 

about the axis as, wth the parameter A; T -^ ^ 

cutting the former in m. Then ap =:x, kI j^ 

PM. = y, are the two mean proportionals, 

of which y is the side of the double cube required. 

For, in the parabola amh the equation is^ = aj;, and in 

the parabola ami it is a:** = by. Consequently a ly *: : J/ : ^, 

and y : X :: X : b. Whence yx = tf A ; or, by substitution , 

y^oy = tfi, or, by squaring, y A = fl*A*j or lastly, j/' = a*^ 

=: 2a', as it ought to be. 

Note, Tor other exercises of the construction of equations, 
take some of the examples at the end 'of chap. viii. 

general scholium^ 

On the Construction of Geometrical Probletns. 

Problems in Plane Geometry are solved either by means of 
the modern or algebraical analysis, or of the ancient pr geo- 
metrical analysis. Of the former, some specimens are given 
in the Application of Algebra to Geometry, in the first volume 
of this Course. Of the latter, we here present a few exam- 
ples, premising a brief account of this kind of analysis. 

Geometrical analysis is the way by which we proceed from 
the thing demanded, granted for the moment, till we have 
connected it by a series of consequences with something au,- 
tcriorly known, or placed it among the number of principles 
known to be true. 

Analysis may be distinguished into two kinds. In the one, 
which is named by Pappus contemplative, it is-proposed to 
ascertain the truth or the falsehood of a proposition advanced ; 
the other is referred to the solution of problems, or to the 
investigation of unknown truths. In the first we assume as 
true, or as previously existing, the subject of the proposition 
advanced, and proceed by the consequences of the hypothesis 
-to something known ; and if the result be thus found true, 
the proposition advanced is likewise true. The direct de- 
monstration is afterwards formed, by taking up again, in an 
inverted order, the several parts of the analysis. If the con- 
sequence at which we arrive in the last place is found false, 

we 




vre tbence conclude that the proposition analysed is also fej^e. 
When a problem is under consideration^ we first suppose it 
resQived, and then pursue the consequences thence derived 
till we come to something known. If the ultimate result 
thus obtained be comprised in what the geon^eters call data^ 
the question proposed may be resolved : the demonstration 
(or rather the construction)) is also constituted by taking the 
parts of the analysis in an inverted order. The impossibility 
of the last result of the analysis, will prove evidently, in this 
case as well as in the former, that of the thing required. 

^ In illustration of these remarks take the following ex- 
amples. 

JSjt. 1, It is required to draw, in a given segment of a 
circle, from the extremes of the base A and B, two lines ac, 
* BC, meeting at a point c in the circumference, such that they 
shall have to each other a given ratio, viz, that of M to n. 

Analysis. Suppose that the thing is af- 
fected, that is to say, that AC : cb : : M : N, 
and let the base AB of^the segment be cut 
in the same ratio in the point e. Then £C, 
being drawn, will bisect the angle acb (by 
th. 83 Geom.); consequently, if the circle . r 

be completed, and cb be produced to meet it in f, .the re- 
maining circumference will also be bisected in f, or have 
FA = FB, because those arcs are the double measures of equal 
angles; therefore the point f, as well as e, being given, the 
point c is also given. 

Construction, Let the given base of the segment ab be 
cut in the point £ in the, assigned ratio of M to N, and com- 
plete the circle ; bisect the remaining circumference in- F ; 
join F£, and produce it till it meet the circumference in c : 
then drawing CA, cB, the thing is done. 

Demonstration* Since the arc fa = the arc fb, the angle 
ACF = angle bcf, by theor. 49 Geom. 5 therefore AC : cb : : 
AE : eB| by th. 83. But ae : EB : : m : n, by construction^ 
therefore AC : cb : : M : N. a. E. p. 

Ex. 2. From a given circle to cut off an arc such, that 
the sum of m times the sine, and n times the Tersed sine^ 
may be equal to a given line. 

^na^ Suppose it done, and that abe'b is 
the given circle, bb^ the required arc, ed its 
irineji bd its versed sine ; in da (produced if 
necessary) take bp an mh part of the given 
(ttm^Join FSf ahd produce it to meet bf J^ 
to AB, or II to ED, in the point F. Then, since 
m . IP 4-^*B9 s:/2 . 9P ^ » •.P^ + »«tt» 
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copsequently m . bd = n • pd ; hence vt> : EV> ::m : n. But 
PD : £D : : (by sim. tria,) pb : bf ; therefore VB : bf :: ni:n» 
Now PB is giveiii therefore bf is given in magnitude^ and, 
being at right angles to pb, is also given in position ; therefore 
the point f is given, and consequently pf given in position ; 
and therefore the point E, its intersection with the circum- 
ference of the circle aee'b, or the arc be is given. Hence 
the following 

Const From b, the extremity of any diameter ab of th^ 
given circle, draw bm at right angles to AB; in ab (produced 
if necessary) take bp an nth part of the given sum ; and on 
bm take bf so that bf : bf ::n : vi. Join pf, meeting the 
circumference of the circle in E and e', and be or be' is the 
arc required; 

Demon. From the points e and e' draw ed and e'd' at 
right angles to ab. Then, since bf : bp : : n : w, and (by 
aim. tri.) bf : bp : : de : dp ; therefore DE : dp s ; w : w. 
Hence m . de r: n • dp ; add to each n • bd> then will 
wi . DE + w . BD = w . bd H- w . DP = w . PB, or the given 
«um. 

£ar. 3. In a given triangle abh, to inscribe another tri- 
angle abcy similar to a given one, having one of its sides psi^ 
rallel to a line mBn given by position, and the angular points 
a, b, c, situate in the sides ab, bh, ah, of the triangle abh 
respectively. 

Analysis. Suppose the thing done, H 

and that abc is inscribed as required. /\^ 

Through any point c in bh draw CD 
parallel to mBn or to ab, and cutting 
AB in D ; draw ce parallel to be, and 
DE to aef intersecting each other in e. 
The triangles dec, acb^ are similar, and DC : ab :: ce : be i 
also BDc, Bubf are similar, and DC : ab : : bc : B^. Therefore 
'Be: CE ::Bb : be; and they are about equal angles, conse- 
quently B, £, r, are in a right line. 

Construe. From any ppint c in bh, draw cd parallel to 
nm ; on cd constitute a triangle ode similar to the given one; 
and through its angle E draw be, which produce till it cuts 
AH in c : through e draw ca parallel to ed and eb parallel to 
EC ; join ai, then abc is the triangle required, having its side 
ab parallel to mn, and being similar to the given triangle. 

Demon, For, because of the parallel lines ae, de, and cb, 
EC, the quadrilaterals bdec and Bacb, are similar; and there- 
fore the proportional lines dc, ab, letting off equal angles 

BDC, 
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BDC| Bai ; BCD, Bba ; must make the angles edc, bcd, re- 
spectively equal to the angles cab, cba ; while ab is pandlel 
to DC> which is parallel to mwij by construction. 

Ex. 4. Given, in a plane triangle, the vertical angle, the 
perpendicular,, and the rectangle otthe segments of the base^ 
made by that perpendicular ; to construct the triangle. 

AnaL Suppose abc the triangle re- 
quired, Bp the given perpendicular to the 
base AC, produce it to meet the periphery 
of the circumscribing circle abch, whose 
centre is o, in h ; then, by th. 61 Geom* 
the rectangle bd . dh = ad . dc, the given 
rectangle: hence, since bd is given, dh 
and BH are given; therefore bi = hi is given; as also 
ID =: OE : and the angle Eoc is = abc the given one, be- 
cause £OC is measured by the arc kg, and abc by half the 
arc AKC or bv kg. Consequently eg and Ac = 2ec are given. 
Whence this 

Construction. Find dh such, that db • dh = the given 




rectangle, or find dh =: 



AD . OC 
BD 



then on any right line 



GF take FE = the given perpendicular, and eg = dh ; bisect 
FG in o, and make Eoc ^ the given vertical angle ; then 
will OC cut EC, drawn perpendicular to 0£, in c. With 
centre o and radius oc, describe a circle, cutting cb pro- 
duced in a: through F parallel to AC draw fb, to cut the 
circle in B ; join aBj cb, and abc is the triangle required.. 

Remark, In a similar manner we may proceed, when it 
is required to divide a given angle into two parts, the rect- 
angle of whose tangents may be of a given magnitude. See 
prob. 40, Simpson's Select Exercises. 

Note. For other exercises, the student may construct all 
the problems except the 24th, in the Application of Algebra 
to Geometry, at the end of vol. 1. And that he maybe 
the better able to trace the relative advantages of the ancient 
and the modem analysis, it will be adviseable that he solve 
those problems both geometrically and algebraically. 



oJiKsrss:^ 



tr 



f 

. .-. il'J?fS ASD FLUEXTS. 

— J - 1 TT!'.!::!:* cf rhis Course has been given 

- .:ii'' r-*iti=e en FTuxicns and Fluents i 

.. .. J .7 . rir^z.*r sni mere geceral extension of 

-'-v., :nit-^T m ihe trarsformstson and on the 

--*-oa Ji ±iiiGZj : as the rules for ihe direct me- 

:' .-.* ,;i -jxar Tch:~e, will be found quite sufficient for 

'• . the ^iuiiccs of :he crdiriarr forms of quantities. From 

' :» vj uiT. 4-S cf iLa: tc-izt-c, have been riven a collec- 

. .i' the xcK rrciiz.:- znd obvious rules for finding the 

sints or zivKi £-x:oe« ; and which require no further 

. jof or cccsiisnrcci, is they are self-evident, being simply 

. .L- reverse cf uie rr^vieviing tv\cs for finding fluxions. But> 

.;i wtt. 42 5cc. is ^.vec ulso a compendious table of various 

. iher form^ cf ncxiccs and fioents, the truth of which it may 

■Jc proper here iiL :he £rs: place to prove. 

2. As :c nirsi cf ihose forms indeed, they will be easily 
proved, by cnly raking die fluxions of the forms of fluents, 
in the last column, by means of the rules before given in 
art. SO of the direct method ; bv which they will be found 
to prod'jce the corresponding fluxions in the 2d column of 
the tabiC. Thus, the 1st and 2d forms of fluents will be 
proved by the 1st of the said rules for fluxions : the 8d and 
4th forms of fluents bv the 4th rule for fluxions ; the 5th 
and 6th forms, by the JJd rule of fluxions : the 7th, 8th, 9th, 
10th, 12th, 1 4th forms, by the 6th rule of fluxions : the 17th 
form, by the 7th rule of fluxions : the 18th form, by the Sth 
rule of fluxions. So that there remains only to' prove the 
lith, 1 3th, 15th, and 16th forms. 

3. Now, as to the 16th form, that is proved by the 2d 
example in art. 63, where it appears that i*y{dx — x^) is the 
fluxion of the circular segment, whose diameter is J, and 
versed sine x. And the remaining three forms, viz, the 1 Ith^ 
13 th, and 15th, will be proved by means of the rectifications 
of circular arcs, in art. 61. 

\ Thus, for the 1 1th form, it appears by that art. that the 
on of the circular arc x, whose radius is r and tangent /, 

SB •;^^. Now put t = :r*'', or f' = x^ and a =z r* : 



if /=:i»i***""^;r, and 7* + ^ = « + T*, and i = 
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=== — rrr — > hence = ^^ = — «, and the fluent is 

-- = -- X arc to radius \/a and tanc. x* or = — - x arc 

an na ^ ^ o n^o 

to radius 1 and tang. V — , which is the first form of the 
fluent in n**. xi. 

5. And, for the latter form of the fluent in the same n** ; 
because the Coefficient of the former of these, viz, —7-, is 

double of -^-r- the coefficient of the latter, therefore the arc 

in the latter case, must be double the arc in theformet. 
But the cosine of double an arc, to radius 1 and tangent /, is 

j^ ; and because /* = -^ by the former case, this substi- 
tuted for /* in the cosine r-—;, it becomes r, the cosine 

as in the latter case of the 1 1th form. • • 

6. Again, for the first case df the fluent in the 1 Sth^form. 
By art. 61 vol. 2, the fluxion of the circular arc x, to radius r 

and sine v» is « :=: - — ^ ' ^ 6r = ■ ■ - ^ ■ to the radios 1. 
Now put J/ = V-^j ory ;= ^ i hence x^ (1 - 5/*) = 

^(^ - T-> =y |x V:<«-^), andi P-V^ X inx^^^^ 
then these two being substituted in tbe value of x, give z 

or :7(i^ "^ ^ ^ ^(i=^' consequently the given fluxion 
J, ' '^^ is = — «, and therefore its fluent is — «, that i^ 

•T-'X ftrc to sme V'—, as in the table of forms, for the first 
caise of form xiti. 

'7. And, as< the coefficient — , in the latter case of the said 

• n. 

2 - . 

form, is the half of r- the coefficient in the former case, 

therefore the arc in the latter case must be double of the arc 
in the 'former. But, by trigonometry, the versed sine of 
dtouble an arc, to sine y and radius 1, is 2j/*i and, by th6 

dfclTfter case, 2y* = —;• therefore -^x arc to the versed ^ne 

— is the fluem, -as in the 2d cascrof form xhi. 

g. Again 
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8. Again, for the £rst case effluent in the 15th form. By 
art. 61 vol. .2, the fluxion of the circular arc z, to radius r 

and ^ant <, is » = ,^^*-f)* ^ = s^(J- 1) *° "^"^ ^' 

Now, pnt s = y/-^ = -T-, or a* = — } hence V(**— 1)= 

^^(^ - I) = 4V(^-«)»«»<ii = -/t >« *«**"''*» 
then these two being substituted in the value of z, give x or 

! ss 5^ X r, * > ;consequentlythe given fluxion 

— i— i — = -^«, and theref. its fluent b — 7-*, that is— 7- 

X arc to secant V — 9 as in the table of forms, for the first 
case of form XT. 

9. And, as the coefficient — r* in the latter case of the 

o 

said form, is the half of — 7 the coefficient of the former 

case, therefore the arc in the latter case must be double the 
arc in the former. But, by trigonometry, the cosine of the 

double arc, to secant s and radius 1, is -^; — 1 ; and, by the 

former case, -J- - 1 = ~ - 1 = ^^ j therefore ;;~x 

arc to cosine - ^ * is the fluent, as in the 2d case of form xv. 

Or, the same fluent will be — r- X arc to cosine \/~% be- 
cause the cosine of an arc, is the reciprocal of its secant. 

10. It has been just above remarked, that several of the 
pabular forms of fluents are easily shown to be true, by takings 
the fluxions of those forms, and finding they come out the 
same as the given fluxions*- But they may also be deter- 
mined in a more direct manner, by the transformation ofthe 

g'ven fluxions to another form. Thus, omitting the first 
rm, as too evident to need any explanation, the 2d form is 
« = (a + ar*)"'"'jr*-' x, where the exponent (n— 1) ofthe 
unknown quantity without the vinculum, is 1 less than (n) 
that under the same. Here, putting y =s the compound 

quantity a + x*: then isi = wo;*- ' ;r, and i = ^I^ ^ hence^ 
by art. 36, » = ^ = i2if:>2, a, in the table. 

will fnn 

11. Bjr 
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12* By the above example it appears, that such fhm of 
fluxion admits of a fluent in finite terms, when the index 
(n — 1) of the variable quantity (x) without the vinculum^ 
IS less by I than n^ the indek of the same quantity under the 
Vinculum. But it will also be found, by a like process, that 
the same thing takes place in such forms as (a-|-jr*)"x^'"'i> 
where the exponent {en — l) without the vinculum, b 1 less 
than any multiple {c) of that (n) under the vinctdum. And 
further, that the fluent, in each case, will consist <^ as nuiny 
terms as are denoted by the integer number c ; viz, of one 
term when c = 1, of two terms when c =s 2, of three tcnnf 
when c = 3, and so on. 

/ 12. Thus, in the general form, i(: :r (i? + x*)*x'*"*'i^ 
jMitting as before, a + x^ =: y^ then is x« = ^— ^ and its 

fluxion njr*'"';r = y, or x^^^x = — , and j:^-"*x or j:^"** 

x^^^k ss —(y — ay-^yi also (a + x^y ssjT : these va- 
lues being now substituted In the general form proposedj 
give » = — (y — ay^yTy* Now, if the compound quan- 
tity (y — ay~' be expanded by the binomial theorem, and 
eadi term multiplied by y"i, that fluxion becomes 

&c); then the fluent of every term, being taken by art. S6, it is 

_ 1 y y»»^ C-l gy«4>C"« c-1 C-2 fty» * -^ g, x" 
^^ n^m-^-t 1 'm + c-l"^ I * 8 'm + f-s"' ''. 

&c), putting </ =: m 4- ^9 for the general fbrpl of the fluent; 
' where, c bemg a whole number, me nluldpliers c — 1, c ~ 2^ 
c — 3, &c, wul become equal to nothing, s^er the first c 
terms, and therefore the series will then terminate, and ex^^ 
hibit the fljient In tl^t nwnber pf terms \ viz^ there will be 
only the fint term when c=: 1, but the first two tj^nxis when 
c ^s 2, and the first tlwee t|erms when c = 3, and 40 on.7--? 
, Except however the cases in whicb m is some negative num- 
ber equal to or less thati ^ ; in whiph ca^^ the divisors, 9^ -f ^9 
w + ^ "■ 1, w + c'^— 2, '&c, becoming equal to nothing, be- 
fore tb€) multipUefs r— 1, ir— :2, &Cy the corresponding terms 
of the series, being divided by.O, will be infinite: -^d theiji 
the jBuent is said to £iil, as in such case notluag can be. deter* 
ttitt^frpm it. „ - ^' 

. 13. Besides thisr form of the fluent, there are other. m«r 
ihods' of procee^g, Jiy which other forms of fluents ar^ 
Vol. UJ. Q 4%f««^%^ 
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1^ of the ^veti fluxion « = (« + jr»)*r^-*';f, which 
are of use when the foregoing form fails, or runs into an in- 
finite series ; some results of which are given both by Mr. 
Simpson and Mr. Landen\ The two following processes are 
the manner of the former author. 



14. The given fluxion being (a + jr*)'"jr**-*i j its fluent 
maybe assumed eoual to {a 4- x")""*^ multiplied by a general 
series, in terms ot the powers of x combined with assimied 
.unknown coefficients, which series may be either ascending 
or descending, that is, having the indices either increasing or 
decreasing ; 

viz, (fl l-vr*)'"-^' X {Aaf.+ t^"+tx^'^^'-{-T>^'"^^' + icc), 
or(a + x")«+' X (Ajr^ + Ba:^+'+cr^+*' + twf+5'+&c). 
And first, for the former of these, take its fluxion in the 
usual way, which put equal to the given fluxion (a -f J^y 
x^^^x, then divide the whole equation by the factors that 
may be common to ail the terms ; after which, by com^paring 
the like indices and the coefficients of the like terms, the 
values of the assumed indices and coefficients will be deter- 
mined, and consequently the whole fluent. Thus, the former 
assumed series in fluxions is, 

n(m + l)x"-'x{a + x'Y' x {ax^ + Bxf- '+ cr^-^ &c)+ 
(a+a:*)*+'*x(rAjr'-»+(r-^)Bjr'— '■-*+(r-2j)c;r^-*'-* 
&c) ; this being put equal to the given fluxion (a 4- jr*)"jj**"^'i> 
and the whole equation divided by {a + x^Yxr^x^ there results 
w(w+ 1)^ X {AX' +Bx^-' + cr^-"*'+w'^-3/^ guj) 1 _ ^, 
+ (tf + j;*) X (rA^+ (r-5)Ba-'-'+ [r^2s)cx'-*'B^) \ ^^ ; 
Hence, by actually multiplying, and collecting the coefficients 
of the like powers of x^ there results 

Here, by comparing the greatest indices of dr^ in the first and 
second terms, it gives r + n ss cn^ and r + n '^ s :=sri 
which give r = (c — l)n, and » = 5. Hicn these values 
'being substituted in the last series, it becomes 

Now, comparing the coefficients of Ihe like terms, and put*- 
ting c + mzsd, there resuk these equalities : 

.&c; which values of A, B,c, &c, with those of rand ^> being 
i9oiP substituted in the first assumed fluent^ it beoDDiet 
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&c, the true fluent of (a + x^Y^^'^^^* exactly a^eeing 
with the first ralue of the Idth form in the table ofnuent3 
in my Dictionary. Which fluent therefore, when <r is a whole 
positive number, will always terminate in that number of 
terms \ subject to the same exception as in the former case. 
Thus> if t' =r 2^ or the given fluxion be (a + jr*)'"x**""' x ; 
then, C'\'mox d being =: m + 2, the fluent becomes 

And if c = 3, or the given fluxion be (a + x^Yx^'^^x s 
then m •\- c ox d being = iti + Sy the fluent becomes 

(m + 3)« ^' "" 1H + 2 """m+S.m+l' "^ n ^m + 3 

— s ^ H s ;;; :)• And so on, when c is other 

whole numbers : but, when c denotes either a fraction or a 
negative number, the series will then be an infinite one, as 
nouQ of the multipliers f— I, c— 2, c— 3, can then be equal 
to nothing. 

15. Again, for the latter <Mr ascending form, (^ +:r*)"'.+ ' x 
(A.t' + 80:^+' + ca:^+*' + Dj;'+3' + &c), by making its 
fluxion equal to the proposed one, and dividing, &c, as be- 
fore, equating the two l^ast indices, &c, t^e fluent will be 
obtained in a difi^erent form, which will be useful in m^ny 
cases, when the foregoing one fails, or runs into an infinite 
series. Thus, if r + J, r + 2j, &c, be written instead of 
r — s^ r — 25, &c, respectively, in the general iequation in 
ttke last case, and taking the^first term of the 2d line into the 
first line, there results 

+ rflAa:'+(r-f 5)tfBJi;'+'+(r+25Vicar^+*' &c J 
Here, comparing the two least pairs of exponents, and the 

coefficients, we have rsscn, and 5 = W} then A=5~ = — 4 

' ' ra cna » 
r + «(m + l) - ^^ c-fwi-f 1 A c-nn-f 1 ^^ 

® <r + f) >-^"""" * c+1 'T (c + l)c»««* *""" 

■; — -r- B = H : s r &c. Therefore, denoting 

6 + m by ^, as before, the fluent of the same fluxion 
{a + x^Yx"^"" ' i, will also be truly expressed by 

ajireeii^'mth the 8d value of the fluent of the Ij^h f<nm in 

Q 2 ^n 
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my DietiMaij. Whiehseri^win tenninatewlieiiif orc4:9» 
is a negstiTe mteger; except when < is also a negative in* 
teger lesi dian 4^ S for then the fluedt faik, or wfll be infinite^ 
the divisor in that case first becoming equal to nothmg. 

To show now the use oJF the fbregimig series, in some ex- 
ample of finding fluents, take first, 

' 16. Example I. To find thefluent of ^f^ x or ixJk 

Thia exan^le being compared with the general form 
jr^-"'*(tf + X*)", in the several corresponding parts ofthe 
^rst series, gives these following equalities: viz, a=:a, iis= 1, 
en — 1 = 1, ore— 1:^1, or CSS 2^ mzz^ il y = a+x» 

4 = in + c = 2 - i = i, -iy = (a + ;r)*, ~ = |, ^. 

^ =s --r- & here the series ends, as all the terms after thi^ 

become equal to nothing, because the following terms con- 
tain the fiibctor c — 2 s 0. These values theii being substi« 

sdtuted *tt -^ ( -J — jzn • T^* *^ becomes (a +x)* x 

which multiplied by 6, the ^ven coefficient in the proposed 
ezainple» there results (4.r-^8a).y(a+;r), for the fluent 
lequSred* 

|7. Exam. 9. To find the fluent of 

j^ ■ . ... 

The several parti of this quantity being compared with th# 
cctrrespcmding ones of the general fimn, give asma^^nts^^ 

m = i, en — 1 or 2c — 1 = — 6, whence c =s -y- sb — 4, 

andds^m + c = 4.-4=— 4 = "• 2, which being a nega- 
tive integer, thefluent will be obtained, by the 3d or last form 
pf series ; which, on substituting these values of the letters^ 

^'^ ■ X — -j^T" ^^'^ ^ required fluent of the proposed 

fluxion* 

IS. JSxam.:^. Let the fluxion proposed be 

^, « 5(4 + ;r-)-*^'-V. 

He;r(^ by proceeding as befbre,,we have. ^ ^^^1 n s n, 
m s= — T» e » 3, and d zz c + m^^ii where c being a 
pou^ Jaatgff, this case bekmgi to the Sd series $ xnto 



which therefm'e ib^ ^l^iifi valuer being ^bstituted^ it becomes 

19. Es^m. 4. Let the proposed fluxion be 5(-f — z'^^z ""'i. 

H^e^ proceeding as above) we have a=j^n = 2, w»2ae4> 
^n — 1 or 2c — 1 5= — 8, and c = — i, :r = — «, d =: c + 
m = -> 3| which being a negative integer^ the case belongs 
to the Sd or last series^ which ther^prei-bjr substituting 

these values, becomes -^|^r4 x Ct + "^Vt + "a "^1 i )*^ 

the true fluent of the proposed fluxion. An^ ^^^ °^ 
many other similar fluents be exhibited in finite tennSf as in 
these following examples for practice. ,. t 

Ex. 6. To find the fluent of - 8x5xv/(tf*- Jr*). 
£x. 6. To find the fluent of - Sx^x . (a*- j:*)^*. " 
Ex. 1. Tofindtheflu.of^"-=^ or(tf-x-)*x-^+»*. 

20. The case mentioned in art. 37} voL2| viz, of compound 
quantities under the vinculum, the fluxion of which is in a 
given ratio to the fluxion without the vinculum, with <mly 
one variable letter, will equally apply when the compoond 
quantities consist of several variables. Thus, 

Example 1. The given fluxion being (4xx + 8je^)"* 

V(4r'+2y), or i^xJc + Sjty) X (jp* + 2^)*, the root being 
jf" + 2j^, the fluxion of which' is 2xx + 4fyj. Dividinj^ the 
former fluxional part by this fluxion, gives the quotient 2 : 
f^extf tl^exponent -^ in,crea$ed iiy 1, gives 1 : lastly, dis^idipg 

by tWs 4, there then results |(;r* + 2y)*> fo)r the reqiirred 
fluent of the proposed flui^ion^ . .... « ^ 

(^ +y +a^F X (6xi + 12y^ + ISz'x) IS 

(a:«» y4 4. ifiji'*- ^ x (6itir+ IgySy ♦ 18«»«X _ .r^ . 4 4. ^<i)^ ^ 

* ... 

JLroqt. 3. In like manqeF) the fluent of 

41. Th* 
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91* The fluents of fluxions of tbe forms 
— T— :, ^ . ,» &c, or -r-T— ^f &c, where c and u are whole 

nambers, will be foimd in £nite terms, hy dividing the nu- 
meiator hj the denominator, using the vanaMe letter x as the 
tana term in the divisor, continuing the <fivisioo till the 
powers of X are exhausted ; after whMch, the bat remainder 
will be the fluxion of a logarithm, or of a drenlar arCf &c. 



Exam.\. The find the fluent of or . 

a-t-x x + « 



Brdiriaon, — — - = x '-T—y where the remainder —— is 

evidently = a x the fluxion of the hyperbolic logarithm of 
a + Jr: therefore the whole fluent of the proposed fluxion 
b X — tf X hyp> log. of (a + x). In like manner it will be 
fi>iBid that. 



Ex. 2. Thefluentof -— -,bx+tfX hyp.log.of(x— fl\ 

Ex. S. The fluent of -^— , is — x — « x hyp. log. of 
{a - X). 

Ex. 4. The fluent of -^-^ is^x* — at + «* x hyp.log. 
of (fl + x). 

Ex. 5. The fluent of -^^ is — ^x* — at — a^ x hyp. 
log. of (a — x). 

Ex. 6. The fluent of j^U, isfr* + tfx + if* X hyp.log. 
of (x — a). 

Ex.7. Thefluentof j^isfr»-4Ar* + fl*x-a' X 
hyp. log, of (x + a). 

Ex. 8. The fluent of j^, is jx^+iox^ + a^x + (^ x 
hyp. log, of (x — fl). 

i:x. 9. Thefluent of ^^, is - jxJ - i^r* - a*x + 
tf' X hyp. log- of {a — x). 

J?x. 10. The fluent of -^, is ix* - |ax' + +a*x» — 
«'x + A* X hyp. log. (tf + x). 

^x 11. 'The fluent of -^, i, fl - 2SZ; + frri . 

a+»' n /I— I'll— 2 

^?^ + &c ± «• X h. 1. (« +.x).. 

j&r. 12. 
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£r. !2. Thefluent of -^ is -^-^ - i^^ - 

Ex.lS. The fluent of ^ is ?!. + if!!-* + !!?1^ + 

-j^— &c + a X h. L (a: - a), 

/^x". U; The fluent of ^^ = (by division) x - —i, 
is, (by form 1 1 vol 2) jt — cir. arc of radius a and tang, x, 
or jT — ifl X dr. arc of rad. 1 and cosine -i^. In like 
manner, ^ 

Ex. 15. The fluent of -r--:* or of — x + T-^rst is — 
;r + ^a X h. L ^^, by form 10. And 

Ex. 16. Thefluentof ;j^ = .r + ;j^,isj' + l4X 
J^yp- ^og- -—J by the same form. 

22. ?n like manner for the fluents of jr^^- Tbns, 

Ex.ll. The fluent of -f^ r: :i«* - 0** + -i^ 
is by form, \x^ — a^i* + «'' x cir. arc to rad. a and tang, x^ 
or f j:»— a*x+-J«' X cir. arc to rad. 1 and cosin«-— ». Aw) 

£x. 18. The fluent of -^ = - x** - «•* + JlS^ ^ 
— -Jx* — a*jr + \a^ X hyp. log. rrp by form 10. Alto 

^x. 19. Thefluent of :^, = x'i + «»* + ~,is 
4^3 + tf *x + -!«' X hyp. log. ^^, by form 10. 

23. And in general for the fluent of ^pr^-jfit where « is 

any even positive number, by dividing till the powers of .r 
in the numerator are exhausted, the fluents will be found a^ 
before. And first for the denominator x* + a% as in 

Ex. 20. For the fluent of ^~^ = (by actual division) 

a;'-*;p - a^x'-^x + a^x^-^ - &c ± «""** =F y^^the 
number of terms in the quotient being \n^ and the remsiinder 
T ;;ji5» ^iz, — or + according as that number of tenuis is 
odd or even. Hence^ as befpre, the fluent. 
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ir-^ -r ~^* +-&C . . . ± ^*'**^ =F **"* X aire to>ad. 
f .and tan x, or - — r — --^'-^ + &c . , ± a*"*r T -lo*^' x 

ire to raA 1 and cos. -—-;. 
£x4 21. In like manneri the fluent of -r-m » ^ 

k hyp. log. fZ^. 

S4. tnasiijftilar manner we are to proceed for the fluents of 
fj /^u < ^1^>^ ^ i^ ^7 <>dd number» hy dividing by the d6- 

nominator inven:e4> till the first power of :r only be found 
fii die f emaindery and when of course there will be one term 
leti in the quotient than in the foregoing case^ when n w2Li 
an even number ; but in the present case the log. fluent of 
the jremaind^r will be found by the 8th form in uie table of 
Audits in the 2d volume. 



' £s* £8. Thus, for the fluent of -z — u where n is an odd 

immbar^ the quotient by division as beforey isx^^^x-^ i^x"^ 
i + tf*^*"** — &c ± a^^^xx, the number pf terms being 

MxiSiS. The fluent of — ^ is obtained in the same 

manner, and has the same terms, but the signs are all positive» 
and the remainder is + -ta""" ' x hyp. log. jr* — ii*. 

' jBjt. 24. Also the fluent of 2;— ^ is still th^ same^ but the 

iign^are aH negative, and the reminder is * -ftf""' x hyp. 
log. ^ — or*. Hence also, 

f3ijr 

£x. 25. The fluent of -rrs> is i^^ — itf* X hyp. log. 

of J?* + 0*. 

: £x. 26. The fluent of -^^, is i^ + ^4* x hyp. log* 
of a?' — a*. 

Jffo:. 27. The fluent of j^, is - *x* - -|a* X hyp. 
Jhff. bfa* " x\ 



ft . 

; Sx. i%. iTieHuenit of -^^ is ijr* - iaV + ^o^ x 

Ex. 29n The fliientof -^^ is Jo;^ + ^a^jr* + ia* ^ 
hyp. log. or* — a*, 

JEr. 30. The fluent of j0^ is - ^ - ^aV - ^tf* x 
Bj]^ log. a* — 4:*. 

^5. jEr. 31. In a similar manner, may be fbond the 

f nents of prr-^» where c is any whdle positive niupber^ bf 

'dividing' till the remainder be — ^ ^, , which jcan alwa;^ 

he done, and the fluent of that remainder will be had by tbe 
Mk fertn m vol. 2. Thus, by dividmg first by j^ + a*ji the 
terms tfre; j^^«-'i- ^•jr^'"**-^'« + tf**a:^--^*-'* -- + 
*c till the last term be tfJ^-'^^jr^^^fl*-', and the remainder 

■■ ^ ^ — =5 — rrrrz — when a is = ip — 1, or 1 less thsm 

c, which is also the nui^ber of die terms in the quotient ; 
iUid^erefore the fluent is ... 

en-^n en— to * <«— 3it * ■*- n \ n ■ 

iiyp. log. (^a^ + t^i In like manner, 

' jCo:. S2. The fluent of -r-i? 1^ all the same terms 
as the former, but their signs all -|- or positive,^ and Ae re* 
imainder - 4^"^^ X hyp. 1<^. of iar"-a\ Also in like msuin^ 

£a\ as.^ The tfuent of ^;-^^ has aU the very same tei^t 

' ' * I 1 

but all negative, and the remainder — — tf(^-'>* x hyp.bg. 
of tf • — j;*. 
£jr. 34. The <hxent of f^^ *= T ^ T '' ' ** ^^ 

the same with the preceding, by substitut. ^ fe/ ^> ^ ^* 

^plying the y^Ol« s^es by the fraction -^. 

26. When the numerator is compoond, as well ^pi die de- 
nominator, the eiptessi(m may,,in a similar maniier bv dii^« 
non, be reduced to ISke terms admittiiig of finite fluents. 

'Thm^for ■ >. ■ - ■ . /■ ". 



234 nmaota Atm rtvstns. 

B*. SS. To find the fluent of ^ x xi - "'"y . 

c + ttx* e + axi* 

By division this becomes — "J**'* + ""TjJ" ^ "7 » ^^^ ^^^ 

flnent - ^^x^ + —^ x hyp. log. of -^ + ^. 

27. There are certain methods of finding fluents one from 
mother, or of deducing the fluent of a proposed fluxion from 
another fluent previously known or found. There are hardly 
tny general rules however that will suit all cases ; but they 
mostly consist in assuming some quantity y in the form of 1 
rectanjgle or product of two factors, which are such, that the 
one cf them drawn into the fluxion of the other maybe of th6 
form of the proposed fluxion ; then taking the fluxion of th^- 
tssumed rectan^e, there will thence be deduced a value of 
the proposed fluxion in terms that will often admit of finite 
fluents. The manner in such cases will better appear fr*om 
the following examples. 

£x. 1. To find the fluent of ■ ,, . ■ > . 

Here it is obvious that if ^bc assumed =: x^(x^ + «*)> ^ 
then one part of the fluxion of this product, viz, x x flux, 
ef V^(jf + a% will be of the same fc>rm as the fluxion pro- 
posed. Putting theref. the assumed rectangle^ =x^ (x^-i-a^) 

into fluxions, it i8i=iv'(r*+ii*) + -rjrj^jr* 5ut as the 

former part, viz, i\/{x* + a'), does not agree with any of 
our preceding forms, which have been integrated, multiply it 
by v^(x* + ^), and subscribe the same as a denominator to 
the product, by which that part becomes 

T/C^TP)* ^ a/(**-I'«») * ^*"* united with the former part, 
.skiakes the wholei = -—;^ + ^7(5?^} hence thegiven 

therefore iy - 1^ x f-;^^^ = f^^v/ (•**+«') - i«* x 
hyp. ]og. of X +^(jr* + a'), by the 12th form of fluents. 

Ex. 2. In like mannar the fluent of ^^ ^^ trill he 

fcund fitwi that of ,* ,, by the sameMSTth form, and 
is » *r^(^-«*) + iff* X hyp. log. jr +y/{x* - ^). 

Ex^ 3. Also in a similar manner, by the 13th fornii the 

fluent 
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fliient of ■ . / ,, will be found from that of ' , f ' ,,» and 

comes out — ixVifl^ — jt*) + 4^ x cir. arc to radius a and 
sine x» 

Ex* 4. In like manner, -the fluent of -m r: will be 

ibund from that of ^-rn T\' Here it is manifest that y 

must be assumed = x^\/{x^ + a*), in order that one part of 
its fluxion, viz, x X flux, of ^/{x^ + fl*) may a^ree with the 
proposed . fluxion. Thus, by taking the fluxion, and re^- 

dncincr as before, the fluent of ', ^^ - v will be found =s 
-Fjt, 5. Thus also the fluent of . ■ _ ^;. is j^x'^^ix^ - a*) 

^x.-6. And the/ -j^jf^j, is - ;^xW(«« - x') + 

la* X /• f!i— 

* •'a/Co"-**)* 

In like manner the student may find the fluents of 

TAPn^y VF*^)' *""' *° v-(«« * «-) ' '^^'^ n is any even 
number, each from the fluent of that which immediiitdy 
precedes it in die series, by substituting for ^ as before* 

Thus the fluent of ;^|^) = v-^"' Vi^ + «*) - ^ 

^ -^ a/(*' + «*)• 

28. In like manner we may proceed for the series of simh- 
lar expressions where the iifdex of the power of a: in the Hu* 
merator is some odd number. 

Ex. 1. To find the fluent of ' ^' ,, . Here assuming 

y = jr*v^(i* + tf*), imd taking the fluxion^ one part of it 
will be similar to the fluxion proposed. Thus, y = 2xx 

f^ix^ + «*) + ;;77-; — ^ > hence a^. once the given fluxion 
. ^? -^ rrj — 2xxv^(;r*+fl*); theref. the required fluent 

is J/ -/ . 2a;';rv'(j:» + a*) = ^V (-^ + <»*) - |(^* + «*A 
by the 2d form of fluents. 

Ex. 2. In like manner the fluent of —t-t rt, is 

i:* Vtr^ - <f ) - f (*' -. <f )i • . 



JBx. S. And tli0 fluent ^ r^fj^rSTy =: ^ ^\^(^ ^ •*') 
£r.4. Tofindtheflu^of--rr^^^,fix^ "^ 



Here it is manifest we must assume 3/ == ^^^{x^ 4 o^}. 
TKsinfluxions and reduced ^ivesi « ^^Jt) + v5?^>. 

"^^'^^ V(?r?) = *> - T - vFTT)* "dtheflu. 

the fluent of the latter part being as in ex. 1, above. 
In like manner the student mly find the fluents of . 

'5i(ft^ *^**7(fe?)* H««»y then proceed in a sfaular 

way for the fiuects of .,** ... . -yrr'—r.j See, -r -rr^j 

where n is any odd ai^oiber^ viz, al'^avs by means of the 
flueift of each preceding term in the series. 

29. In a similar manner may the process be for the fluents 
cf the series of fluxions, 

%sing the fluent of each preceding termi in the saies* as a 
pm of the n<»t tenn, and knowing that the ineot of the 

'first term ^^^ is ^ven, by the .2d Ibrm of fluents^ s 
3^ (a ?b .rX of the same sign as jr. 

Ex. 1. To find the fluent of -7^7;^ hai^g gi^^ 

4/(ic:f) ^ ^'^^'^ + a) =s A appose. Here it is evident 
we must assume y^x»^ ( J^ + a), for then its fln^ i =? -55^ 

hence ^-^575 = li "" l^^5 ^^ the required fluent is fjf r- 
fiA =s fry (X + a) - 4^«v'(:r+fl)=(4r -.2a) x fy^ (*+«). 
In like manner the student will find the fluents of 
and 



ior. 2. To find the fluent of ■ !|^^ ■> having givep that 

l/fa^^n) '^ ^' Here^ must be assumed =:>*y (jf +«) > 
for then taking the flu* and reducxng^th^i: is finipd ' J^* » 

-?3 -~ 



— |flB = y^\/{ar + a) — 4fl{^ - 2tf) x J ^(•«' + a) =a . 

In the same maimer the student will find the fluents of • 
— r— : and of , , And in eenentl* the fluent of ' ■■ 

being given = c, he will find the fluent of .f' i =s —i-. 

SO. In a similar way we might proceed to' find die fluents 
of other classes of fli|xions by means of oth^ fluents in 
the table of forms in volume 2 j as^ for instancOf such as 
xx^(dx-x^)tJ^Jiri^(da:-x% x»*-v/(^4;'-;r*), &c, aependf-' - 
ing <»i Che fluent of iy/{dX'-x^)i the fluent of ^riiich^ bf 
the 16th tabular formj is the circular semisegment to diaoif* 
ter d and versed sine x^ or the half or trilineal segment con<« « 
tained by an arc with its right sine and versed sine, the 
diameter being i/. , 

JSx. 1 . Puttmg then s^id sepiiseg. or fluent of iy/ (dx-^x*) 
s A, to find the fluent oixxV{dx — x% Here assunting 

y =; [dx — x^Yi and taking the fluxions, they ace, } ^ 
^{dx - 2xx)s/{dx - x^)% hence xxi/{(dx - x*) as \dx'/ 

{dx — jr*) — |> ss \dl — ^i ; therefore the required fluent^ 

/xxV(dX'-x^)tk 4<iA— 4^y =idA— f(4r-ar*)^=5B8upposew 
-ffa:. 2. To find the fluent of x^x^ {dx - x^j, having that 
of ;r*v'(dr— jr*)gi^n^B. Here assuming y=6,r(i£r'-<r^)^ 
then takbg the fluxions, and reducing, there results i^p 
ddxx - 4Jr*i)y(rfr - x*)-, hence ^i^X^^^ ^ i^)=^^i 
V^(ifcr-a?*) -|>=r|rfB-ii, the flu; theret^JF j:^iv^(^-^5») 

p ^dB — ^y = ^dB — ^^(djr — 0?*)*. 

£x. 3. In the same manner the senes may be ccmttnued 
to any extent ; so Aat in general, the flu. of ^ "" V (^ "" ^'^ 
being giten = c, then the next, or the flu. ofx^xVldX'^x^) 

wiH be ^ - Irfc - ji5x.-'(^-x»)* : .^ 

31. To find the fluent ,of such expressions as '^(j,a ju ' sSfasJ 
a case not included in the table of forms in vol. 2. . ^ 

Put the proposed radical /(if* ± 2dj;) =: 2, or i** ±'iax 
?= 2* ; then, completing the' square, .r*± 2ax+a\=i z*+a% 
and the root is x ± A = y'C** + ^)* Th« fluxion of this Sl 
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of which, by the 12thfbrm, is the hyp. log. of z +\/iz*+a^y 
= hyp. log. of X ±a + ^{x* ± 2&r), the fluent required. 

£x. 2, To find now the fluent of ^,^^ . , having 

pven, by the above example, the fliient of ' = a 
suppose. Assume V(ar* + ^^^) = J/ ; then its fluxion is 
VS?71S) = -^' thcref. -^jjj^:^j - > - ___=j,.aA; 
the fluent of which is j^ — aA = y^(x^ + 2ar) — a a, the 
fluent sought. 

jFjt. 3, Thus alsoj this fluent of .^^ being given, 

the flu. of the ne^t in the series, or ^, ■ ^ ^ will be found. 
by assuming Xy/{x^ -|- 2ax) =^ ; and so on for any other 
of the same form. As, if the fluent of .^ ^ be g^ven 
s= c; then, by assuming ;r*~\^(j:*4- 2ax) =:^, the fluent 
of ,;f% , = -X— VC*^* + 2iw) - ^^flC. 

Ex. 4. In like manner, the fluent of being 

given, as in the first example, that of ^^ may be 

found; and thus the series may be continued exactly as iri' 
the 3d ex. only taking — 2ax for + 2ax. 

m 

32. Again, having given the fluent of ..^_^, , which, 
by pa. 321 vol* 2, is — X circular arc to radius a and verged 

sine X, the fluents of ^ — , — — — . &c . » — — 

may be assigned by the same method of continuation. Thus, 

Ex. 1 . For the fluent of --^^——^^ assume i/{2ax- x^) 

aa^; the required fluent will be found =s — ^(2ax— ;r*) 4- A 
or arc to radius a and vers. x. 

* Ex. 2, In like manner the fluent of -—-— is 

/ 7^) - ^^^^"^ - '? •= •^''^ - ^V,(2«^- -')> 

where A denotes the arc mentioned in the last example. 
Ex. 3. And in general the fluent of ^ ,> is 

5n-l - 1 ^^ *' 



*^^ "" —^'"'W{2ax - x% where c is the fluent of 
-— jj^jT/ ^ next precediflg term in the series. 



n 



%%. Thus 



FLUXIONS AMD FLUSMTS. 9$9 

S3. Thus alsoj the fluent of ;rv^(jr — a) being giyen^ sl 

J^o:— a)*, by the 2d fsrnij the fluents of x;rv^(x — a), 
:r**v^{x— fl), &c . . . ar''A'V'(x— a), may be found. And in 
general, if the fluent of x'^'^^xy/{:C'-a) = c be given j then 

_3_' 

by assuming ^(jt — a)* =j^, the fluent of x*xv^(ar — a) is 
found = r — r.r*(x— tf)* + ;r-^c. 

34. Also, given the fluent of (.r — a)**^, which b -r — 

(jr—fl)'" + * by the 2d form, the fluents of the series (jt — c^xk^ 
(x— fl^^jr^ &Cv. . ., (jT— tf)*jr*;r can be found. • And in ge- 
neral, the fluent of (x — df^'^^x being given = c j then 
by assuming {x — a)*+*x* =x:^, the fluent of (x— aj^x'i is 

found = ''^'-'^"'.-^"'?' . 

Also, by the same way of continuation, the fluents of 
x^'xy/i^a 47 x) and of x*x{a ^ xY may be found. 

35. When the fluxional expression contains a trinomial 
quantity, as v^(& -f ex + x^;, this may be reduced to a bir 
nomial, by substituting another letter tor the unknown one 
X, connected with JisSf the coeflkieU^ of the middle term 
with its sign. Thus, put i=sx+ ^ci then2;*=sx*+cx+^; 
theref. a* — ^ = x* + ex, and »*+ft— ^s=:x* + cx + ^ 
the given trinomial'; which b s x* + ^% by putting ^ :;=: 
b - ic\ 

Ex. 1. To find the fluent of ,,\, . ^ .> . 

Here ;s = x + 2; then ;z* = x* + 4x + 4, and z* + 1 = 
5 4- 4x -f *i^> sdso X =: » ; theref; the proposed fluxion xe* 

duces to -.' ■ ;. ; the fluent of which, by the 12th form in 

the 2d vol. is 3 hyp. log. of x + v^(l + x) ss 3 hyp. log* 
x + 2+V'(5 + 4x;f X*). 

. Ex. 2. To jfibd the^uent of x-/ (i + ex + rfx») =s xy'rfx 
Here assuming ^ + ^ =x; then x =: «, and th^ proposed 



5 c* 



flux, reduces to i^rfx v^(«V+ -^ - j5>r=i'^^?^'v^(«*+<f)> 

putting a^ for -J ** r^s; and the fluent will be found by a 
^milar process to that employed in ex. 1 art. 27. 

Bx.%. Inlikemanner,forthefltt.ofx*'~'xv^(&-|- cx*4- 
iir*»), assusung x' + ^ss x, fwr*-"'xs5«^ andx'-'xs^ie; 
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hence x^ + -5-*" + ^ = *% and x^idx^ + rj- + ^) a? 

Vdx v^(*- + y* + * ) = v/dx ^/(z* + 7 - 5> = -v^^ 
X v^ (x* ± tf*), putting ± a* = y — jj;5 hence the given 

fluxion becomes — x^dx v^(s' ± a*)» and it^ fluent as in 
the last example. 
£x. 4. Also, for the fluent of r: r- ; assutne 

ir" -f- ^ =: 5, then the fluxion may be r^uced to the form 

ibi ^ ^^^^a » and the fluent fbpnd as btfore. 

So far on this subject may suffice on the present occasicm. 
But the student who may msh. to see more on this branch, 
may profitably consult Mr. Dealtrv's verv methodical and 
ingenious treatise on Fluxions, lately published^ from which 
several of the foregoing cases and examples haice been taken 
or imitated. 
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CHAPTER XI. . 

ON THB MOTION OF MACHINES, AND THEIR MAXIMUM 

|£PFECTS. 

Art. 1. When forces acting in contrary directiws, o|r 
in^ any such directions as produce contrary efiects, are ap- 
plied to machines, there is, with respect to every simple tna- 
chkie (and of consequence with respekt to every comUnatiim 
of simple machines) a certain relation betweeil the powers 
9nd the distances at which they actf which, if subsisting in 
any such machine when At rest, will always keep it in a state 
of rest, or of statical equilibrium y and for ithis reason, be- 
cause the efibrts of these powers, when thus related, with 
regard to magnitude and distance, being equal and oppositje, 
annihilate each other^ and have, no tendency to change the 
itaie of the'systeioi to which tliey are applied. So al30,'ff 
the same machine have been put into a state of tmtfomi mo- 
tion, whether rect^inear or rotatory, bj the action of- any 
power distinct from those we are now considering, and the^e 
two powers be made to act upon the machine in ^ch motion 
ipi a nmihur .ngmner to thatiu wjbich th^y acted upon it when 
9t rests their Anuhaneous actkm ndll preserve it m that stiue 

of 
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of uniform motion, or of (J^^M^mioi^equilifarium; and this for 
the same reason as before, because their contrary effects de* 
stroy each other, and have therefore no tendency to change 
the state of the machine.' But, if at the time a machine %s 
in a stat« of balanced rest, any one of the opposite forces be 
increased while it continues to act at the same distance, this 
excess of force will disturb the statical equilibrium, vad pro* 
duce motion in the machine ; and if the same excess of force 
continues to ace in the same manner it will, like every con* 
stant force, produce an accelerated motion ; or, if it should 
undergo particular modifications when the machine is in dif- 
ferent positions, it may occasion such variat;ions in the motion 
as will render it alternately accelerated and retarded. Or the 
different species of resistance to which a moving machine is 
subjected, as the rigidity of ropes, friction, resi^ance of the 
air, &c, may so modify a motion, as to diange a regular ^r 
irregular vari3d)le motion into one which is uniform. 

2. Hence then the motion of machines may be considered 
as of tfiree kinds. 1. That which is gradually accelerated, 
which obtains commonly in the first instants of the commu- 
nication. 2. That which is entirely uniform. 5. That which 
is alternately accelerated and retarded. Pendulum clocks, 
and machines which are moved by a balance, are related to 
the third class. Most other machines, a short time after 
their mottod is commenced, fall under tibe second. Now 
though the motion of a machine is alternately accelerated 
and retarded, it may, notwithstan(Hng, be measured by a 
uniform motion, because of the periodical and regular repe«> 
tition which may exist in the acceleration and retardation. 
Thus the motion ef a second's pendulum, considered in re* 
spect to a sin^e oscillation^ is accelerated during the first half 
second, and retarded -during the next : but the same motion 
taken for many oscillations may be considered as uniform* 
Suppose, for example, that the extent of each oscillation is 
5 inches, and that the pendtilum has made 10 oscillations : 
its total effect will be to have' run over 50 inches in 10 se- 
cpnds i and, as the space described in each secdnd is the 
same, we may compare the efiect to that produced by a 
moveable which moves for 10 seconds .with a velocity of 5 
inches per second. We see, therefore, that the theory of 
machines whose motions are uniform, conduces naturally to 
the estimation of the effects produced by machines whose 
motion is alternately accelerated and retarded: so that the 
problems comprised in .tbd^ chapter will be^directed to those 
machines whose motions fall under the first two heads; such 
problems being df ^ the greatest ut3ity in practice. 

Vol. in. R Defs. 
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Defs. 1. When in a machine there is a system of forces 
or of powers mutually in opposition, those which produce or 
tend to produce a certain effect are called movers or moving 
powers; and those which produce or tend to produce an 
effect which opposes those of the moving powers, are called 
resistances. If various movers act at the same time, their 
equivalent (found by means of prop. 7, Motion and Forces) 
is called individually the moving/orce ; and, in like mantier, 
the resultant of all the resistances reduced to some one point, 
the resistance. This reduction in all cases simplifies the in^ 
vestigation. 

2. The impiUed point of a machine is that to which the 
action of the . moving power may be considered as immedi- 
ately applied ; and the working pohit is that where the re- 
nstance ari»ng from the work to be perfonhed immediately 
acts, or to which it ought all to be reduced. Thus, in the 
wheel and axle, (Mechan. prop. 32), where the moving 
power p is to overcome the weight or resistance w, by the 
application of the cords to the wheel and to the axle, b is the 
impelled point, and A the working point. 

3. The velocity of the moving power is the same as the 
velocity of the impelled point \ the velocity of the resistance 
the same as that of the working point. 

4. The performance or effect of a machine, or the work 
donCy is measured by the product of the resistance into the 
velocity of the working point \ the momentum ofinipuLse is 
measured by the product of the moving force into thevelo- 
dty of the impelled point. 

These definitions being established, we may now exhiUt a 
few of the most useful problems, giving as much variety in 
their solutions as may render one or other of the methods of 
easy application to any other cases which may occur. 

PROPOSITION I. 

^R amd r he the distances of the power p j and the weight 
or resistance vr^from the fulcrum v of a straight leoer; men 
will the velocity of the power and of the weight at the^nd of 

any time t be ^!L^-^^/, and ^~^t> respectively, thf 

weight and inertia qf the lever itself not being considered. 

If the eflfort of the power ba- A r 

lanced that of the resistance, p X . 

would be equal to ~. Conse- jgf w| 

quently, the difference between this valiie of P and its actual 

value, or p - -^w, wiU be the force whidx tends to move 

the 
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the lever. And because this power applied to the point a 
accelerates the aiasses P and w^ the mass to be substituted 

for w, in the point a^ must be -^w^ (Mechan. prop. 50) in 

order that this mass at the distance b may be equally accele* 
rated with the mass w at the distance &• Hence the power 

p ^W will accelerate the quantity of matter p 4 — jW^ and 

the accelerating force f = (p - ^w) -f- ( p + ^w) = ^^~. 
But (vol. ii.p. 335) cy oc f^ or is = gtF (^ being = 32^ feet) ; 
which in this case =: ^ . gt, the velocity of P. And^ 

because veloc. of p : veloc. of W : : R : r^ therefore veloc. of 
W = — veloc. of p = — X ^ ^^ g t ^ , ■ . gL 

Cor. 1. The space described by the power in the time ty 

R^P ^_ RI^W 

will be = — — j:^— . igV- j the space described by w in the 
same time will be = -r -r- . ^/*. 

R«F + r«w **» 

Cor. 2. If^ir i:n^il^ then will the force whidi acctf^ 

lerates A be = -~- — . 

m« + w 

Cor. 3. If at the same time the inertia of the moving 
force p be = 0, as in muscular action, the force accelerating 

A Will be = — — — . 

Cor. 4. tf the mass moved have AO weighty but possesses 
inertia only, as when a body is moved along a horizontal 

plane« the force which accelerates A will be = —z — • And 

either of these values may be readily introduced into the in* 
vestigation. 

Cor. 5. The work done in the time /, if we retain the ori* 
gmal notation, wiU be = ^,,^^^ ^ x w = ^,,^^ - gt. 

Cor. 6« When the work done is to be a maximu^i, and w« 
wish to know the weight when p is givieili, we must noake 
the fluxion of the hst expression = 0. Then we shall have 

ntV-^;2r»»*PW— r*w*=0 and w = px [V{^ + -~>-^3. 

iC!er.^?. If R: : r : : 91 : 1, the preceding expression wil{ 
becciw-^ = p X Cv/(w* + «*) — «*]. 

dor- ,8. When the arms of the lever are equal in lengthy 
that is, when n = I, then is w = vx{^2'^l) » -414214P, 
or ne^iy Vt of the moving force. 

' 1^2 $cholwntu 






If Tre :r. Ilka ainnser inTiszL^^tze ihe fcrnLolias rrfaring to 
medan in the wis in cK7irr<9!dK% k vi!I be aecxt thzi the 
expreasiniB <:ar7%spiE»^ ^auacLT. Hence ic fiiiknn» that when 
It 13 reciuired zd* pr- pcnba ihs power and vei^t so as to 
obtain a r.-a.Ti:"-:!^! *r*c: :ir_ zbe wheel iod axle, ^thc weight 
of iff trjiuzh-^-iirT zu-j". 'L^:^ csiriisred^ we mar adept the 
cincLti':a:t4 ct c:rK 6 i-i 7 cf this prop. And m the cx- 
trejre ca** wLsre ti:^ wi.*:=:i azd ixle becocnes a palleT, the 
egpresaacc \r. our. « snay be ifcpCccL The like conclusions 
Bikf be appLIee C9 KkLchzna in general, if k and r represent 
the (Lxir.css ci ihe impelled and working points from the 
axij z: z-.odor! ; and if :I!;e Tarions kinds of* resistance arising 
frooi firicioc, sd^bess of ropes, &C9 be properly reduced te 
their eqcirslccts «£ the working points, so as to be compre- 
hmded in the character vr for resistance orercome. 
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PROPOSITION n. 

Gken ^undr^ the arms of a straight lever ^ m arid jn their 
respeetii''. -xtights^ and p the fowet acting at the extreiniiy 
efthe arm b. -^ to find the zcetght raised at the extremity of 
the other arm zchen the effect is a viaxhnum. 

In this case im is the weight of A ^ 

the sbocter end reduced to b, and ^ 

conseq. y- is the weight which, ^ 

api^ied at a, irtrould balance the shorter end: therefore 

— + — w, w6aUL siistain both the shorter end and the 

ireight w in equflibrio. Bat F + ^lif lis th^ power really 
acting at the longer end of the lever $ consequently 

p + iM — (2;; + "i ^^« ^* ^^^ absolute moving po^er. IfoW 
the dbtatice rf the cecltre of gyration of th6 be^m Iroim if* 

• The distance of r, the centre of gyration, from c the centre pr axis of 
idbtf otot te soini of the Ibest Qsefhl c4iiB«t is as Mow } 

llilibiretiliii>*hieelof«Vffoi^tMte1tii6S8 ; . . . cii *hiiiad; ^/i. 

hk the pptipbery of A birde revolving about the dtaftn. c A » n(d. ^|, 

la tiic plane ofm circle .... ditto • . . . cr s=|rad. 

|utheiurtiM|bef«,0]^^re . . « ditto .... VI 4^ rtd. >/l. 

^•^k toiid sphere ••••.. ditto . . . . ca » iwL ^]. 

" {MK Alit IWrmW drxjirtlefc #lA)tei1idii Ar^^.f,? en » / '* 
waving about centre , 5 ^* ^ V 8it<-ftr»' 

ip^^vgliriBg about its yertav .... • .cn^^^'^'a^-ffr*. 

If ... ..... its axil ., . . . . . CR « t^^l. 

tdgte la?«r irhoae arms art a and r . « . . <Bii » ^n-I — . 

is 



is = \/ ^ ^ ^ which'' let be denoted by f j Aen (Mechan. 

prop. 50) -^ . (m + m) will repre<(^ tl\e mass eq^iv^^e^ 

to the beam or levft* When rediiced to the point A \ while 
the weight equivalent to w, when referred to that pointy 

will be --^w. Hence., proceeding as ii;i the last prop, w.e 
sliaU have -~ . (m + w) + p + — - w for the inertia to be 

overcome-, and (p + ^m--^ — w)-7-.-^(m+w) + p4-— 5^ w 

= the accelerating force of P, or of w reduced to A. Mul- 
tiplj this by w; and, for the sake of simplifying the pro* 

cess, put ^ for p + ^^m — —-, and n for P + -^ {u^m)i 

tfW 

R -,- 

then will — — be a quantity }!«rhich varies as .the effect 

varies, and which, indeed, when multiplied by gtf denotes 
the effect itseJf* Putting the fluxion of tlvs equal to no- 
thing, and reducing, we at length, find 

W = -v/(— 4--;^)-^. 

Cor. When r =: r, and m = w, if we'restore the values 
of n and y, the expression will becgtne w = V(2p* + 2mT 

+ ^m^) - (P + |w). 

PROPOSITION III, 

Given the length I mid an^le e of 'elevation of an inclinei 
plane bc ; to find the length l of another inclined plane ac, 
al&ng which a, given height W shaU he raised from the^hori^ 
z^ntal lu}e ab to the point c, in the least time possible^ by 
means of another given weight p descending along the given 
plane cb : the two weights beirig connected by an inextensible 
thread ?cw running dlwmys parallel to the two planes. 

Here we must, as a ipreliminary 
to the solution of this proposition, 
deduce expressions for the motion 
of bodies connected by a thread, and 
run Ring upon double inclined planes. 
•Let the angle of ekvauon cad be 
£, while e is the elevation cbd. 
Then at* the end of the -tiipe t^ P 
wiUrhave ^/vielocity v^^ aad grayity would ux^)ress pppn U^ 
in the instants following, Aiiiew ivelopty ^|r ^in jp • /, yi^or 
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lidtd the weq^ p were then entirely free : bot, hy the 

pontion of the wystem, v will be the velocity wUch obtains 
m reality. Then, estimating the spaces in the direction cp» 
as the body W moves with an equal velocity but in a contrary 
iense» it is obvious that, by applying the 3d Law of Motion, 
the decomposition may be made as follows. At the end of 

the time t + t we have, for the velocity impressed on, 

€ v-f effBcti?e reloc. from c towards B. 

f . » • v-^gnn e, tt when i . i^^:*« a,,^^ a 

J^fine.l— w .... t ▼clocity destroyed. 

.. - ^ - -:- - / u^-^ C — t> — p . . , effective ▼eloc. from c towards a. 
w . — o-ff iln*.!, where I . . • j, .^ ._» . 

\v+gnnE. t, .... vdocity destroyed. 

If, therefore, gravity impresses, during the time t, upon the 

tnasies p, w, the respective velocities g sine .t ^-^ v^ and g 

sin E • / -|- tf, the system will be in equilibrio. The quan^ 
titii^s of motion being therefore equal, it will be^ 

p^ sin tf . / — Pv = w^ sin E . ^ + wti. 

Whence the effective accelerating force is founds r. e* 

V p sin e — w BID B 

ZZ —7- S?? J ' l ■ J M I X « ♦ 

Thns it appear3 that the motion is uniformly varied, and we 
readily find the equations for the velocity and space from 
which the conditions of the motion are determined : viz, 

p fin e — w fill K p sin e — w sin s ^ 

V 5= ^ . . . 5 = 7 . ig(^. 

p + W Pfw *^ 

The latter of these two equations gives /* = 7-7 — r- — ■ . ' ■■ 

* ^ 4ff(p sin c—w sine) 

But in the triangle abc it is ac : 3c : : sin b : sin a, that is, 
L : / : : sin ^ : sin £ If hence — l = sin e, and — I = sin E ; 
tn being 9 constant quantity always determinable from the 
data ^ven. And t* becomes —— — '■ — ^—. Now when any 

^y— (»L-WJ) 
in 

quantity, as /, is a minimum, its square is manifestly a mini- 
mum : so that substituting for ^ its equal i«, and striking out 

the constant factors, we have — — j^ = a min, or its fluxion 

»LL(>L-W0--Fl.n _ Q jj ^ .^ jjj ^^^^ ^ ^^^^ 

(PI - wO» 
the traction vanishes, its numerator must be equal to O; con- 
sequently 2PL* — Sw/l ^ PL* = 0, PL = 2wlp or L : / : : 
9y|: P, 

CfT, I. Since neither sin e nor sfai e 'enters the final 
idoh, it follows, that if the elevation of the plane bc is 
ina^ the problem is unlimited. 

Cor, 
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Cor. 2. When sin ^ = I, Bc coincides with the perpen- 
dicular GD> and the power p acts with al lits intensity upon the 
weight w. This is the case of the present problem which 
has commonly been considered. 

Scholium. 

TUs proposition admits of a neat ^ 

geometrical demonstration. Thus, / 

let CE be the plane upon which, if V^^/ 
w were placed, it would be sus- 9tr 
tained in equilibrio by the power p / 1 — \« "\ 
on the plane CB, or the power p' • D \a 
hanging freely in the vertical cd ; "ffs, 

then :(Mechan, prop. 23) bc : c© : CE : : p : p' : w. But 
w is to the force with which intends to descend along 
the plane CA, as c A to CD; consequently, the weight p'is to 
that force, as ca : C£ ; or the weight p on the plane bc, is to 
the same force in the same ratio ; because either of these 
weights in their respective positions would sustain w on c£. 
Therefore t^le excess of p above that force (which excess is 
the power accelerating the motions of p and w) is to P, as 
CA — CE to CA \ or, taking CH n CA, as eh to ca. Now^ 
the motion being uniformly accelerated, we have s oc ft*, or 

T* oc — : consequently, the square of the time in which AC 
is described by w, will be as ac directly, and as — in- - 



AC 



versely; and will be least when — is a minimum; that is. 



c»» 



when — . + EH + 2cE, or (because 2cb is invariable) when 



»H 



— \- EH is a minimum. Now, as, when the sum of two 

quantities is given, their product is a maxiviU7n when they 
are equal to each other ; so it is manifest that when their 
product is' given, their sum must be a minimum when they 

are equal. But the product of — and eh is C£% and con- 

sequ«ntly given J therefore the sum of — and eh is least, 

when those parts are equal; that is, when eh =: CE, or. 
ca =• 2c£. So that the length of the plane ca is douUe 
the length t>f that on which the* weight w would be kept in 
equilibrio by p acting along CB« 

When CD and CB coincide, the case becomes the same as 
that considered by Madaurin, in his FiiW of Newton^ s Phi» 
losopbical Discov/eriesy pa. }83, 8vo. edit* 
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FROrOStTlOU IT. 

Zitt iiegiotm wfighi p descend along cb, andbjf means of 
tie ikread pcw f running paraOei to the planes) draw a 
weighi w up the plane AC : it is required to find the value of 
w, vhem its fummenium is a majrimum, the lengths and po^ 
limu or /i^ pliMes heing gioen. (See the pre^ing^J. 

Toe genera expffessicn far the ireL is v = gt, 

vlikhs brsabsditt. — L fior sin e^ and — /fbrsin e, beoomeft 

?• = £/. This smL into w, sives gti 

vkkh* bj the progc ts to be a maximnnru Or, stiikii^ out 



Ae cttPtmr £ictGn, — ^ gt^ then is ^= a max. Put- 

tn^ this intD fsxioni^ and reducing, we have P'l.— ^pw/— 

»V=:0,c»w = p^ (f + 1)-P. 

Cn^. \rhen the incEnations of the planes are eqoal^ i. and 
/areequil, and w = p%'2 — P =p x (%/2 — 1) = -4I42P; 
agreeing vi^ the conclusion of the lerer of equal arms, or 
die extreme case of the vheel and axle, L e. the puHey. 

PROPOsmoir r. 

Gtcem the radius ^ of a vhed^ and the radius r, of its 
axle^ the :t:eight of bothy v, and the distance if the centre of 
gyration /mm the axis of motion, f ; also a gioen power p 
aating at the cirainifercnce of the wheel; to find the weight 
w raised by a cordjolding about the axle, so that its momen* 
turn shall oe a maximum. 

■ The fierce which absolutelj impels 
Ae pcnnt a is p, while w acts in a 
direction contrary to p, with a force = 

'—' I this therefore sahdncted from p. 




leares p = — ;: — > for the re- 
ft M 

duced force impelling the point A. 
And the inertia which resists the com- 
munication of motion to the point a will be the same as if 

the mass ^ ^ were concentrated in the point A (Me- 

chin. prop. oO). If the. former of these be divided by the 

latter, the quotient — ^^-;— -i-. is the force accelerating a; 

multiplying 
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multiplying this by — , we have **'^7^ ^ « for the force 
which accelerates the weight w in its ascent/ Consequently 
the velocity of w will be = t—^ T-^i ; which multi- 

plied yito w gives ^^ ^^^ t for the momentum. As 
this is to be a maximum, its fluxion will = 0; whence we 
shall obtain w = -v/('>^'>'->-g«'^e^^^-e^'-*-p«>'^^e'H-p^t'r)->R«P-^^a- 

Cor^ 1. When r = r, as in the case of the single fixed 
puiley, then w=V(2i'*R'4-2RPf^+ -^a'*+Fa;Rp*)-^-w— f. 

Car, 2, When the pulley is a cylinder of uniform matter 
f *=iR*, and the express, becomes w=^[r^(2p*+ ivw+itt^)] 
— iw — p. 

Cor, 3. If, in the first general expression for the mo- 
mentum of w, Q be put =R*p + f'«;, we shall have -''^" ■ j — 
zzi a maximum. Which, in fluxions and reduced, gives 
^y = -^V a . (Q + Brp) - -^Q. 

Cor. 4. If the moving force be destitute of inertia, then • 
will a =: f^Wi and w, as in the last corollary, 

PROPOSITION VI. 

Let a given power p be applied to the circumference <^ a 
wheely its radius r, to raise a weight w at its axle, ^mose 
radius is r, it is required to find the ratio ofn and r when 
vr is raised with the greatest momentum ; the characters w 
and f denoting the same as in the last proposition. 

Here we suppose r to vary in the expression for the mo- 

VTRrP *" f^ w '^ 

mentum of w, - — -gt. And we suppose, that by the 

conditions of any specified instance, we can ascertain what 
quantity of matter q shall make r^q =^ fw, which, in fact, 
may always be done as soon as we can determine f . The ex- 

pression for the work will then become - — ^ -^t: The 

fluxion of which being made = 0, gives, after a little redsc* 

' p(9 + w) 

Cor. When the inertia of the machine is evanescent, with 
jTespect to that of p+w, then is r = Rv/(1 + — ) — 1- , 

PROPOSITlOir 
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PROPOSITION YII. 

In any machine whose motion accelerated^ the weight will 
be maoeawith the greatest velocity ^ when the velocity of the 

fewer is to tliat of the weiglU, as I + f-v/(1 + -^) to 1 ; the 

inertia of the machine being disregarded. 

For any such machine may be considered as reduced to a 
lever, or to a wheel and axle whose radii are R and r : in 

wluch the velocity of the weight ^^^ ^^g f/ (prop. 1) is to 

be a maximum, r being considered as variablel H ence then, 

following the usual rules, we find PR = r(w + V^W^+pw). 
From wmch, since the velocities of the power and weight are 
respectively as r and r, the ratio in the proposition immedi- 
ately flows. 

Cor. When the weight mcroed is equal to the power ^ then 
is k: rii 1 +v^2 : 1 : : 2*4142 : 1 nearly. 

PROPOSITION VIII. 

If in any machine whose motion acceleratesy the descent of 
one weight causes another to ascend^ and the descending 
weight be given f the operation being supposed continually re^ 
peatedj the effect will be greatest in a given time when the 
. ascending weight is to the descetiding weight, as I to 1*618, 
ifi the case of equal heights; and in other cases, when it is 
to the exact counterpoise in a ratio which is always between 
1 to n and 1 to 2. 

Let the space descended be 1, that ascended s ; the de- 
scending weight 1, the ascending weight — : then would the 

equilibrium require w = j ; and 1 — *- will be the force act- 



io 
1 



ing on 1* Now the mass — , reduced to the point at which 

the mass 1 acts, will be = — ** rz — j consequently the 

whole mass moved is equivalent to 1^ + ^, and the relative 

force IS (1 - -J-) -7- (1 + -—) = ~^. But, the space be- 
ing given, the time is as the root of the accelerating force 
inversely, that is, as /^^j • and the whole effect in a given 
time, being directly as the weijght raised, and inversely as 
the-tune of ascent, will be as — v^ ^^^^ ; which must be a 

\s\aximum. 
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maximum, ConsequenUy its «quaie j^ murt be a max. 
likewise* -This latter expression, in fluxions and reduced^ 

gives w :;= -j-Cv/C^* + 10s + 9)— fl + 3]. 

Here if ^ = l, a? = • ^ - : but if J be diminished without 

. limit, 'iv =^ \;&\ if it be augmented without limit, then will 
V'C^ + 10^ + 9) approach indefinitely near to ^ + 5, and 
consequently w ^ 2^.' Whence the trutli of the proposition 
is maxuifest. 

PROPOSITION IX. 

litt f denote the absolute effort of aivy mooing f orce^ when 
it lias no velocity: and suppose it not capable of any effort 
when the velocity isw ; let f be the effort answering to the 
velocity v ; tlieiij if the force be uniform^ f will be =5 

For it is the difference between the velocities w and v 
which is eflicient, and the action, being constant, will vary as 
the square of the eiScient velocity. Hence we shall have this 
analogy, ^ : f :: (w— O)* : (w— v)*: consequently, F =: 

Though the pre;ssure of an animal is not actually uniform 
during the whole time of its action, yet it is nearly so : so 
that in general we may adopt thb hypothesis in order to ap- 
proximate to the true natiure of animal action. On which 
supposition the preceding prop, as well as the remaining one^ 
in this chapter, will apply to animal exertion. 

Cor. Retaining the same notation, we have w = ^j—y 

This, applied to the motion of animals, gives this theorem : 
The utmost velocity with which an atonal not impeded can 
moroej is to the velocity with which it moves when impeded by 
a given resist ance^ as the square root of its absolute force, to 
the difference of the square roots of its absolute and efficient 
forces. 

PROPOSITION X. 

To investigate expressions by means of which the maxi' 
fnuafii effect, in machines whose motion is un^brm^ may be 
determined. 

I. It follows, from the observations made in art. 1 and the 
definition? in this chapter, that when a machine, whether 
jfimple or compound, is put into motion, the velocities of the 
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2 t]i2£ exorcssicn fbr fv 2 masmum, 
or, ssppresiiii^ the cc«iitant qiianiiues, and miluitg ir^ir — ir) 
2. izjx. or its £4ix. = C. viien u is Tmatie^ ve lind 2i7=3tf9 
cr « =r fw. Whence v=w~ii=:w — ^w = -Jw. 

Ccnstqpecdr, tcken ikr roA y ▼ #9 v is giverty ty the 
cvminuiion eftke machmCy and the resistance is susceptible 
cf-^aristicn^ zte must load the machine more or lea tilt the 
'zdocity ^'the rmpdied painty is onC'^hird i^ihe greatest ve^ 
locUy cf thejorce; then iciU the 'ssork done he a maximum. 

Qr^ the wort done hy ag animal is greatest^ when the re- 
lociiu zcith zchich it mocesy is ane-4hirdqfthe greatest velocity 
zciih'S'huh it is capable if modng vhen not impeded. 

MI. Since f =r f -^ = f(r^) = |fc in die case of die 

maximum^ we have rv = | pv = ^f . ^w = -rrf^t for the 
miKDefitiim of impulse, or for die work done, when the ma- 
chiae is in its best state. Consequendy^ when the resistance 
it a given fuantitjf, we mustm/oke v : v : i-Sfi 4f ; ami thif 
structaare ^ the machine will give the maximum effect 

IV. If we enqnire the greatest efiect on the suppontioa 
that f only is vanabley we must make it infinite in theftbove 
expression for the work done, which would then become 

WF, or w — fj or w — ft^ including the time in the formula. 

Hence we see, that the sum of the agents employed to moot 
a machine may be infinite^ while the effect isjbute : fbr th* 
irariations of ^^ which are propordonal to^thisjmP^ do not 
ip itt ww e the above expressica for the efiect. 

• - • 
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The propositions now delivered contain the most material 
principles in the theory of machines. The manner of ap- 
plying several of them is very obvious : the application of 
some, being less manifest, may be briefly illustrated, and the 
chapter concluded -with two or three observations. 

The last theore.n may be applied to the action of men and 
of horses, with more accuracy than might at first be sup^ 
posed. Observations have been made on men and horses 
drawing a lighter along a canal, and working sever^ days 
together. The force exerted was measured by the curva^ 
ture and weight of the track-rope, and afterwards by a spring 
steelyard. The product of the force thu? ascertained, in*:o 
the velocity per hour, was considered as the momentum. In 
this way the action of men was found to be very nearly as 
(w — v)* : the action* of horses loaded so as not to be able to 

9 

trot was nearly as (w — v)*', or as (w — v)"*". Hence the 
hypothesis we have adopted may in many cases be safely as- 
sumed. 

According to the best observations, the force of a man at 
rest is on the average about 70 pounds ; and the utmost ve* 
locity with which he can walk is about 6 feet per second, 
taken at a medium. Hence, in our theorems, f = 70, and 
w= 6. Consequently f = ^ ^ = 31^ lbs. the greatest force 
a man can ^xert when in motion : and he will then move at 
the rate of j-w, or 2 feet per second, or rather less than a 
mile and" a half per hour. 

■ The strength of a horse is generally reckoned about 6 times 
that of a man ; that is, nearly 420 lbs. at a dead pull. His 
utmost wa[lking velocity is about 10 feet per second. There- 
fore his-maximum action will be ^ of 420 = 1 S6^ lbs. and he 
will then move at the rateof J- of 10, or 3f feet, per second, 
or nearly 2-J. miles per hour. In both these instances we 
suppose the force to be exerted in drawing a weight along 
a horizontal plane \ or by raising a weight by a cord running 
over a pulley, whkh makes its direction horizontal. 

2. The theorems just given may serveto show, iii what 
points of view machines ought to be considered, by those wlio 
Wbiild labour beneficially for their improvement. 

The first object of the utility of machines consists in fuf'- 
nisfaitig the means of giving to the vwviiig force tke most 
ahhifiujidvoli's direction; and, when it can be done, of causing 
its action to be applied immediately to the body tol>e moved. 
Tb^s^ can rarely oe united: but the former can qe accom- 
plished in Most instances ; of whicl^ the use of the simple 

lever. 
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lever, pulley, and wheel and axle, furnish many examplefff 
The second object gained by the use of machines, is an itc- 
camvioddtion oftke velodti^ of Ike work to be performed, to 
the velocity wUh which alone a natural po':i)er can act. Thus, 
whenever the natural power acts with a certain velocity which 
cannot be changed, and the work must be performed with 
a greater velocity, a machine is interposed moveable round 
a fixed support , and the distances of the impelled and work- 
ing points are taken in the proportion of the two given 
velocities. 

But the essential advantage of machines, that, in fact, which 
properly appertains to the theory of mechanics, consists in 
augmenting, or rather in modifying, the energy of the mov- 
ing power, in such manner that it may produce effects of 
which it would have been otherwise incapable. Thus a man 
might carry up a flight of steps 20 pieces of stone, each 
weighing 30 pounds (one by one) in as small a time as he 
could (with the same labour) raise them all together by a piece 
of machinery, that would have the velocities of the impelled 
and working points as 20 to 1 , and, in this case, the instru- 
ment would furnish no real advantage, except that of saving 
his steps. But if a large block of 20 times 30, or 600 lbs. 
weight, were to be raised to the same height, it would far 
surpass the utmost efforts of the man, without the interven- 
tion of some such contrivance. 

The same purpose may be illustrated somewhat differently ; 
confining the attention all along to machines whose motion 
is uniform. The product Jv represents, during the unit of 
time, the effect which results from the motion of the resist- 
ance i this motion being produced in any manner whatever. 
If it be produced by applying the moving force immediately 
to the resistance, it is necessary not only that the products 
Fv and_/Tr should be equal -, but that at the same time F=/i 
and V — v. if, therefore, as most frequently happens, f be 
greater than f, it will be absolutely impossible to put the re- 
sistance injnoiion by applying the moving force immediately 
to it- Now machines furnish the means of disposing the pro* 
duct FV in such a manner that it may always be equal tojv, 
however much the factors of fv may differ from die analo- 
gous factors in^v ; and, consequently, of putting the system 
in motion, whatever is the excess of y" over r. 

Or, generally, as M. Prony remarks (Archi. Hydraul. art. 
504), machines enable us to dispose the factors of pv( in such 
a manner, that while that product continues the same, its fac- 
tors may have to each other any ratio we desire. If, for in- 
stance, time be precious, the effect must he produced in a very 

short 
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short time, and yet we should have at command a force 
capable of little velocity but of.great efTort, a machine most 
be found to supply the velocity necef^sary for the intensity of 
the force : if, on the contrary, the mechanist has only a weak 
power at his disposition, but capable of a great velocity, a 
machine must be adopted that will compensate, by the velo- 
city the agent can communicate to it, for the force wanted : 
lastly, if the agent is capable neither of great effort, nor of 
great velocity, a convenient machine may still enable him to 
accomplish the effect desired, and make the product VYt of 
force, velocity, and time, as great as is requisite. Thus, to 
give another example: Suppose that a man, exerting his 
strength immediately on a mass of 25 lbs, can raise it verti- 
cally with a velocity of 4 feet per second j the same man act- 
ing on a mass of lOOOlbs, cannot give it any vertical motion 
though he exerts his utmost strength, unless he has recourse 
to some machine. Now he is capable of producing an eflBect 
equal to 25 x 4 x / : the letter / being introduced because, 
if the labour is continued, the value of i will not be mde- 
finite, but comprised within assignable limits. Thus we have 
25 X 4 X / c= 1000 X V X /; and cpnsequently v = ^ of 
a foot. ^ This man may therefore with a machine^ as a lever, 
or axis in peritrochio, cause a mass of 1000 lbs to rise Vv of 
a foot, in the same time that he could r^se 25 lbs 4 feet 
without a machine ; or he may raise the greater weight as 
far as the less, by employing 40 times as much time. 

From what has been said on the extent of the effects which 
may be attained by machines, it will be seen that, so long as 
a moving force exercises a determinate effort, with a velocity 
also determins^te, or so long as the product of these is con- 
stant, the effect of the machine will remain the same : thus, 
under this point of view, supposing the preponderance of the 
efibrt of the moving power, and abstracting from inertia and 
friction of materials, the convenience of application, &c, all 
machines are equally perfect. But, from what has been 
shown, (props. 9, 10) a moving force may, by diminishine 
its velocity, augment its effort, and reciprocally. There is 
therefore a certain effort of the moving force, such that its 
product by the velocity which comports to that effort, is the 
^eatest possible. Admitting the truth of the law assumed 
in the propositions just referred to, we have, when the efiect 
is a maximum, v = -f-w, or f = ^^ ; and these two values 
obtaining together, their product -zVf ^ expresses the value 
of the gr^test effect with respect to the unit of time. In 
practice it will always be adviseable to approach as nearly to 
these values as circumstances will admit ; for it cannot be 
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expect^ that they can always be e^cactly attained. But « 
small variation will not be of much consequence : for, by a 
Well-knouTi property of those quantities which admit of a 
proper maximum and minimum, a value assumed at a mode- 
rate distance from either of these extremes will produce no 
sensible change in the eff*ect. 

If the relation of f to v followed any other law than that 
which we have assumed, we should find from the expression 
of that law values of f, v, &c, difierent from the preceding. 
The general method however would be nearly the same. 
^ With respect to practice, the grand object in all cases should 
be to procure a uniform motion^ because it is that from which 
(ceteris paribus J the greatest efiect always results. Every 
irregularity in the motion wastes some of the impelling power ; 
and it is the greatest only of the varying velocities which is 
equal to that which the machine would acquire if it moved 
uniformly throughout : for, while the motion accelerates, the 
impelling force is greater than what balances the resistance 
at that time opposed to it, and the velocity is less than what 
the machine would acquire if moving unirormlv ; and vrfaen 
the machine attains its greatest velocity, it attains it because 
the power is not then acting against thie whole resistance. In 
both these situations therefore, the performance of the ma- 
chine is less than if the power and resistamce were exactly 
balanced; in which case it would move uniformly (art. 1). 
Besides this, when the motion of a machine, and particularly 
a very ponderous one, is irregular, there are continual repe- 
titions of strains and jolts which soon derange and ultimately 
destroy the whole structure. Every attention i^iild there- 
fore be paid to the removal of all causes of irregularity. 



CHAPTER XII. 



PRESSURE OF EARTH AND FLUIDS AGAINST WAXtS AND 
FORTIFICATIONS, THEORY OF MAGAZINES, &C. 



PROBLEM I. 

To determine the Pressure qf Earth again$t W^alb. 

When new-made earth, such as is used in forming rain- 
parts, &c, is not supported by a wall as a facing, or l>y coun- 
terforts and land-ties, &c, but left to the action of its weight 
and the weather; the particles loosen and separate fh)m each 

other. 
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Other, and form a sloping sur&ce^ nearly regular; which 
plane surface is called the natural slope of the earth i and is 
supposed to hav^ always the same mdination or deviation 
from the perpendicular, in the same kind ot soil. In com- 
mon earth or mould, being a mixture of all sorts thrown to- 
gether, the natural slope is conmionly at about half a right 
angle, or 45 degrees ^ but clay and stiff loam stands a greater 
angle above the Horizon, while sand and light mould will only 
stand at a much less angle. The engineer or builder mutt 
therefore adapt his calculations accordingly. 

Now, we have already given, at prop. 44 Statics in vol. 2» 
6th edition, the general theoryand determination of the force 
with which the triangle of earth (which would slip down if 
not supported) presses against the wall .^ 

on the most unexceptional principles, CB. 

acting perpendicularly against ae at K, ||||||||k 

or f of the altitude ab above the foun- ||H|HyS i 

dation at e; the expression for which |||||M 

force was there found to be ^ ' , w : n 

where m denotes the specific gravity of ^^ 

the earth of the triangle ABE* — It may be remarked that this 
.was deduced from using the area only of the profile, or trans^ 
verse triangular section abe, instead of the prismatic solid of 
any given length, having that triangle for its base. And the 
same thing is done in determining the power of the wall to 
support the earth, viz, using only its profile or transverse 
section in the same plane or direction as the triangle abb. 
This it is evident yrill produce the same result as the solids ' 
themselves, since, being both of the same given length, these 
have the same ratio as their transverse sections. 

In. addition to this determination, we may here further ob^ 
serve, that this pressure ought to be diminished in proportion 
to the cohesion of the matter in sliding down the incHnedl 
plane be. Now it has been^ found by experiments, that a 
l>ody requires about one-third of its weight to move it along 
a plane surface. The above expression must . therefore be 
reduced in the ratio of 3 to 2 ; by which means it becotties 

*' ' ^ • m for the true practical efficacious pressure, of the 

earth against the wall. 

Since --, which occurs ia this expression of the force.of 

the eaith, is equal to the sine of the ^ aeb to the radius I, 

put the sine ot that jL h tz e; also put a = ae the altitude 

of the triangle; then the above expression of the force, viz^ 

Vol. lit. S ae^ . ab* 
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*b' t* *^» becomes -^'^viy for the pcrpecdkiifaur pressure of 

die earth zgairst the Trail. And if that angle be 45^, as is 
nsaaHj the case in coajmon earth, then is ^ =: 4> ^^d the 
[n e ssote becomes -rj^'nu 

FROBLEM II. 

To dcUrjniKi thi Thkhias of Wall to support the Earth. 

In the tea place suppo&e the section c B 

of Ae wall to be a Tect£2:g!5, or equallr j^V 
diick at tco and b otta a, and of the same HBpS^y^'' 
height «s therzmpan cf e^nh, like aefg H HiBiSiL^ 
in ihe azinexed figure. Ccnceire the WiWlBJt?^ 
vdgh: w, p popc ti opal to the area ce, ^ 
to ^ appended to the base directlr be- ^ ^^ 

low the centre of gn\irr of the figme. Nov the pressnre of 
ike eardi de'rcrmined in the first problem, being in a direction 
pai^Uri to AG, to cssise the wail to overset and turn baci: 
aixMit the poKs: f. the eSbrt of the wall to 0{^>ose that eflblcf, 
WD lie ihe we:gh: v draim into FN the length of the leVer 
br which it act^, that b w x fv, or aefg X (n in gdieral, 
whas eTgg be the figure of the walL 

B^rtncwinc^^ecf the reccaneubr figure, the area gb=:a^ 
XCFzrjLr, petting s= ae the :2kitude as before, and j: = ef 
^ reqotred thicbess ^ abo in tins case fn = i^BF =^ 4^, the 
centre of gn^ icy being in the middle of the liectan^e. Hence 
dien tfjT X ix = t'->^> ^ rather -|«xHi is the effort of the 
waH to prerent its being oTertumed, n denoting the specific 
griT-Inr of the walL 

Kow to nuke this effort a due balance to the pressure of 
the cwth, we pot the two opponng Ibrqes equal, that is 
\a^ = \a^my or 4*2^11 = 4^e^m, an e<pration which gives 



X = ^4^\ — ) for the reqmsite tluckness of the wiiU, just 

to svBtain it in equillhrio. 

OwW. I. The factor af. In this expression, is = the line 
Att drawn pet^ to the slope of earth be: dieref. the breadth 

X HR 

X bt<C£acs =: fACi^ ■^, which conseq. is direcdy propor- 

tkwal tv> the p»p» AQ. — When the angle at e is = 45% or 
KaU* jk ri^t <iU$lie, IS is commonly the case, its sine e is = v^ i, 

a\Hi iKir tregiith of the wall x = -U:^ '— . Fnrtherj ^Aen 

||^l^ ««U \\ of brkk> its specific gravity is nearly thb saint as 

the 
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the earth, or m » n, and then its thickness x s JM, or one* 
third of its height.— ^ut when the wall is of 8tofie> of the 
specific gravity 2^, that of earth being neaiiy 2, that ii^ 

7n = 2, and n = 2i'y then ^-^ = ^^ = '895, -f of which 

is *298, and the breadth jt »= -298a s ^a nearly. That iSf 
the thickness of the stone wall must be iV of its height. 

PRQBLEM IIL. 

To determine the Thickness of the Wall at the Bottom^ 
when its Section is a Triangle,, or conrn^g to an Edge at 
Top. 

In this case, the area of the wall aef 
is only half of what it was before, or 
only iAE X EP = ifljT, and the weight 
w = iam. But now, the centre of 
gravity is at only-j^ of fe from the line 
AE, or PN = |fe = |x. Consequently 
FN X w = |jr X iaxn = jAr*w. This, 
as before, being put == the pressure of 
the earth, giyes the equation 4^Lr^ac|a'^m, or xh%=i^*i^i^ 




and the root a:, or tliickness bf =: acV^r- = ^v^-t- for 

on on 

the slope of 45**. 

Now^when the wall is of brick, or in = n nearly, this be- 
comes X = a^\ = •408a = fa, or -,% of the height neariy. 

But when the wall is of stone, or m to n as 2 to 2 j^ then 

V^-^ = ^|, and the thickness x or ^y/'^ ^.^V^ ** 
•'^65a = -fa nearly, or nearly -f. of the height. 

PROBLEM ly* . 

To determine tie Thickness qftlie Wall at the Top^ nvhen 
the Face is not Perpendictdar^ but Inclined as the tiront qf 
u Fortification W^all ueualfy is. 

Here gf represents the outer face of 
a fort, AEFG the profile of the wall, 
having ag the thickness at top, and ef 
that at the bottom. Draw oh perp. to 
£F; and conceive the two weights* w^ 
w, to be suspended from the centres of 
gravity of the rectangle ah and the tri- 
angle GHF, and to be proportional to their areas respectively* 
Then the two momenta of the weights w, w, acting by the 
levers pn, fm, must be made equal to the jn-essure oi the 
earth in the direction perp. to a£< 

S2 
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Now put the required thickness ag or £H = a*, and th"^ 
thitude AS or GH = a as" before. And because in such case^ 
the slope of the wall is usually made equal to 4 of its altitude^ 
that is FH = -{-AE or |fl, the lever fm will be |^ of |^ = T^^a, 
and the lever fn = fh + 4eh = |« -f ijr. But the area 
4)f GHP = GH K iHF = a X ,%« = ^^a* = w, and thearea 
AH == AE X Aa= oar = w ; these two drawn into the respects 
ive levers . fm, fn, give the two momenta, -r^ow = ^a x 
.y^a* = y^a'^ and (^a + ix) x"ax'd=. \a^x' + ^ax^ ; theref. 
the sum of the two, (iaj(^-\-\a^x-\-^^^)n must be =:j«5a'wi, 

or dividing by 4an, jr* + \ax ^ ^* = ^* x —; now add;. 

ing ■j^if' to both sides to complete the square^ the equation 

becomes x*^ + \ax + ^a" ac ^* . — + ^"^a*, the root of which 

is j: + ^ =a V(^ + ^), and hence ^=fl>/(TT+^) - t^. 

And the base ef = flV(^ + •^). 

Now, for a brick wall, 772 = n nearly, and then the breadth 
X = a^i,^-^ + i^). — -J^ = TT^\/34— fflj = •I89tf, or almost 

^ in brick walls. — ^But in stone walls, — == 4» and x =: 

'«^(Vt +.4t) - ^a = tV»<29 - ^ ^M59a = ^a nearly, 
for the thickness AG at top, in stone walls. 
. . In the same manner we may proceed when the slope is 
supposed to be any other part of the altitude, instead or -| as 
used above* Or a general solution might be given, by zsl 

jHnping the thickness = — part* of the altitude.. . , 

R.EM ARk. 

Thus then we have given all the calculations that may be 
necessary in determining the thickness of a wall, proper to 
'suplport the rampart or body of earth, in any work. ' If it 
'dibiild be objected, that pur determination gives only such a 
thickness of wall, as makes it an exact mechanical balance to 
the pressure or push of the earth, instead of giving the 
. former a decided preponderance over the latter, as a security 
against any failure or accidents. To this we answer, that 
what has been done is sufHcient to insure stabilfty, for the 
.Allowing .reasons and circumstances. First, ft is usual to 
build several counterforts of masonry, behind and against the 
Wall, at certain distances or intervals from one another; which 
contribute very much to strengthen the wall, and to resist the 
pressure of the rampart. 2dly. We have omitted to include 
:the effect of the parapet raised above the wall \ which must 
add somewhat; by its weight, to the force or resistance of the 

wan. 
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-vrtll. It 18 true we could have brought these two auxiliaries 
to exact calcuiatioj!!^ as easily, as we have done for the wall 
itself: but we have thought it as well to leave these two apr 
pendagesy throwa in as indeterminate additions, above th^ 
exact balance of the wall as before determined, to give it an 
assi^red stability. Besides these advantages in the wall itself 
certain contrivances are also usually employed to diminish 
the pressure of the earth against it : such as land^ties and 
branches, laid in the -earth, to diminish its force and push 
against the wall. For all these reasons then, we think the 
practice of making the wall of the thickness as assigned by 
our theory, may be safely depended on, and profitably 
adopted; -as the additional circumstances, just mentioned^ 
will sufficiently insure stability ; .and its expense will be less 
than is incurred by any former theory* 

PaOBLEM V. 

To determine the Quantity of Pressure sustained hf a Dam 
or Sluice^ made to pen up a Body qflVater, 

By art. 313 Hydrostatics, vol. 2, 6th edit, the pressure of 
a fluid against any upright surface, as the gate of a sluice or 
canal, is equal to half the weight of a column of the fluidt 
whose base is equal to the surrace pressed, and its altitude 
the same as that of the surface. Or, by art. 3 14 of the same, 
the pressure is equal to the weight of a column of the fluids 
whose base Is equal to the surface pressed, and its altitude 
equal to the depth of the centre of gravity below the top oi* 
surface of the water; which comes to the same thing as the 
former article, when the surface pressed is a rectangle/ be- 
cause its centre of gravity is at half the depth. 

Ex. 1. Suppose the dam or sluice be a rectangle, whose 
length, or breadth of the canal, is 20 feet, and the depth of 
water 6 feet. Here 20 x 6 = 120 feet, is the area of the 
surface pressed; and the depth of the centre of gravity .being 
^ feet, viz, at the middle of the rectangle ; therefore 120 x 
3 = 360 cubic feet is the content of the column of water. 
But each cubic foot of water weighs 1000 ounces3 or 62^ 
pounds; therefore 360 x 1000 = S6000Q ounces, or 22500 
pounds, or 10 tons and 100 lb, is the weight of the column 
of water, or the quantity of pressure on the gate or dam. 

Ex. 2. Suppose the breadth of a canal at the top, or sur- 
face of the water, to be 24' feet, but at the bottom only 16 
feet, the depth of water being 6 feet, as in the la$t example: 
required the pressure on a gate which) standing across the 

canal, dams the water up ? 

Here 



wa 



FRBSSUmH OF BMLTB MfV FLUIDS 




Htre the gtte is in ioon of a trapezoid, a'H K B 
btviiV the tiro porriltl tides ab^ cd^ vis^ 
A9 s S4> aAd CD s 16j and depth 6 feet, 
ffoir, bj mensurttioBy problem S toI. 2, 

Si« + CD) X 6 s20 X 6 18 120 the area 
the ^hiice, the ftame as before in the Ist 
Mample : but th« centre of gravity csoinot 
be sd lotr down ts befere, because the 
ignre is wider above and narrower below, 

the Whole deptb bein^ the same. 

Noi7, to determibe the centre of gravity 
k of the trapezoid kt>9 produce the two 
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sides AC, BDy till they meet in o ; also drttUr gkb and tR 
pttp. to a!b : then Att : CR : : ae : ge, that is> 4 : < : : 12 : 
18 = G£ i and ef being zr 6^ theref. fg = 12. Now, by 
SCatics art. 229 vol. 2, £F = 6 = -fSG gives F the centre of 
gravity of the triangle ABd, and ri = 4 = ^fg gives i the 
centre of gravity of the triangle cd<I. Theti assuming K to 
denote the centre of Xd, it will be, by art. 212 vol. 2, as the 
trap. AD : A cdg : : if : fk, or A ABC — A cdg : A cdg : : 
f f : FK, or by theor. 88 Geom. ge* — gf* : gf* : : if : WK, 
that is 18* - 12* to 12* or 3* - 2* to 2* or 5 : 4 ; : if =:• 4 2 
y == Sf = FK ; and hence tK = 6 — 8 J = S| = y is the 
justance of the centre k below the sur^Kie of the water. This 
drawn into 120 the area of the dam-gate, gives 336 cubic 
feet of water 3= the pressm-e, = 336000 ounces sc 21000 
pounds = 9 tons SO lb, the quantity of pressure against the 
gate, as required, being a 15th part less than in die fir^t case. 

Ex. 3. Find the quantity of pressure against a dam or 
sluice, across a canal, which is 20 feet wide at top, 14 at 
bottom, and 8 feet depth of water ? 



PHOBtEM VI. 

7> dcienmif the Strongest Angle of Position of a Pair of 
Gates for the Lock on a Canal or Hwelr* 

Let AC, be b^ the tM90 gates, meet* 
ihg in the angle c, projecting out 
against the pressu/e of the water, a6 
being the brei^th of the c^iM or riv^r. 
Now the pressure of the water on a 
i^ate AC, IS as the q^iantity, or as the 
extent or length of it^ Ac. And the mechanical effect of that 
Jjressure, is "as the length of lever to the middle of ac, or as 
H^c itself. On both these accounts dien the iH*essure is as 

AC*. 
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AC^ Therefore th^ resistajice or th^ sjtrength of the gate 
must be as tJh^e reciprocal of this ac^ 

Now produce ac (o me^t bd> perp. to ijt, in d ; and draw 
CE to bisect ab perpendicularly in e ; then, by similar tri- 
angles^ as AC : AE : : ab : ad ; where, ae and ab being given 
lengths, ad is reciprocally as ac, or ad* reciprocally as Ac'j 
that is, AD^ is as the resistance of the gate ac. But the re- 
sistance of AC is increased by the pressure of the othef gate 
in the* direction bc. Now the force in bc is resolved mto 
the iMTo BD, DC 5 the latter of which, pc, being parallel to 
AC, has no Effect upon it ; but the former, bd, acts perpen- 
dicularly oh it. Therefore the whole effective strength or 
resistance of the gate is as the product ad^ x bd. 

If now there be put ab == a, and bd = x, then ad^ = AB? 
.r-BD*=i= a*— i?-; conseq. AD* X BD = (a* — jr^)xa:=fl*.r— jr' 
for the resistance of either gate. And, if we would have this 
to be the greatest, or the resistance a maximum, its fluxion 
must vanish, or be equal. to nothing : that is, d^x—^x*'x = 0; 
feence a* = 3^*, and x = a^\ = ^V 3 = •57735a, the na- 
tural sine of ZS'* 16' : that is, the strongest position for the 
lock gates, is when they make the angle a or b = %^ \^\ 
or the complemental angle ACE or bce = 54** 44', or the 
whole salient angle ACB = 109* 28'. 

ScMium. 

Allied to this problem, are sever ^ other cases in mechanics : 
such as, the action of the water on the rudder of a ship, in 
^ling, to turn the ship about, to alter her course; and the 
action of the wind on a ship's sails, to impel her forward ; 
also the action of water on the wheels of water-mills, and of 
the air on the sjiils of wind>mills, to cause them to tiuii 
round. 

Thus, for instance, let j^^^ IC 

ABC be the rudder of a 
ship ABDE, sailing in the 
-diroction bd, the rudder 
placed in the oblique posi- 
tion bc, and consequently /— jj ^^^i; - 

^stnkmg the water m the 

direction cf, parallel to i&n» Draw bf perp. to ]^, 9nd .30 
perp. to CF. Then the sine of the angle of incidence, of the 
direction of the stroke of the rudder against the water, will 
fbe BF, to the radius cf; therefore the force of the water 
against the rudder will be as bf*, by vt. 3 pa. 366 vol. 2^ 
But the force bf resolves into tl^ two bg, gf, of which the 
fatter is j)arallel to the ship's nxotioo, and therefore has no 

effect 
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effect to change it i but the former bg, being perp. to th0 
ship's motion^ is the only part of the force to turn the ship 
gbout and change her course. ButBF : bg : : cf : cb, there- 
fore CF : CB : : BF* : — the force upon the rudder to 

CF * 

turn the ship about. 

Now put a =, CF, X =s Bc ; then bf* =s fl* — x\ and the 

force =» — I ' =s ' ■ ■ ; and, to have this a maxi- 

CF a a 

mum, its flux, must be made to vanish, that is, d^x— Sx^je=iO\ 
and hence x =: fl^/j- = BC =: the natural sine of 35"* 16' = 
angle f ; therefore the complemental angle c =: 54^ 4*4' as 
before, for the obliquity or the rudder, when it is most 
e£5cacious. ^ 

The case will be also the same with respect to the -wind 
acting on the sails of a wind-mill, or of a slup,, viz, that the 
sails must be set so as to make an angle of 54^ '14' with th)e 
direction of the wind ; al least at the beginning of the mo- 
tion,, or neariy so wh^n the velocity of the sail is but small 
in comparison with that of the wind ; but when the former 
is pretty considerable in respect of the latter, then the angle 
ought to be proportionally greater, to have the best eflfect, as 
shown in Maclaurin's Fluxions, pa. 734, &c. 

A* consideration somewhat related to the same also, is the 
greatest effect produced on a mill-wheel, by a stiream of water 
striking upon its sails or float-boards. The proper way in this 
case seems to be, to consider the whole of the water as acting 
on the wheel, but striking it only with the relative velocity, 
or the velocity with which the water overtakes and strikes 
upon the wheel in motion, or the difference between the ve- 
locities of the wheel and the stream. This then is the power 
or force of the water; which multiplied by the velocity of 
th.e wheel, jthe product of the two, viz, of thc^ relative velo- 
city and the absolute velocity of the wheel, that is (v — v)vsas 
yii — v% will be the effect of the wheel ; where v denotes 
th^ given velocity of th(e water, and v the required velocity 
of the wheel. Now, to make the effect w — tJ* a maximum, 

or the greatest, its' fluxion must vanish, that is vv—Qw^Oj 
hence v = -|v ; or the velocity of the wheel willbe equal to 
half the velck:ity of the stream, when the efl^t is the greatest; 
and this agrees best with experiments. 

A former way of resolving this problem was, to consider 
the water as striking the wheel with a force as the square of 
the relative velocity, and this niiiltiplied bv the velocity of 
the wheel, to give the eflect ; that is, (v— v)fv =c the effect. 
Now the flux, of this product is (v - v)V - (v ^ v) X 2ri; =0* ; 

hencft 
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liencie v ^' v = "2v, or v = 3v, and v = ^T, or Ac velocity' 
of the wheel equal only to y pf the velocity of the water. 

PROBLEM VII. 

To determine the Form and Dimensions of Gunpowder 

Magazines. 

In the practice of engineering, with respect to the erection' 
of powder magazines, the exterior shape is usually made lik4; 
the roof of a house, having two sloping sides, forming two 
inclined planes, to tlirow off the rain, and n^eeting in aii 
angle or ridge at the top ; while the interior represents a 
vault, nlore or le^s extended, as the occasion may require^ 
and the shape, or transverse section, ia the form of some^ 
arch, both for strength and commodious 'room, for placing 
the powder barrels. It has been usual to make this interior 
curve a semicircle. But, against this shape^ .for such a pur- 
posej I must enter my decided protest ; as it is an arch the 
farthest of any from being in equilibrium in itself, and the 
weakest of any, by being unavoidably much thinner in one 
part than in others. Besides, it is constantly found, that after 
' the centering of semicircular arches is struck, and removed^ 
they settle at tlie crown^ and rise up at the flanks^ even witlji 
a straight horizontal form at top, and still much more so ii) 
powder .magazines with a slopiiig roof ; which effects are 
exactly Vfaat might be expected from a contemplation of the 
true theory of arches. Now this shrinking of the ardiei 
must be. attended with other additional bad effects, by break- 
ing the texture of the cement, after it has been in somede^ 
gree dried, and also by opening the joints of the voussoir» a| 
one end. Instead of the circular arch therefore, we shall in 
this place give an investigation, founded on the true, prin* 
ciples of equilibrium, of the only just form of the interior* 
which is properly adapted to the usual sloped roof. 

For this purpose,, put. /z = dk the 
thickness of the ^arch at the top, x = KL 

any absciss D^ of the required arch ^/gUfl^^ti^JL 

ADCM, tt.s: KR the corresponding ^<tfil1IIHiHH&i^ « 

absiciss of the given exterior line Ki, t 
andy == PC = Ri their equal ordi- | 
nates. Then by the principles of | 
arches, in my tracts on that subject, | 
it 13 found thatci or w = a i- x ^ A. a ' BT 

M = a X ^-^4^, or =: a X -^, supposing y a constanjb 

quantity, and where a is some certain quantity to be deter- 
mine4 hereafter. But kr or w is = ij/, if /be put to denote 
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t)ie taofent of th^ gi^e^ angle ef elevation |UB» to iradius I^ 
and then Ae eqnataoa iswamai^xr'tysi—. 
Now, the fluxion of the e<pMd«!i 

and the 2d fiiruon is ou :;? ir *, thier^ 
fcrt the focejgoip^ general eqv^tion 

kccomes w sr ^ ; and hence ww s 

• •• "^ 



^ > dw Sneiit -of wluch ^ves u^s 




T^: iNit«t D the value of tie; is sea, and w s 0, the curve 
9t J> being parallel to ki ^ therefore the con'ect fluent ia 

». - ^ = ^, Hence then/ = ^„ ori ^ 4^x> 
Ae iconrect fluent of which gives y =: ^/a x hyp. log. of 



Mow, to determine the value <of Of we are to consider that 
erhen the vertical line ci is in the position al or mn, thea 
tt; s CI becomes as al or m<k = the given quantity € sap* 
poae, and^ =: Aa or qm = k suppose, in which positicxi the 

W eqvi^tlw ))ecoi3aes b =Pv^.9 X Jijp. log. v:"**.. u^.3 , s luid 

lieiioe it is 4found that the value of the constant quantity 

a/jj, b i^u ' xsi-^it^^i^) » ^^^ '^^'^ a^l^titptcd for it, in 
die above general value of y, that value 4>ecoines 

log. of j » .i y ■ .'/ , , .,_ ^. , 

a 

from which equation the value of the ordinate PC may always 
be founds to every given value of the vertical oi» 

Bi|t if, on the other hand, pc be given, to find xx^ wluch 
ifill be the more conv^enient way, it jnay4>e found in the 

following mannier : Put a = log. of a, and c = y x log. of 

■ ■ v/^ ^* 5 then the above lequation. gives cy + A = log. 

nf «> + v^(tt^ — ^*) ; again, put fi ss the number whose log. 
is cy + A ; then n= w + ^{w^ — c^)-^ jaid hence w = 

■*r = "• 

.. Now, for ^.e;xample in number's, in a real case of this 

nature. 
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nktare. Jet the foregoing figure represent a trantrene Tutical 
sttction of a magazine arch balanced ia all its parts, in whidi 
the spaa or width Au b 20 feet, the pitch or b^ht na ii 
10 feet> thicLness at the crown dk = 7 feet, and the anelc 
of the ridge LKk 112^37', or the half of it LK:d = 56*1?^ 
thf complement of which, or the elevation kir, is SS' H'-it 
the tangent of which is = 4i which will therefore be the 
value ot / in the foregoing investigation. The ndues of the 
other letters will be as follows, via, DK.—a=T; a^>s&=10| 
»a=A=lbj Ah=c=lOi= Vt 4 =log.of7=-8*5oa88} 
o = i X log. of ti..il^ = ^ loj of 51i^ = J, 

log. of 2-56207 = -0408591 ; cy + A = -OiOBSSiy + 
'Si509S0 t= log. of n. From thegeneral equation then, viz, 
CI = 0) ^ --— = ~ 4- ^n, hj assuming y successvdf 
equatto I, 2, Sj 4, &c, theace finding 
the corresponding values of cy + a or 
■Ot08591j/ + -8450980, and to these, 
as common logs, taking out the corre- 
sponding natural numbers, which will 
be the values of n ; then the above 
. theorem will give the several values of 
W or CI, as they are here arranged in 
the annexed table, {com whiui the 
figure of the curve is to be constructed, 
by thus finding so many points in it. 

Otherwise. Instead of making n 
the number of the log. cy + A, if we 
put m = the natural number of the log. 

«yonlyi thea *b « **^ — — — i,andfl»i— «'=v'(id*— a*), 
or by squaring, ta, tfni^—Samw + t^ =ct*— <^, and heii« 
V) = — — X a; to which the numbers being applied, the 
very same conduuons result as in the foregoing calcnlatioa 



Val.ofj 


Val.ofB 




pjci. 


I 


7-0309 


2 


7-12+3 


3 


T2S06 


4 


7-5015 


5 


7-7888 


6 


8-1452 


7 


a -.5797 


8 


9 0781 


9 


9-6628 


10 


10-3333 



mOBLBH VIII. 

To eonstmet Pnoder Magmoies xeith a Parabolical Arek* 

It has been shown, in my tract on the Princbles of Archd 
of Bridges, that a parabolic arch is an arch of ef[uiIibratioa, 
when its extrados, or form of its exterior coveringj b the 
yerysame^wrabola as the lower or inside curve. Hence then 
^{arabolic arch^ both for the inside and outer form« vriU be 
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veiy proper for the structure of a powder magazme. Fof , 
the insicie parabolic shape will be very convenient as to room 
lor stowage : ^dtjf the exterior parabola, everywhere parallel 
to the inner one, will be proper enough to carry off the rain 
water : ScDy, the structure will be in perfect equilibrium : 
and 4thly the parabolic curve is easily constructed^ and the 
structure erected. 

Pot, as before, a = kd, A = i>a, ..assmr^ 

i = AQ, X = DP, and V = pc or ri. .^iilfiSlI?^ t 

Then, by the nature of the parabola 

ADc^ 6» : ^* : : A : jr = -^ ; hence 

constant. Then ci = -7^ x a is = — = aconstant <piaii<- 

tky SI a, what it is at the vertex ; that is, ci is everywhere 
equal to KD* 

Coriiequently KR is = dp ; and since ri is = pc, it b evi^ 
dent that ki is the same parabolic curve with DC, and may 
be placed any height above it, alwajrs producing an afch of 
equilibration, and very commodious for powder magazines. 



CHAPTER Xin. 

THSORT AND PRACTICE OF OUNNSRT. 

In the 2d vol. of this course have been given several par* 
ticulars relating to this subject. Thus, in props. 19, 20» 2I» 
22 f p. 1^1 &Cy is given all that relates to the parabolic theory 
pf. projectiles, that is, the mathematical principles which 
would take place and regulate such projects, if they were not 
impeded and disturbed m their motions by the air in which 
they move. But, from the enormous resistance of that me- 
dium, it happens, that many military projectiles, especially 
the smaller balls discharged with the higher velocities, do 
not range so ^ as a 20th part of what they would naturally 
do in empty space ! That theory therefore can only be us'C- 
ful in some few cases, such as in the slower kind of motions^ 
*not above the velocities of 2, 3, or 400 feet per second, when 
the path of the projectile differs but little perhaps from thfe 
curve of a parabola. 

. Again, at pa. 160 &c,. are given several other practical rules 
jand Calculations, depending partly on the foregoing parabolic 

• theory. 
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theory^ and partly on the results of certain experiments per- 
formed w^th cannon balls. 

Again, in prop. 58, pa. 219, are delivered the theory and 
calculations- of a beautiful military experiment, invented by 
Mr. Robins, for determining the true degree of velocity with 
which balls are projected from guns, with any charges of 

Ewder. The idea of this experiment, is simply, that the 
11 is discharged into a very large but moveable block of 
wood, whose small velocity, in consequence of that blow^ can 
be easily -observed and accurately measured. Then, from 
jthis small velocity, (hus obtained, the great one of the ball is 
immediately derived by this simple proportion, viz, as the 
j^eight of the ball, is to the sum of the weights of the ball 
and the block, so is the observed velocity of the last, to a 4tli 
proportional, which is the velocity of the i)all sought.-— It is 
evident it hat this simple mode of experiment will be the source 
of numerous useful principles, as results derived firom the 
experiments thus made, with all lengths and sizes of gun^ 
with all kinds and sizes of balls and other shot, and with all 
the various sorts and quantities of gunpowder ; in short, the 
experiment will supply answers to sdl enquiries in projectiles^ 
excepting the extent of their ranges ; for it will even de- 
:termine the resistance of the air, by causing the. ball to strike 
the block of wood at different distances from the gun, thus 
showing the velocity lost by passing through those different 
^spaces of air ; all which circumstances are partly shown ia 
my 4to vol. of Tracts published in 1786, and which will be 
completed in my new volumes of miscellaneous tracts now 
printing. 

Laatly, in prob. 17 on Forces, near the end of volume 2, 
some results of the same kind of experiment are successfully 
applied to determine the curious circumstances of the first 
force or elasticity of the air resulting from fired gunpow- 
der, and the velocity with which it expands itself. These 
are circumstances which have never before been determined 
with any precision. Mr. Robins, and other authors, it may 
be said, have only jessed at, rather than determined them. 
That ingenious philosopher, by a simple experiment, truly 
showed that by the firing of a parcel of gunpowder, a quan- 
tity of elastic air was disengaged, which, when confined in 
jthe space only occupied by the powder before it was fired^ 
was found to be near 250 times stronger than the weight or 
elasticity of the common atmospheric air. He then heated 
the same parcel of air to the degree of red hot iron, and 
found it in that temperature to be about 4 times as strong as 
before} whence he inferred, that the.^rst strength of the ini- 

flamed 
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to be ascertained by successively increasing the cliarge^ rill 
the bore should be Hlledy or till the velocity should decrease 
again. 4. The eficct o( varying, the weight of the piece ; 
cveaty thing else being the same. 5. The penetrations of 
balls into blocks of wood, 6. The ranges and times of flight 
-of bolls ; to compare them with their first velocities, for ascer- 
taining the resistance of the medium. 7. The effect of wads; 
of dirorent degrees of raouning, or compressing the charge; 
c»f different degrees of windage ; of different positions of the 
Tent ; of chambers and trunnions, and every other cir- 
cumstance necessary to be known for the improvement of 
artillery. 

An ample account is given of these experiments, and the 
results deduced from them in my volume of Tracts published ' 
in 1786 ; some few circumstances onlyof which can be noted 
here. In this course, 4 brass guns were employed, very ■ 
nicely bored and cast on purpose, of different lengths, but 
equal in all other respects, viz, in weight and bore, &c. The 
lengths of the bores of the guns w^rc* 

the gun n° 1, was 15 calibres, length of bore 28' 5 inc. 
. . . n**2, . 20\calibres, .... S8'4 
. . . n® 3, r 30 calibres, . . . . 5T1 
. . - n"4, . 40 calibres, .... 80*2. 
the calibre o£ each being 25*^ inches, and the medium weight 
of the balls 16 oz. 13 drams. 

The mediums of all the experimented velocities of the 
balls, with which they struck the pendulous block of wood» 

Jilaced at the distance of 32 feet from the muzzle of the gun» 
or several charges of powder, were as in the following table» 



Table of Initial Velocities* 


Powder. 


The Gnns. • 


oz. 


N« 1. 


N°. 2. 


N®. 3. 


^N<^.-4; 


2 


780 


835 


920 


970 


4 


1100 


1180 


1300 


1370 


6 


1340 


1445 


}590 


1680 


8 


1430 


1580 


1790 


1940 


12 


14S6 


1640 


a 


• 


14 


• 


1660 


. 


• 


16 


• 


. 


2000 


• 


18 


• 


• 


. 


2200 



placed in the 1st column, for all the four guns, thenuui- 
bers denoting so many feet per second. Whence in general 



It 
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It appears how the "velocities increase with the charge of 
pdwder, for each gun, and also how they increase as the 
guns are longer, with the same charge, in every instance. 

By increasing the quantity of the charges continually, for 
each gun, it was found that the velocities continued to in- 
criea^ till they arrived at a certain degree, different in eacSt 

En ; after which, they constantly decreased again, till tlie 
re was qui^e filled with the charge. The charge of pow- 
der whiin dib velocities arrived at their maximum or greatest 
state, were various, as might be expected, according to the 
lengths of the guns ; and the weight of powder, with the 
length it extended in the bore, and the fractional part of the 
bore it occupied, are shown in the following table, of the 
charges for the greatest effect. 



Gun, 


Length 
of the 
Bore. 


The Charge. 


Weight, 


Length. 


oz. 


Inches. 


Part of 
whole. 


1 
2 
3 
4 


28-5 
38-4 
57-7 
80-2 


12 
14 
16 
18^ 


8-2 

10-7 
121 


1% 

■ -A 



Some few experiments in this course were made to obtain 
the ranges and times Of flight, the mediums of which are 
exhibited in the following table. 



Guns. Pow- 
der. 


Ball 
Weight. 


s. 

Diam. 


Elevat 
gun; 


Time 
of flight. 


Range. 


•First 
veloc* 




oz. 


oz. dr. 


• inch. 


o 


sees. 


fBet. 


feet. 


n*2 


2 


16 10 


1-96 


45 


21*2 


5109 


863 


do. 


2 


16 5 


1-96 


15 


9*2 


413Q 
4660 


868 


do. 


4 


16 8 


1-96 


15 


9-2 


1234 


do. 


8 


16 12 


1-96 


15 


14-4 


6P66 


1644 


do. 


12 


16 12 


1-95 


15 


15-5 


6700 


1676 


n'3. 


8 


15 8 


1-96 


k5 


10-1 


5610 


1938 



. In this table are contained the following concomitant data, 

determined with a tolerable degree of precision ; viz, the 

weight of the powder, the weight and diameter of ^e ball, 

the initial or projectile velocity, the angle of elevation of the 

Vol. ni. T gun, 
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Pen^trcUiomof BaUs, into 
solid Eimwood, 



Powder 2 



I6r6 
13-5 



M^ans 7 



u 



8 oz. 



189 

21 -e 

18-1 
20-8 
20-5 



gpn^ % tun* in aefo^ oj^ tl^e. baU's flig][« tfcgffigfe tj^.aif , 
s»4»t? «2P»i o^ ti^? ^RUHH? wli^f« it fell,c» th|^>qxi^»mal 

^gr?^*i ?ficert?iiu^g: t^x^ i«»i?twce oi H^, iw4}wflfti aM its 

ining easy rule$ fqr ti^9 cas^s of Qij^aiQiA £¥^erjs 
ugh th« coTOietiQi?^ oj thjis, enfjujffy, ^r ^/^lX. qf ; tiipe 9| 
^^«^i^t, nyi$t te referred toa^qt^^ ^ijcM^Ify^ ^dl^r?^>iW> if^ 
tuiv.e a;^! ppRWtupity qf djeij^rib^ngL aop^jbi^ 9991^ ^9|f^4§4 
course oi^ expeipiments on thissufayj^t, ^^i^^JW^t^^^^JpjSElrt 
bec^n given to the public. 

Another subject of enquiry, 
ia thje £;Kregoing. experv- 
ments, was, how far the balls 
would penetrate into solid 
blocks of elqi wood, fired in 
the direction of the fibres. 
The annexed tablet shows 
the results of a few of th^ 
trials that were made witb 
the gun n*^ 2, with the most 
frequent charges of 2, 4> and 
8 ounces of pow;der; and the 
mediums of the penetrations^ 
as placed in the last line^ are 
foimd to be 7, 15, and 20 inches, with those charges^. These 
penetrations are nearly as the numbers 

2, 4, 6, or 1, 2, 3; but the charges of powder are a> 
2, 4, 8, or 1, 2,. 4; so that the penetrations are. propor- 
tional to the charges as far as to 4 ounces, bvit in a less ratio 
at 8 ounces 5 whereas, by the theory of penetradons^ thft 
<|epths ought to be proportioijal to the charges, or, which is{ 
t}he same tning, as the squares of thi^ yeiogitiesu So that it 
afeeros. the. resisting force of the wood is.no.tuaifittinly or 
constantly the same, but that it increases a little with the, 
increased velocity of the ball. This may probably be. occa-^ 
aioned by the greater quantity o£ fibres driven before the) 
ball ; which may thus increase the sprang, and resistance oC 
tjie woo49 and prevent the ball from penetrating^ so deep.a^ 
it otherwise might do. 

From a general insp^tion of this second course of these, 
experiments, it appears that all the deductions and observa- 
tiucms made on the former courseware here* corroborated and 
^rengthened, respecting the velocitiefi and weights o£ the 
baUSf and charges of powder, &c. It, further appears, alsd 
that the velocity of the baU.incr£ase&wixl\.tl4e increase. o£ 

dharge. 
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chsrM cnlyto a certain point, which is peculiar to each gmi^ 
wike& it is greats; and that by fuxther increasing the 
charge, the velocity gradually diminishes, till the bore is 
cpAte All! of powder. That this charge for the greatest ve<-, 
locity is greater as the gun is longer, but yet not greater in' 
SD high a proportion as the length of the gun is ; so that the 
part of the bore filled with powder, bears a less proportion to 
the whole bore in the long guns, than it does in the shorter 
(Mies ; the part which is filled being indeed nearly in the in- 
v^erse ratio of the square root of the empty part. 

It appears that the velocity, with equal charges, always' 
increases as the gun is longer ; though the increase in velo- 
city is but very small in comparison to the increase in length ; ! 
the velocities being in a ratio somewhat less than that of the 

Suare roots of the length of the bore, but greater than that 
the cube roots of the same, and is indeed nearly in the 
middle ratio between the two. 

It appears, from the table of ranges, that the range in-- 
creases in a much lower ratio .than the velocity, the gun and 
devation being the same. And when this is compared with' 
the proportion of the velocity and length of gun in the la^t 
paragraph, it is evident that we gain extremely little in the 
range by a great increase in the length of the gun, with the 
same charge of powder. In fact the range is nearly as the 
5th root of the length of the bore ; which is so smaU an in-«^ 
crease, as to amount only to about a 7i:h part more range for 
a double laigth of gun. — ^From the same table it also ap* 
pears, that the time of the balFs flight is nearly as the range; 
the gun and elevation being the same. 

It has been found, by these experiments, that no difference 
is caused in the velocity, or range, by varying the weight o£ 
the gun, nor by the use of wads, nor by different degrees of 
ramming, nor by firing the charge of powder in different 
parts of it. But that a very great difference in the velocity 
arises from a small degree in the windage : indeed with the 
usual established windage only, viz, about -^ of the calibre, 
no less than between j- and -l of the powder escapes and is 
lost : and as the i)alls are often smaller than the regulated 
size, it frequently happens that half the powder is lost by 
unnecessary windage. 

It appears' too that the resisting force of wopd,^ to balls 
£ried into it, is not constant : and that the depths penetrated 
by^lndb, with different velocities or charges, are nearly as the 
logarithms of the charges, instead of being as the charges 
themselves, or^ which is the same thing, as the square of the 
v^lo^itT,r^I,f9Btly, these and most other experiments, show^ 
^ T 2 ^ ^>\ 
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^lat balls are greatly deflected &om the direction in wlucll> 
they are projected : and that as much as 300 or 400 yards in 
a range of a mile, or almost ^th ef the range. 

We have before adverted to a 3d set of experiments^ef 
still more importance, with respect to the resistance of the 
medium) than any of the former \ but, till the publication o£ 
thcke experiments, vre cannot avail ourselves of all the dis- 
coveries they contain. In the mean time however we may 
extract from them the three following tables of resistances^ 
for three different sizes of balls, and for velocities between. 
100 feet and 2000 feet per second of time. 
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Table IL 


Til«LE IIL 


Renstances to a hall of 


1-965 


Resistances to a halt 


litsistancetto a VaU 


inches dianutcr^ and 16 oz. 


13rfr. 


2-78 in. diam, and 


3' 55 in, diam, and 


utight' 

• 








3lb, weight. 


(Hb, I ox. 8 dr. wt. 


Vel 


Resistancef. 


iDif. 


2dDif 


Vel. 


Res. Dift. 


Vel. Res. 


Difs. 


feet. 


lbs. 


ozs. 






feet. 


lbs. 


• 


feet 


. lbs. 


• 


100 
200 


017 
069 


21 
11 


H 
14 
20 
27 
35 
44 
54 
6G 
79 
92- 
104 
115 

to* 


H 


900 
950 


35 
.41 


6 

6 

G 

7 

!T 
. 7 

8 

9 
10 
11 
lOJ 
10 

9 

H 

8 
7 
6 
5 


1200 
1250 


115 

124 


9 

9 
IT) 
10. 


300 


1-56 


f5 


6 


1000 


47 


1300 


135 


400 


2-81 


45 


7 


1050 


53 


1350 


14)2 


500 


4-50 


72 


•8 


1100 


60. 


1400 


152 


600 


6C9 


107 


9 


h50 


67 


1450 


162 


700 


9-44 


151 


10 


1200 


74 


1500 


172i 


i! 


800 


18-81 


5M)5 


12 


1250 


82 


1550 


184. 


"4 

13 
14 
15 
16 
17 


900 


16-94 


271 


la 


130a 


91 


1600 


197 


1000 


21-88 


350 


13 


1350 


101 


1650 


211 


1100 
'l200 


27 63 
3413 


442 
546 


12 

11 


1400 
1450 


112 
122 


1700 
1750 


226 
242 


1300 


41-31 


661 


9 


1500 


13e 


1800 


259 


1400 
1500 


4906 
57-25 


785 
916 


131 
135 
135 

133 
128 
122 


7 

4 


1550 

1600 


141 
150 






- 


1600 
1700 


65-69 
74-13 


1051 
1186 



-2 


1630 
1700 


158 
165 






■ 


1800 
1900 


82-44 
90-44 


1319 
1447 


-5 

-6 


1750 
1800 


171 
176 






f 


2000 


98-06 


1569 ' 










- 
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PROBLEM I« 

To dttermint the Resistance of the Medium against' a 
Ball of any other size, moving with any cf the reldcities 
given in the foregoing Tables, 

The analogies among the numbers in all these tables is 
very remarkable and uniform, the same general laws running 
through them all. The same Jaws are also observable as in 
the table of resistances near the end of the 2d volume, parti* 
cuhrly i\iQ 1st and ?d remarks immediately following that 

table. 
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tdble. Viz, that the resistances increase in a Higher propor- 
tion than the square of the velocities, with the same body ; 
and that the resistances also increase in a rather higher ratio 
than the surfaces, with different bodies, but the same velo- 
city. Tet this latter case, viz, the ratios of the resistances 
and of the surfaces, or of the squares of the diameters which 
is the same thing, are so nearly alike, that they may be con- 
sidered as equal to each other in any calculations relatingto 
axtiHery practice. For example, suppose it were required to 
determine what would be the resistance of the air against a 
24lb ball discharged with a velocity of 2000 feet per second 
of time. Now, by the 1st of the foregoing tables, the ball 
of 1*965 inches diameter, when moving with the velocity 
2000, suffered a resistance of 981b : tlien since the resist- 
ances, with the same .velocity, are as the surfaces ; and the 
surfaces are as the squares of the diameters ; and the diame- 
ters being 1*965 and 5*6, the squares of which are 3'86 and 
31-36, therefore as 3'86 : 31'36 :; 981b : 796lb; that is, the 
24lb bail would suff^er the enormous resistance of 7961b in 
its flight, in opposition to the direction of its motion J 

And, in general, if the diameter of any proposed ball be 
denoted by dy and r denote the resistance in the 1st table 

due to the proposed velocity of the 1*9 6 5 ball; then -^^^ will 

denote the resistance with the same velocity against the ball 
whose diameter is di or it is- nearly -^d^^j which is but the 
^8th part greater than the former* 



PROBLEM II. 

r 

To assigfi a Side fir determining the Jte^istance due to any 
Indetermimie Velocity of a Given Ball. 

This problem isirery difficult to perform near the truth, 
on account of the variable ratio which the resistance bears to 
the velocity, increasing always more and more above that of 
the square of the velocity, at least to a certain extent ; and 
indeed it appears that there is no single integral power what- 
ever of the velocity, , or no expression of the velocity in one 
term only, that can be proportional to the resistances through- 
out. It is true indeed, that such an appression can be assigned 
by m^ans of a fractional power of the velocity, or rather one 

whose index is ^ mixed number, viz, 2-^ or 2*1 ;' thus - — 



•6400 

?= the resistance, is a formula in one term only, which will 
answer to all the numbers in the first table of resistances very 
?iearly, and consequently, by means of the ratio of the <.c^'ax^^ 
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of the diameters of the baUs, for 9nj other balls vhateveri 
^This formula then, though serving quite well for some par* 
ticular resistance^ or even for constructing a complete series 
or table of resistances, is not proper for the use of problems 
in which fluxions and fluents are concerned, on account of 
the mixed number 2<^, in the index of the veUcity v. 

We must therefore have recourse to an expression in two 
terms, or a formula containing two integral powers of the 
velocity, as v^ aind v, tl\e first and 2d powers, afl%K:ted with 
general coefficients m and n, as mv* -|- nv = r the 4-esis£* 
ance. Now, to determine the general numerical values of 
the coefficients m and n, we must adapt this geioersd ex* 
pression mv^ + nv :x: r^ to two particular cases of velocity^ 
at ^ convenient distance from each other, in one of the fore* 
going tables of resistances, as the first tor inistance* Now, 
after making several trials in this way, I have found that the 
two velocities of 500 and 1000 answer the geiieral purpose 
better than any other that has been tried. Thus then^ em« 
ploying these two cases, we must first make v = 500^ and 
r = 441b, its correspondent resistance, and then again v is 
loco,, and r = 21*88 lb, the resistance belonging to it: this 
will give two equations, by which the general value of m and 
of n will be determined. Thus then the two eqv|ations being 

SOO^m + 500n = 4*5, 
and 1000*w + lOOOw =r 21 '88 5- 
dividing the 1 st by 500, and the C 500»* + n sb -009, 

2d by 1000, they are . . ^ ^^^OOm + n = -02188 \ 
the dif. of these is . . . . . 500w = '01288, 
and therefore div. by 500,^ gives m :?= '00002576 ; 
hence n z= -009 — 500m = •009 — '61288 == —'00388 == W. 
Hence then the general formula will be •00002576 w* — 
.•0038 8ti = r the resistance nearly in avoirdupois pounds, in 
all cases or all velocities whatever. 
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H6w^ t6 find htm m^ to the 

truth this theorem com^s^ in 
every instance in the table, by 
substituting fot-v, inthisfoi-rhula, 
Ul the several vdocitie^, 100, 
200, 300, &c, to 2(300, the^e 
give the correspondent values of 
r, or the resistances, as in the 2d 
column of the annexed tablie, 
their velocities being, in the first 
colunm ; and the real experi- 
mented resistances are set oppo- 
site to them in the 3d or last 
colunm of the same. By the 
comparison of the numbers in 
these two columns together, it is 
seen that there are no where any 
great difference between them, 
being sometimes a little in ex- 
cessi and again a little in defect, 
by very small differences ; so that, 
on the whole, they will nearly 
balance one another, in any par- 
ticular instance of die range or 
flight of a bail, in all degrees of its velbcify, from the first of. 
greatest, to the smallest or last. Except in the first two or 
three numbers, at the beginning of the table, for the velckiir 
ties 100, 200, SOO, for which cases another theorem maybe 
employed. Now, in these three velocities, as well as in all 
that are smallfer, down to nothing, the theorem 'OOOOlTSAt/* 
5= r the resistance, will very well serve, as it brings out for 
the first three^ resistances 'iT, and '69, and 1*55^, difierihg . 
in the last only by i very small fraction. 

Corol. 1 . The foregoing rule '00002 51 6v^-'0q38Sv=zrg 
denotes the resistance for the ball in the first table, whose 
diameter is 1*965, the square of which is 8*86, or almost 4 ; 
hence to adapt it to a ball of any other diameter d, we Jl;iave 
only to alter the former in pfoportioh to the squares of the 

diameters, by which it becomes j7gg(*O00O2576t;*— •00388©) 

^ (-00000667^/- -001 v)flP z= (•00000|t;*--001ti)d% which 
is the resistance for the ball whose diameter is dy With thie 
velocity v. 

CoroL 2. And, in a similar manner, to adapt the theorem. 
'0000 1 ^i5t^ =: r, for the smaller velocities, to atiy other size 



I Veloes. 


C«m'|»ut. 


fexper. 


or r. 


retiste. 


r?siftf. 


100 


--•13 


•13 


!200 


+•25 


•69 


300 


vn 


1-S6 


400 


2-57 


2-81 


500 


4-50 


4-50 


600 


6-94 


6-S9 


700 


9-90 


9-44 


800 


13-38 


12-81 


900 


17-37 


1 6-94 


1000 


21-88 


21-8? 


1100 


26-90 


87-63 


1200 


32-44 


34-13 


1300 


38-49 


41-31 


1400 


45-06 


49-06 


1500 


5J2;14 


57-25 


1600 


59-74 


65*69 


1700 


67-85 


74-13 


1800 


76-48 


82-44 


1900 


S5'62 


90-44 


2000 


95-28 


98-06 1 
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6f ball^ W€ must multiply it by j;^, the ratio of thQ'sur£»ce8| 

by which it becomes •00000447rf*t;* = r. 

We shall soon take occasion to ipake some applications ii; 
the use of the foregoing formulas, after considering the effect^ 
of such velocities m the cases of nonresistances. 

PROBLEM III. 

To determine the Height to which a Ball will rise, when 
fired from a cannon Perpendicularly Upwards with a Given 
Felocittfi in a Nonresisting MediuyUj or supposing no Re* 
sistance in the Air. 

By art* 73 pa. 151 vol. 2, it appears that a^y bod^ pro* 

1'ected upwards, with a given velocity, will ascend to the 
leight due to the velocity, or the height fipom which it must; 
smturally fall to acquire that velocity ; and the spaces fallen 
being as the square of the velocities ; also 16 feet bring the 
space due to the velocity 32 ; therefore the space due to any 
proposed velocity v, will be found thus^ as 32* : 16 :: v* : i? 
the space, or as 64 : 1 : : v* ; ^v*=5 the space, or the height 
tow hich the velocity v will cause the body to ris^, independ- 
ent of the air's resistance. 

Exam. For example, if the first or projectile velocity, be 
2000 feet per second, being nearly the greatest experimented 
velocity, then the rule •^'t^= s becomes -^x 2000*='6250Q 
teet = 1 17 miles ; that is, any body, projected with the ve* 
locity 2000 feet, would ascend nearly 1 2 mile^ in Height, 
without resistance. ' ' 

CoroL Because, by art. 88 Projectiles vol. 2, the greatest 
range is just double the height due to the projectile velocity, 
therefore the range, at an elevation of 45^ with the velocity 
in the last example, would be 23|- miles, in a nonresisting 
medium. We shall noW see what the effects will be with 
the resistance of the air, 

PROBLEM IV. 

To determine the Height to whiih a Ball projected Up- 
wards y as in the last problemy wUl ascendy being Resisted by 
the Atmosphere. 

Putting X to d^iote any variable and increasing height as- 
c^ended by the ball; v its variable and decreasing velocity there; 
d the diameter of the ball, its weight bejng w; 77i=x'00000|, 
and n = '001, the coefficients of the two terms denoting the 
J^w of the air's resistance. Then (wx?*— wv)d% by cor. 1 to 

prob« 
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prob* 2, will be the resistance of the sir SLfpinst the ball hi 
avoirdupois pounds ; to which if the weight ot the bsdl be add- 
ed, then (wv*— wv)d*+ w will be the whole resistance to the 
ball's motion ; this divided by w, the v\reight of the ball in 

motion, gives ^ = — - — « + 1 =y^the retard- 
ing force. Hence the general formula vv = ^gfx(t3ieor. 10 
pa. 342 vol. 2, edit. 6) becomes "-w=2gx x "" . '*'°'» 

making v negative because v is decreasing, where 5" = 16 ft.; 
and hence- 

w rt; — w rv 

-V =3 — :r- X 



Sc- (mv«— ni;)d* + w Semt^ n to * 

m mtP 

Now^ for the easier finding the fluent of this, assume 
IV — T— = 2 5 then v = 2 + ;r-, and v* = 2* H 2 + -r-^ 

and -tw = ai + ^«, and »* ^ v f -^, .= 2% and v* — 

'i— V = a* — r— ; ; these being substituted in the above va- 

m 4m* ' ° 

lue of ;r, it becomes iv = ^ 

• w • 

— w * 2m \ ^^ —TO «« + pz — w is+;s 

%m5» ^ ^ n* 10 "~ Qgm^ ^ ""I » I "" 2gmi(* ^ jM^* 

J5» mmm i •^ ■ ■ JB* + ■ ■ " ■ — fi* ^ 

^ , 4m* md^ nuP "^ % 

putting /? = ^. ^d ^* = 1^ ■" -P*> o^ P' + ?* = l^v 
Then the general fluents, taken bji^the 8th and 11th forms 



— w 



vol. 2 pa. 307, give ^ =^ ^^a x Ci^og. (2^4^s^) + -J-x arc 






to rad. y and tan. ^I^-^^X [4 log. (v* - -;^ + ;;;;p) + 

-^ X arc to rad- q and tang, v— /?]. But, at the beginning 

of the amotion, when the first velocity is v for instance, and 
the space or is = 0, this fluent becomes 

^ - S ** Rlog.(v* - -Jv + ^) + ^ X arc radius , 
tan. V — p}n Hence, by subtraction, and taking v = for 
the end of th.e motjon, the correct fluent becomes 

(arc tan. v — p -rr ^c tap. .— p to rad q)}. 

But as part of this fluent, denoted by -4- X the dif. of the 
two arcs to tans, y — /? ^d r- p, is always yerjr small in com^ 
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ptrisdli With die odier pirecedixig tenns, thej itaijr be omitted 
witlioat material error in any practicftl instance ) and then the 

fluent is T r: j^ x hyp. log. ^_^ '"^ > fo>^ the ut- 

most height to which the ball will ascend, when its motion 
ceases, and is stopped, partly by its own gravity, but chiefly 
by the resistance of the air. 

But now, for the numerical value of the general coefficient 
T — - , and the term — r: ; because the mass of the ball to the 
^ameter d^ is *5236£P, if its specific gravity be s, its wltight 
will be '5236 sd^ = w; therefore ~ = '5236sdf and ^ = 

16540sdf this divided by ^g or 64, it gives r-^ = I22^*2sd 

tor the value of the general coefficient, to ahy diameter d 
and specific gravity s. And if we further suppose the ball 
to be cast iron, the specific gravity, or weight of one cubic 
inch of which is *26865, it becomes 330^, for that coeffi- 
cient ; also iSS^sOsd = 21090^ = -^, and 4" == ISO. And 

War 1A- 

hence the foregoing fluent becomes 330(2 x hyp. log. 

v«-150T + 2l090d „^^, - V«-150v + 21O9M 

■ or 760a x com. loe. "'•'••• ■ , 

21090rf » 21090d '^ 

changing the hyperbolic for the common logs. And this is 
a general expression for the altitude in feet, ascended by any 
iron ball, whose diameter is d inches, discharged with an^ 
velocity y feet. So that, substituting any values of d aiid v, 
the particular heights wUl be given to Vhich the balls will 
ascend, which it is evident will be nearly iii prbportiod f o £Ee 
diameter d. 

Exam. 1 . Suppose the ball be that belonging to the fim 
table oi resistances, its weight being 1 6 oz. 13 dr. or I'OS Ib^ 
and its diameter 1-965 inches, wheti didctotfged with the vcf^ 
locity 2000 feet, being nearly the greatest dharg^ for aAy iMi 
ball. The calculation being made with these values of d andl 
Vy the height ascended is found to be 2920 feet, or little more 
than half a mile; though found to be almo^ 12 .miles with- 
out the air's resistance. And thus the height may be found 
for any other diameter and velocity. 

Exam. 2. Again, for the 24 lb ball, ykiih the stole velo- 
city 2000, its diameter being 5*6 = d. Here IQQd = 4256, 

«-J va-150v + 2lO90d S8181 . , ^ i_. i. • , ^^^^^ 

^ 510905 = Tm» ^^ ^- of ▼l^^ch is l-50d5t j 
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thftref. 1-50958 X ^956 3= 6424< =z x the hftlgbt, Mlif « 

little more than a mile. 

We may now examine what will be the height ascended, 
considering the resistance always as the square of chs Telocity. 

PROBLEM Y. 

To determine the Height ascended by a Ball pn^ecied as 
in the two foregoing problems ; ^supposing the Resutanee ^ 
the Air to be as the Square ^ the Vdocity. 

Here it will be proper to commence with selecting womt 
experimented resistance corresponding to a medium kind of 
velocityt between the £rst or greatest velocity and nothingi 
from which to compute the other general resistances, by con*^ 
sidering them as the squares of the velocities. It is proper 
t6 assume a near medium velocity and its resistance, because,, 
if we assume or commence with the greatest, or the veiocirf 
qf projection, and compute from it downwards, the resistances 
will he everywhere too great, and the altitude ascended much 
less than just ; and, on the other hand, if we assume or com- 
mence with a small resistance, and compute from it all the 
others upwards, they will be much too little, and the com- 
puted altitude far too great* But, commencing with a me- 
dium degree, as for instance that which has a resistance 
about the hsdf of the first or greatest resistance, or rather a 
little more, and computing from that, then all those com* 
puted resistances above that, will be rather too little, but alt 
those below it too great ; by which it will happen, that the 
defect of the one side wUl be Gosnpensated by the excess Oft' 
the other, and the final coxxrlusion must be near the truth. 

Thus then, if we wish to determine, in this wty, the alti* 
tude ascended by the ball employed in the 1st table of re-» 
sistances, when projected with 2000 feet velocity; we perceive 
fay the table, that to the velocity 2000 corresponds the re- 
mance 9S lb } the half of this is 49, to which renstance 
corresponds the velocity 1400 in the table, and the next 
greater velocity 1500, with its resistance 57 J, which will, be 
properest to be employed here. Hence then, fdr any other 
velocity v^ in general, it will be, according to the tew of the 

squares of the velocities, as 1500* : tr* : : 57j : -jj^ = 

•000025^ = av*, putting a = -0000251, which will denote 
the air's resistance for any velocity v, very nearly, counting 
fi^m 2000, 

Now let X denote the altitude ascended when the velocity. 
is V, and w the weight of the ball : then, as above, av^\& the 
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ttmUnce from thie air, hence av* + wis the whole resisting 
force, and .fJliil =:/the retardmg force ; 

therefore — w = 2gfJr = ^ x 2gxi 

*' to 

andhence*= ^ X j^rj^ = li;^ ^ — "S"' 

the fluent of which, b^ form 8, is y^- x h. log. (v* + ~)> 
which when j: = 0, and v = v the first or projectile velocity, 
becomes = •— x h. L (v* + -^) ; theref. by subtract- 
ing, the correct fluent is x = ^ X h. L -^^^^—9 the height 
X when the velocity is reduced to t; j and when v = 0, or the . 

to av'4*t9 

Telocity is quite exhausted, this become Si ^ ^ ^' — «^ 
lor the whole height to which the ball will ascend* 

Ea^.l. The values of the letters being a; =1-05 lb, ^ssSi, 
a = •000025^, the last expression becomes 645 x hyp. log* 

-— g^, or 1484 X com. log. .^^^ > And here the first 

vel. v being 2000, the same expression 1484 X log. — j^^^^^ 

becomes 1484 x log. of 97*93 = 2955 for the height as- 
cended, on this hypothesis ; which was 2922 by the former 
^ problem, being nearly the sam^, 

£x. 2. Supposing the same ball to be projected with the 
velocity of only 1 500 feet. Then taking 1 1 00 velocity, whose 
tabular resistance is 27*6, being next above the half of that 
for 1500. Hence, as 1 100* : v* : : 27'6 : •00002375v* =«*;*. 

TWs^ahie of a substituted in the theorem '-^ x h. I. -- — ^» 

also 1500 for v, and 105 for w, it brings out x s 2^28 for 
the height in this case, being but a little above the ratio of 
the square roots of the velocities 2000 and 1500, as that ratio 
would give only 2560. 

Ex. 8, To find the height ascended by the first ball, pro- 
jected with 8.60 feet velocity. Here taking (500, whose re- 
sistance 6-69 is a near medium 5 then as 600* : 6'69 : : 1 : 

•0000186=a. Hence ^ X h. 1. ^^ = 2334 the height; 

which is less than half the irange (5100) at 45** elevation, but 
more than half the* range (4100) at 15"* elevation, in pa. 161 
vol. ti i being indeed nearly a medium between the two. 
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Ex^ 4. With the same ball, and 1640 velocity. Assume 
1200^ whose resistance 34*13 is^ nearly a medium. Then at 

1200^ : 34'13 : : 1 : •0000237=a. Hence ^ x h. 1. ^^^^ 

64a w 

=2854; again less than half the range (6000) by experiment 
in vol. 2« even with IS"" elevation. 

Ex^ 5. For any other ball, whose diameter is d, and its 
weight w^ the resistance of the air being -^:gg- = i5oooo~*^^« 
putting b = jcQQQQt the retarding force will be • ^ 



to 



thence - w ^2gx x —;;;—, and * = --- x -j-is^r^ and 

the cor. flu. X = ;5^ X h.l. ^^^^^ =j^xh.h—;^ 

for the whole height when v = 0. Now if the ball be a 24 
pounder, whose diameter iis B'G^ and its square 31*36 i then 

*^ f=-3oooi)o- = •000201^1, and 5^ = -gj^ = 5^5=1794; 

J JCJ4 2 o^^ ,.M«v« + «D 836+44 860 215 

and ocPy* = 836, and -n = — — — = -^r- == — S" * 

' w 24 . 24 o ■ 

215 

/ therefore x = 1794 x h. 1. — - = 1794 x 3*57888 = 6420, 

being more than double the height of that of the small ball, 
or a little more than a mile, and very nearly the same as in 
the 2d example to prob. 4. 

PROBLBM VI. 

To determine the Time of the Sallys ascending to }ke 
Height determined in the last prob, by the same ProjectiU^ 
Velocity as there given. 

By that prob. x;p~ x -^^, ther. / =: — =i^ x — - — ; 

,4+ — ^ t»«+ — • 

a a 

the fluent of which, by form 11, is -JT^V^T ^ arcto' 
ra3ius 1 tang. — ^ = "i^V"r X arc tan. ——p; or bycor- 

rection t = -^ y/^ X (arc tang. ~^ - arc tang. -^), 

the time in general when the first velocity V is reduced to 
V. And when v = 0, or the velocity ceases, this becomes 

^ = — ^— X arc to tang. — ^ for the time of the whole 

V T 
ascent. 
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Kow, ar m^the last protn Vs9000^ 9^=s lOiS^ <tt=:*o6oOSI^ 
S= sJ!!^;a- Hence — = 41266, and a/— = 203-14, an^ 

9000000 « ' ^ a ' 

-J^ = 9$*445 tlve tangent, to which corresponds the arc 
affair'' 25*, whose length id )-i^t06 i then ^ >c 205 14 x 

. s»m^^ a03U X l-5i50d ^ ^,/ „- - . - , . e ^ • 

1^606 =: --- — 55 ii 9 '91, the whole time of ascent. 

Remark. The time 6f/^«i?^ascendmg to the same height 
2955 feet^ that U, without the aii^s resistance, would be 

s/^^ = i\/29ir5 = 13" -59 ; atld the time o( freely as- 

ccnding, commencing with the same velocity 2000J would be 

^ = .3j-=6t*-. 1 2 1. 

TV determine the smne as in prob. v, taking into the ac^ 
ciunt the Decrease of Density in the Air as the Bait astctids 
in the Atmosphere. 

In the preceding problems, relating to the height and time 
of balls ascending in the atmosphere, the decre^e of density 
in the upper pa^rts of it has been neglected, the whole height 
ascended by the ball being supposea in air of the sained den- 
sity as at the earth's surface, hot it is well known that the 
atmosphere must and dpes decrease in density upwards^ in a 
. very rapid degree ; so much so indeed, as to decrease in gee* 
metric^ progression, at altitudes which rise only in arithme^ 
tical progression ; by which it happens, that the altitudes 
afcended are proportiendi only to the logarithatv of the de- 
crease of density there* Hence it results, that the balls must 
be always less and less resisted in their ascent, with the same 
v^locily^ and that th^ mu9f consequently rise to greater 
heights before they stop. It is now therefore to be cond*^ 
deml what may be the diflference resulting from thlsi cir-' 
cumstance. 

Now, the nature ami. measure of this decreasing density^., 
of aecents in the atmosphere, has been explained and deter- 
mined in prop. 76, pa. 244, &c, vol. 2. It is there shown, 
that if D denote the air's density at the eartfif^s surface, and 
d its density at sttiy altitude tf, or x ; then is t = 6355.1 x 

log* of -J- in feet, when the temperatm-e of the aii* i» ^^i 
an4 §0000 X log. -i fpr the teniperatnre of freezing cold s 



we may th^rehre zsmme for the medium x:^G2it00 x log^*7 

for a mean degree between the two. 

But to get an expression for the density d^ in terms of jt 
out of logarithms, without which it could not be introduced 
into the measure of the ball's resistance^ in a manageable form^ 
we find in the first placet 'by a neat approximate expression 

for the natural number to the log. of a ratio^ -t-> whose terma 

do nqt greatly differ, invented by Dr. Halley, and explained. 

in the Introduction to our Logarithms, p. 1 10, that j^4: X Vh 

nearly^ is the nmnber answering to the log. / of the ratio -^ 
where. n denotes the modulus '4S4294<48 &c of the common, 
logsyrithms. But, we before found that ;r =62000 x log. of -j-, 

or ggjjj i$ the log. of -^, which log. was denoted by / in the 
expression ju$t above, for the number whose log. is I or 
g^jo^; substituting therefeure ^^m ^^^ ^* ^ ^^® expression 

9 

n—il . . , - , """ 1S400O , 

—77 X D, It gives the natural number X !>-=», or 

' *. . n + ■■ 

124000 

134000 ^1^ ' = ^ *^ d^sfty of the air at the altitude or, put-r 

ting D =s 1 the density at the surfece. Now put 124000nor 

n«arly 54000 = c 5 then will be the density of the ais 

at any general height x. 

But, in the 5th prob. it appears that av^ denotes the re» 
sistanceto the vdocity v, or at the height :r, for'the density* 
of air the same as at the surface, which is too great in the 

ratio of jC + s to c — or ; therefore fl«^ X will be the- 

rasijitaiice at the h^ght' Xy to the velocity v, *where a a 
•0QQQ25$._ To this ^ddin^.tt?,. ^e weight of the ball* give* 

wtf- X 1- w for the whqle resistance, both firom the mt 

C + X 

aiiid the ball's mass^ consecu ^ x ^~- 4 will dcnote^ 

the accelerating force of the ball. Or, if we include thfc 

siQ^ part — or 1> within thr fector ^7^, which will, make*: 
no sensible difference in the result^ but be a gireat deal simpler 
in the..prQ€.^Sij5, th^ is, -22^ — ^ X 7— s:^ the accielerttingi 
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force. Cooseq. - w = 2g/i = Slgi x ^ x -2^» 
»d hence ^* = "i* ^ ^^Ti;» ^^ by. division, - ;^ + 



c+s 33a ^ , to 

a 



Now the fluent of the first side of thi» equation is evU 
dently — x 4- 2c x h. I. (c+^) ; and the fluent of the latter 



-^ w 



ndei the same as in prob. 5, is -g— X h. I. (v^ H ); there- 
fore the general fluential equa. is — a;* + .2c x h.l. (c-J-x)= 
^^^ X h. 1. (y* + — ). But, when ^ = 0^ and v =» v the initial 

Telocity, this becomes + 2c x h.l.c=: ^ x h. L (v* + ~) J 
theref* by subtraction, the correct fluents are —x + 2cx h»I. 

— . = —-— X h. 1. —z — , when the first velocity v is dimi- 
nished to any less one v; and when it is quite extinct, the 
state of the fluents becomes — x + 2c x h. |. ^^ = ^ x 

L. 1. ^ — , for the greatest height x ascended. 

Here» in the quantity h. 1. ^^, the term x is always smalt 
m respect of the other term c; therefore, by the iiaiiire of 
logarithms^ the h.1. of ^ is nearly = — ^ or jj^J theref. 

Acs ics-^st^ ~9c^x 

the above fluents become — x 4- ^ = s — ^T'^ — 

-jj X h. 1. ^ — ^. Now the latter side of this equation is , 

the same value for x as was found in the 5th proUem, whicb 
therefore put = ^ i then the value of x wiU be easily found 

firom the formula "^^z;^^ = 6, by a quadradc ecfuation. Or, 

still easier, and sufl&ciently near the truth, by substituting k 

for X in the numerator and the denominator of ;: , then 

T~b^ = i% and hence x = - — j i, or by proportion, as 

2c — 4 : 2c + ^ ••*••*' ; that is, only increase' the vahie of 
^, found by prob. 5, in the ratio of 2c — ^ to 2c + ft. 

Now, in the first example to that prob. the value of x or 

b was there found = 295$ ; smd 2c being ^ 108000, theref. 

2c - ft =; 105045, and 2c + ft = 110955, then as 105045 : 

. 110955 : : 2955 : 3121 = the vahic of the height x in this 

c^se, being otAj 166 feet> or tt^ psirt more than before. 

Alsoi 



/ 



e# Gt7!tl«Eilf ; iU 



I • 

'AI$t>5 for th^ isid exatqple to tli(§ 5tli pi^. #here ir was == 
e420 ; therefor^ as 2r-i : 2c + A or is 105045 : 1 1M55 : : 
6420 : 6780 the height ilstehd^ in this example, bting^ dS0 
(h(^ 18th pittt more than before. Ahd sd otij for inj otfaijt' 
eldtnpkis \ the value of 2c b^ihg the cOhift^t nfermbbf 1M009. 
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To deletmtife the Time of a BdVs Asctnding,,t&hsiiiring 
tJtc Decreasing Density of the Atr Us in the last phA. 

The fluxion of the time is / r= -^. Bet th6 ^dhd ^«b^ 
tidli of the duxlofis of the space x and velocity v^ in the las^ 

prob. *»s ^'* i= ^ X :^ } ther. * tt ^ X ^ >( -=^ i 

* c+x 32 «>« + i»' 3S c— « ao« + id> 

h^ftce / or -*- = ^ >? ^ X -^f^2^. But *, ifrTiich is ads 
ways small in respect of Cj is nearly = i as determined in thA 
last. problem J therrf. —^ may be ssubstituted fo^ — "^^^ 

6ttt Staslble error; and then / becomes = ^ X ^^ X -—- . 

Nowj this fluxion being to that in prpb. 6, in the constant 
ratio of c — i to ^ + i> their fluents will be also in the same 
constant ratio. But, by the last prob. ^=54000, and ^=2955 
for the first example in prob. 5 ; therefore c — b zz, 51045, 
and c + A = 5G9b5^ alsoj the time in problem 6 was 9"*9l ; 
therefore as 51045 : 56955 : : 9"-9 1 : 1 1 "-04 for the time in 
this case, being l"'l3 more than the former, or nearly the 
9th part more ; which is nearly the double, or as the square 
of the dJfferehce, iii the last prob". in the height ascended. 

PROBLEM IX. 

To determine the circumstances of Space, Timcy and- 
Felocitj/^ of a Ball Descending through the .Atmosphere by 
its own Weight. 

It is here meant that the ball^ are at kast as heavy as cast 
itoti, and therrfofe their loss of wei^t itf the air insensible ; 
and that their motion comnhfences.by thiir d#n gravity from a 
state of rest. The first object of enquiry may be, the utmost 
degree of velocity any such ball acquires by thus descending. 
Now it is manifest that the baffs riiotion is commenced, and 
uniformly increased, 6y its own weight, which is its constant 
urging force, being alvrays the same, and producing an equal 
increase of velocity In equal times, exeieiptihg for the diminu- 
ti(jn of AiOtion by th©' ai^'s resistance. H vi Om eNfid^i ^lb^'i'^ 

Vol. 777. U ^^*- 
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this reslstaoccy beginning from nothing, ccntinually inqreaseSf 
in some ratio, with the increasing velocity of the ball. Now, 
as the urging force is constantly the same, and the resisting 
force always increasing, it must happen that the latter will 
at length become equal to the former : when this happens^ 
there can afterwards be no further acceleration of the mo- 
tion, the impelling force and the resistance being equal, and 
the ball must ever after descend with a uniform motion* It 
follows therefore that, to answer the first enquiry, we have 
only to determine when or what velocity ot the ball will 
cause a renstance just equal to its own weight. 

Now, by inspecting the tables of resistances preceding 
prob. 1, particularly the 1st of the three tables, the weight 
of the ball being 1*05 lb, we perceive that the resistance in* 
creases in the 2d column, till 0*69 opposite to 200 velocity,, 
and 1*56 answering to 300 velocity, between which two the 

{)roposed resistance 106, and the correspondent velocity^ 
all.. But, In two velocities not greatly different, the re^st- 
ances are very nearly proportional to the squares of the ve- 
locities. Therefore, having given the velocity 200 answering 
to the resistance 0*69, to find the velocity answering to the 
resistance 1*05, we must say, as 0*69 : 1'05 : : 200* : v* =: 
60870, theref. v s= V 60870 = 246, is the greatest velocity 
this ball can acquire; after which it will descend with that 
velocity uniformly, or at least with a velocity nearly approadi^ 
ing to 246. 

The same greatest or uniform velocity will also be directly 
found from the rule '00001 725v* = r, near the end of pro- 
blem 2, where 7* is the resistance to the velocity v, by making 

1*05 

J '05 = r ; for then v* = ^ =60870, the same value 
for v^ as before. 

But now, for afty other weight of ball ; as the weights of 
the balls increase as the cubes of their diameters, and their 
resistances, being as the surfaces, increase only as^the squares 
of the same, which is one power less ; and the resistafices 
being also in this case, as the squares of the velbcities, we 
must therefore increase the squares of the velocity in the 
ratio of the diameters of the balls ; that is, as 1*965 :d i: 

2461 . igd =:: ^^^nd hence v = 246 V~ = 175^ y^^. 

If we take here the 3 lb ball, belonging to the 2d table of 
resistances, whose diameter d is =2*80; then -v/2*80= 1*673, 
and n5i X l'g7 = 294, is the greatest or uniform velocity, 
with which the 3 lb ball will descend. And if we take the 
61b baH| whose diameter is 3*53 inchesy as in the 3d table of 

resistances: 
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: then V3-53 =: 1-88* and 175^ X 1-88 = 930, 
being the greatest velodty that can be acqnired by the 6 lb 
bdl, aAd With which it inll afterwards oniformly descend* 
For a '9lb ball, whose diameter ii 4-04, the velocity will be 

1154- X 2'01 = S53. And soon for any other size of iron 
ball, as in the following table. Where the first column con- 
tains the weight of the balls 
in lbs ; the 2d their diame- 
ters in inches ; the Sd their . 
Teloctties to whicH they 
nearly approach, as a limit, 
and therefore called their 
terminal or last velocities, 
with which they afterward 
descend unifoTmly ; and the 
4th or last column the 
heights due to those veloci- 
ties, or the heights from 
which the balls must descend 
in vacuo to acquire them. 

■■ But it is manifest that the 
balls can never attain exactly 
to these velocities in any 
finite tiflic or descent, being ■ 
Mily the limits to which they continually approach, without 
ever really reaching, though they arrive very nearly at them 
in a short &pace of time ; as will appear by the following 
calculation. 

: To obtain general expressions for the space descended, wd 
the time of the descent, in terms of the velocity v : put s =s 
any space descended, t :=: its time, and v the velocity ac- 
quired, the weight of the ball ii> — I "05 lb. Now, by the 
theorem near the end of prob. 2, which is the proper rule for 
tins case, the velocity being small, •OO00l725ti* = cw* is the 
resistance due to the velocity*; theref. siu - cy" is the impelling 

force, and ^^^^ ="/the accelerating force j cooseq. w or 

2gfJc = tgi X ^ ~J'' , and * = j*^ X z ~ —t the correct 

fluent of which, by the Sth form, is jr = — x h. I. ■ ■ __ ■ 
the general value of the space .r descended. 

Here it Appears that the denominator w — cv' decreases as 

w' increases ; conseq. the whole yalue of j, the descent, in- 

crea-ses with v, tilt it becomes infinite, when the resistance 

tv' is = »' theweightof the ball, when tbemotidn becomes 

U 9 tmiform. 



IVt. 

)b9. 


Diam. 
inch. 


Term. 
Veluc. 
ffct. 


Height 


I 


1-9+ 


244 


930 


2 


2-45 


275 


1182 


3 


2-80 


294 


1260 


4 


3-08 


303 


1482 


6 


3-53 


S30 


noi 


9 


4-04 


353 


195S 


12 


4 '45 


370 


2139 


13 


5 09 


396 


2450 


24 


5-60 


415 


2691 


32 


6-17 


436 


2970 


36 


6-41 


444 


3U80 


42 


6-75 


456 


3249 
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muform^ 9$ before remarlced. We may however easify atssTgfli 
the Tahie of x a little b^ore the velocity becomes amfbrmy 
«Qr before ca^ becomes =: w. Thus, when ct^ zzw^ then 
V zz. 246, as found in thebegomiog of this problem. Assume 
therefore v a Utde less than that greatest velocity, as for in-* 
stamce 24Q : then this V9ilue of 9 substituted in the general 
formula for x above deduced, givess x =s 3781 feet, a little 
before the motion becomes unifc^rm, or when the velocity 
has arrived at 240, its maximum being 246. 

In like manner is the space to he. computed that will be 
due to any other velocity less than the greatest or terminal 
velocity. On the contrary, to find the velocity due to any 

proposed space x^ from the formula :r = — x h. I. ^^ ^ . 

Here x is given, to find *o. First then ^^ = h. 1. ■ ** ; - 
tak!b therefore the number to the hyp. log. of -^^, which*^ 
, number call n ; then n = ■ _ ^ ; conseq. woo — nw* = w, 

and NW — a> = Nfv*, ancf w = -v/^^^^^-w, a general theor«n> 

for d^ value of v due to any distance x. Suppose, for in- 
stance, X is 1000. Now ^g being = 64, n^ = 1*05, and 

r = -00001725 -, theref. ^" = 1*0514, and the natural 

number belonging to this, considered as an hyp. log. is 

2*8617 = N : hence then v = -/^^-w = 199,isthevelo* 

' . ^ NC ' ♦ 

city due to the space 1000, or when the ball has descended 
1000 feet. ^ 

^ Again, for the time i of descent : here f = — ; but 
*• = ~ X — ^^, as found above, theref. ^ sr ^ x — ^. 

1 w v^T+'' 
the fluent of which is '^*^~ ^ b. 1. — jj ^, the general 

value of the time t for any value of the velocity v; which 

Til 

value of /. evidently increases as the denominator ^ v 

decreases, Or as the velocity v increases ; and consequently 
the time is infinite when that denominator vanishes, which 

is when v « v^— , or ci;* = w^ the resistance equal to the- 

ball^s wei^t, being the same case as when the ^ace x be« 
eomes iimiute, a^ above remasteed. Bot,^ like as- was don^ 
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for the distfince x as above^ we may here also find the value 
of/ coiTesppnding to any value of Vj less than its maximum 
'246> and consequently to any Value of ir^ as when v is 240 
foj* instance^ or j;* = 278 1, as determined above. Now, by 
^bstituting 240 for v, in the general formula 

i = j-v^-~xh.l. — J , it Inings out t a= 16**575; so 

that it woidd be nearly 16^ seconds when the velocity arrives 
at 240^ or a littlf^ less than the maximum or uniform degree, 
viz, 246, or when the spAce descended is 2781 feet. 

Also, to determine the time corresponding to the same, or 
when the descent is 1000 feet, or theyebcity 1*99: find the 

value of T"^/ — = ZT v^ -^/^AAt».c = "Fir = -3^- Thea 

4^ V c 64 ^ -000017*25 G4 , 09 



V— + ^ 



= ^ttS = ^' i *i^^ ^yp- J^^- ^f ^^ " ^•^'*^^- 



, w 246— 199 47 

123 

JHence 2-2479 X --r- = S"*64, the time of descending lOOO 

%f» - 

feet, or when the velocity is 199. 

See other s^culations on this problem, in the 2d volume^ 
prob. 22, as determined from theory, viz, without using the 
experimented resistance of the air. 

PROBLEM X. 

To determine the Circunhstances ^f the Motim ^ a Malt 
p)H)jecied Horizontally in the Air ; abstracted from its Ver-^ 
ticat Descent btf its ^ravitatioH. 

Putting d for the diameter, and w the weight of the ball, 
V the velocity of pro^tion, ^d v the velocity of the ba^ 
after having moved through the space x. Then, by corol. I 
to prob. 2, if the velocity is considerable, such ds usual in 
practice, the resistance of the ball, moving with the velocity 

V, is (wv* — nv)d\ and therefore ^ "^ ^t . js |he retardive 
(oxcef; hence the common formula w = ^Sf^^ is — t;v = 

m 

^2x X --<r, and theref. x = -—; x — ; — " = -x^^ x 

^ 355m ^ n '^ *^^ fluent ef which is obviously 



jfit;— n 

a; — — 

m 



jr— X — hyp. log. of V — --, and by the correaion by the 
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first velocityv, it becomesx = —^ x h. log. ^^ the 

general femnila for the <listanre passed OTer in terms of the 
▼elocity. 

Now^ for an apfdicatkm, let it be reqiured first, to deter-, 
nine in what space a 24lb ball will have its velocity reduced 
from- 1780 feet to 1500^ that is, loskig 280 feet of its first 
Telocity. Here, d == 5*6, w= 24, ▼ =s 1780, and v=^ 1500; 

also — = 150. Hence r^ == 3587 4, then x = 3587'4 x 

^ 1- r^ = 3587-4 X h. 1. ]g = 858T4 x h. 1. ig. = 

676 feet, the space passed over when the ball has lost 280 
feet of its motion. 

Again, to find with what velocity the same ball will move, 
after having described 1000 feet in its flight. The above 

theorem is x or 1000 = 35874 x h. L — = 3587-4 X 

h. 1. — ' — ft or SK lu 1. 1 but the nomber to the 

r — 150* 35874 » — • 150 * ^^ M"*«»r6» w u**^; 

. , 10000. -„^,^ . ' 1630 , 

*^yp- Jog- 3^74 « 1-7416 = N suppose; then k ^^ziSo* ^^ 

1630 

Nv— 150n= 1630. orNti= 1630+ 150N,and v = -— --, 

150 =r 936 * 150 = 786^ the velocity when the ball ha;» 
moved 1000 feet. 

Nextt to find a theor.fisrthe time of describing any space, 
or destroying any velocity : Here / = -—-= ^^^ x ^^ 

9 — -I— 

m 

tht fluent of which, by the 9th form, is / = —^ x — x 

k L — T^-jr- = -^^ X h. 1. -^-^ — , and by correction 

« » — — 

' * S^ ^ (h.l:-^ - h. L -^) = j^j; X hyp. log. 

0: V 

HI «| 

!^ ^ . — , putting y fnr'tl^!^ frst velocity, and 150 for -£• 

% y^^ue, as before. 

^H>w> to take for an example the same 24lb ball, and its. 
VjftcVT'' velocity 1780, as before; let it be required to find 
.uv4^ tunc this velocity will be reduced to 766. Here then 
'•=1 •^ V « 7P-" 184, d 5= 5^6, rf* as 31-36, n = -00i ; 
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Iff 750 ^^ --^ J ▼ - 150 V 1650 

^««*^^3T«S = 3F36 = 23-916; and j-3^ . T = "iaT ^ 
-^ = S' ^'^^^yP- ^^* of which is -1099; then 31-S6 X' 
•1099 = 2"*628, the time required. 

For another examplet let it be required to find when the 
velocity will be reduced to 1000« or 780 destroyed. Here 
V zz 1000/and all the other quantities as before. Then 

▼ — 150 V 1630 1000 1630 , , , r i - i . 

nrrSo ^ T = 850- ^ p?80 = Tm3' the hyp. log. of which is 
•0744f^i theref. 31-36 X -07449 = T-T^, is the time sought. 

On the other hand, if it be required to find what will be 
the velocity after the ball has been in motion during any given 
tim6; as suppose 2 seconds, we must reverse the calculation 

thus: / = 2" being = ^^X h.l. 1^ . -^=23-916x 
b* !• ^ "^ , ^,, . —J theref. rr^ = "033626 is the hyp. log. of 

r — 130 V ' - 23'916 ^* ^ 

' ' "2 I3Q • —9 the number answering to which is 1 '08725= n 
suppose, that is, n = j| ~ ^^^ . -|-. * Hence NVv— 150 nv =2 

TV - 1501., and v = j^^r;;:^^^ = lo5:3or = »51, tbevelo- 
city at the ^nd of 2 seconds. 

The foregoing calculations serve only for the higher velo- 
cities, such as exceed 200 or 300 feet per second of time. 
But, for those that are below 300, the rule is simpler, as the 
resistance is then, by cor. 2 prob. 2,- '00000447<^*s5 crfV, 
where d denotes the diameter of any ball. Hence. 'then» 

employing the same notation as before, —-ssf^ and — vv = 



Uf 



32/;^ = 32;r X ~i t&ereL x zz :^^ x ^^, the correct 






fluent of which is x z: rTr-^r x h. 1. — . 

Now, for an example,.* suppose the first velocity to be 
300 =: V, and the last v = iOO, for a 241b ball. Then 
a; = 24, d Tz 5-6, d* = 31-36, c = '00000447 ; therefore 

55^ = 155:447 = ^^^^ 5 and - = ijjjj = 3, the hyp. log. 
of which is 1-0986 j theref. 1*0986 X 5350 =: 5878 =b x, is 
the distance. — If the first velocity be only 200 =» y ; then 

— = 2, the hyp. log. of which is -69315, therefore '69315 >c 

5350 ;s 3708 = t, the distance. 

And 



y 



29^ THEORY 4JrX> 9f,J^TlCE 

Aad, conversely, to fin4 "^i^t velodtj will remain after 
passing over any sfffice, as 40M feet, the first velocity being 

v?=200. Hrr«th«hTB.lQ«.of™b«^=: i?^=:~ 

80 

= -j^ =: '74766, the natoral number of which is 2' 1 120, 

tl^t if, 211?; = ^i Aertfort v = -^ m -|5~=947,the 
velocity* 



w r'V 



Again, for the ti«« ' : sinpe x = ^^ x —-f therefore 
i == — = -j^^ X -^, the correct flufnt of wWcb is 

'=lS?^0:-v> = 3£«^ ^— So, for e^gmpl^, 
if^^SOO,and^;=100,thenI^^=5£=,3^,the^ 

5^ or 5350 X jL =r S5"^ = t^ the tiipe of reducing the 
300 velocity to 100, or of passing over the space 5978 fpet. 
And, reversing, to find the velocity v, answerieg to any 

given time t: Since i = ^ ^ (1 ~ -L) = 5350 x 
( V "^ 4^* tkeref. V = 53§^. I?ere, if I be given = SOT^ 

andv = 300} then t, = 533^^^^ ==—X 300=..-- = 

112, the velocity sought. 

Carol. Tlie same form of theorem, T =?= g—; X K 1. — v 

as above, is brought out for small velocities, will also serve 
ior the higher ones, if we emf^loy the medium resiistance be- 
twei^n the two proposed velocities, a^ was done in prob. 5. 
Thus, as in the first example of this j>robIem9 ^'^here the two 
-^^^locities are I'lSO and 150Q, the resistance due to the veloi* 
city 17C0, in the first table of resistances, being 74*1 3, say as 
noo* : ll80* 1 : 74'19 : 81*27, the resistance due to the ve- 
locity 1780 ; then the mesin between 81*27 and 57*25, due 
to 1500 velocity, is 6926, or rather take 69^ Again^ a9 
^65-7 : \/69i :: 160P : 1646, the velocity due to the me- 
dhim^resistance 69^. |Ience, as in prob. 5, as 1646* : i?* : : 
ik9^ : '00002565^* == suppose av\ the resistance due to any 
velocity Vi \>etween 1 780 and 1 500, for the I *05 lb ball. And, 
^ 1-965* : 5-^* :: av* : 8124««* = -OOOaOSaSv* = *v* sup, 
pose, the resistance due to the. s^e velocity with the 2411) 

talL Therefore^ =/i and — fv = 3^i = ^bv'x, and 

X == 
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• t* ^ 

i = ^/^, Ac correct fluent of wliich Is -jj- X h. 1. ~ =5 -jj 

>^Ti.Lj2 = -~ Xh.l.§ =^6^^ -171148 = 616 the 
v^dty taught. 

PROBLEM XI. 

To determine the R^iig^s qfPrqjectiks in the Air^ 

To determine, by theory, the trajectory a projecdle de- 
scribes in the air, is one of the most difficult problems hi the 
whole course of dynamics, even when assisted by all the ex- 
periments that have hitherto been made on this branch of 
physics ; and is indeed much too di£Scult for this place^ in 
the full extent of the problem : the consideration of it must 
therefore be reserved for another occasion, when the nature 
of the air's resistance can be more amply discussed. Even 
thq solutions of Newton, of Bernoulli, of JEuler, of Bordas 
&c, &c, after the most elaborate Investigations, assisted by aU 
-the resources of the modem analysis, amount to no more 
th^Ui distant appros^imations, that are rendered nearly useless, 
ev^n to the speculative philosopher, from the assumption of 
]a VQry erroneous law of resistance in the air, and much more 
so to the practical artillerist, both on that account, ^d from 
the very intricate process'of calcula'tion, which is quite inap- 
plicable to actual service. '^The solution of this problem re- 
quires, as an indispensable datum, the perfect determinatien 
by experiment of the nature and laws of the air's resistance 
at different altitudes, to balls of different sizes and deiisitiesy 
moving with ill the usual degrees of celerity. Unfortunately 
however, hardly any experiments of this klftd have been 
made, excepting those which on some occasioiis have been 
published by myself, as in my Tracts of 1786, as well us in 
my Dictionary, some few of which are also given in the 2A 
vol. of this course, art. 105^ with some praqtical iAlerfoces* 
And tho\;gh I have n^any more yet to publish, of tl^ seme 
kind, much more extensive and varied, I cannot yet under- 
take to pronounce that they are fully adequate to the purpose 
in hand. ;. 

All that can be hero done then, in the solution of the 
present problem, besides what is delivered in the 2d volume^ 
is to collect together some of the best practical rules, founded 
partly on theory, and partly on practice. 1. In the first place 
then, it may be remarked, that the initial .or first veloaty of 
^ ball may be directly computed by prob. 17, near the end 
of our 2d volume 5 having given the dimensions of the piece^ 
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the weight of the bally and the charge of powder. Or odier^ 
wiie^ the same may be made out from the table of experi- 
mented ranges and velocities in pa. 161 of that volame, by 
this rule, that the velocities to different balls, and different 
charges of powder, are as the square roots of the weights of 
the powder directly, and as the square roots of the weights 
of the balls inversely. Thus, if it be enquired, with what 
velocity a 241b ball will be discharged by 81b of powder. 
Now it apoears in the table, that 8 ounces of powder cmcharge 
the lib baol with 1640 feet velocity ; and beotose 8lb are ss 
128 ounces ; th^efore by the rule, as v^-f - v^ 77' ' • 1^^ • 
1640 ^/i$ = I640v'f = 1339, the velocity sought. Or 
€>tharwise, by rule 1 p. )62 of the 2d vol. as v^24 : v^I6 : : 
1600 : 1 S06, the same velocity nearly. But when the charges 
bear the same ratio to one another as the weight of the ba^ 
that is when the pieces are said to be alike charged, then the 
velocities will be equal. Thus, the 1 lb ball by the 2 oz charge, 
being the 8th part of the weight, and the 24 lb ball, with Bib 
of powder» its 8th part also, will have the same velocity, viz, 
860 feet. In like manner, the 1230 tabular velocity^ an- 
swering to 4 oz of powder, the 4th part of the ball, will 
equally belonc; to the 24 lb ball with 6 lb of powder, being its 
4tn part, ana the tabular velocity 1640, answering to the 
8 oz charge, which is i the weight of ball, will equally be- 
long to the 24 lb ball with 12 lb of powder, being also the i 
of its weight. 

2. By prob. 9 will be found what is called the terminal 
velocity^ that is, the greatest velocity a ball can acquire by 
descending in the air ; indeed a table b there given of the 
several terminal velocities' belonging to the dtmrent balls, 
with the heights, in an annexed column, due to those veloci- 
ties in vacuo,4hat is the heights from which a body must fall 
in i^uo, to acquire those velocities. 

3. Given the initial velocity, to find the elevatioti of the 
piece to have the greatest range, and the extent of that range. 
These will be found by means of the annexed table^ altered 
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from Froleuor Robison't, 
in the £ncyclop«lis Bri- 
tanaica, and founded on 
an approximation of Sir I. 
Newton's. The numbers 
in the first column, multi- 
plied by the terminal velo- 
city of the ball) give the 
initial velocity; and the 
numbers in the l^st co- 
lumn, being multiplied by 
the height, give the gcta.t- 
est ranges ; the middle co- 
lumn showing the eleva- 
tions to produce those 
ranges. 

To use this table then, 
divide the given initial ve- 
locity by the terminal ve- 
locity peculiar to the ball, 
found in the table in prob. 
9) and look for the <juo- 
tient in the first column 
here annexed. Ag^nst 
this, in the 2d column wil^ 
be found the elevation to 

give the greatest range ; and the number in the 3d columa 
multiplied by a, the altitude due to the terminal velocity, 
a}so found in the table in problem 9, will give the rangCj 
nearly. 

£x, 1, Let it be required to find the greatest range oF z 
24tb ball, when discharged with 1640 feet velocity, and the 
corresponding angle to produce that range. By the table in 
prob. <J, the tcnqmal velocity of the 24lb ball is 4 15, and its 
producing altitude 2691 : hence |^ = S-9S, nearly equal to - 
3'9865 in the 1st column of our tabic, to which corresponds 
'the angle 34° 1 5', being the elevation to produce the greatett 
range; and the corresponding number 2-9094, in the 3d 
column, multiplied by 2691', gives T829 feet, for the greatest 
range, being nearly a mile and a half. 

Exam. 2. In like manner, the same ball discharged with, 
the velocity 860 feet, will ha\e for its greatest range 3891 
£sit, or nearlv ^ of a mile, and the elevation producing it* 
?i)° 55'. 

These examples, and indeed the whole table in the 9th 
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giving the 


Greatest Han 


ge. 


Initial v*l, 
dW. by „, 


Elevalioo. 


Raogr div. 


0-6910 


44 


0' 


0-3914 


0-9445 


43 


15 


0-5850 


1-1980 


42 


30 


0-7787 


1-4515 


41 


45 


0-9724 


1-70.W 


41 





1-1661 


1-9585 


40 


13 


1-3598 


2-2120 


39 


30 


1-553S 


2-4655 


3S 


45 


1-7472 


2-7190 


38 





|-940tt 


2-9725 


3T 


IB 


2-1346 


3-2260 


36 


30 


2-3283 


3-4795 


35 


45 


2-5220 


3-7330 


35 





2-7157 


3-9865 


34 


15 


2-9094 


4-'J400 


33 


30 


3- 103 1 


4.-4935 


32 


45 


3-2968 


4-1470 


32 





3-4905 


5-0000 


31 


15 


S-6842 
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]pt>blemf are onrj ad?.pted to the use of caimoR badls. But 
K is flot imali and indeed not easilj Dracticable» to discharge 
faonon shot at such elevations, in the British senrice» that 
|nctice being the peculiar officp of mortar shells On this 
account then it will be necessary to make out a table of ter^* 
«iinal velocities^ and altitudes due to them, for the difierent 
aiz«& of such shells. The several kinds of these in present 
UK% are denominated from the diameters of their mortar 
iKma in inches^ being the five following, viz, the 4*6, the 
5*8, the €, the 10, and the IS inch mortars, as in the first 
colomn of the following table. But the outer diameters of 
dui shells are somewhat smaller, to leave a little room or 
as windage, as contained in the 2d column. 



Table of dimtnsions^ Hcy of Mortar Shells, 



Diani. of 



inch. 
4-6 

S 
10 
13 



Dimm. of 
Sh«lli. 



inch. 

4-53 

5-72 
^ 7-90 

9-81. 
12-80 



Weight 

of Shells 

filled. 



9 
18 

47 

201 



Weight 

oCeqiMl 

solid. 



lbs. 

67 
130 
286 



Ratio of 

sbeUto 

solid. 



rermiaal 
velocity. 



1*42 
1*42 
1-42 
1-42 
1-42 



Keta 

314 
352 
4^14 
462 
527 



AHr. d 
4m ts 
▼eioc 



^■iW*"W« 



»• 



feet. 

1541 

193^ 

2678 

3335 

4340 



i*«« 



The 3d column contains the weight of each sheU when the 
hollow part is filled with powder : the diameter of the hoir 
low is usually ^ of that of the mortar : the weight of the 
shells empty and when filled, with other circumstances, may 
be seen at Quest. 53, pa. 265, vol. 2. On account of the 
vacuity of the shell being S^td only with gunpowder, the 
weight of the whole so filled, and contained iia cofamm 5, is 
nnich less than the weight of the same size of solid iron, and 
tbtt corresponding weights of such e<|ual solid balls are eon» 
tained in col. 4. The ratio of these weights, or the latter 
^vided by the former, occupies the 5th column. 

Now because the loaded or filled shells are of less specific 
i;ravity, or less heavy, than the equal solid ir/>n balls, in the 
ratio of 1 to 1*42, as in column 5, the former will have less 
power or force to oppose the resistance of the air, in tfiat 
same prop6rtion, and thfe terminal or greatest veftjcity, as 
determined in the- 9th prob. will be correspondfentJy less. 
Therefore, instead ofTrhe rule there given, viz, n5*5\/rf,for 

that velocity, the rule must now be MB^W^^^Vl'Wd'^, 
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the diameter of the shell being d^ that is, the teniunal veje* 
cities will be all less in the ratio of 147*3 to nS'6. Kgw» 
computing these several velocities by this rule, to all the dif- 
ferent diameters, they are found as placed in the 6th coI.| 
and in the 7th or last column are set the altitudes which 
would produce these velocities in vacuo, as coaapiited frott 

this theorem -tr. 

Having now obtained these terminal velocities^ and their 
producing altitudes, for the shells, we can, from them and 
the former table of ranges and elevations, easily compute the 
greatest range, and the .corresponding angle ot elevatkm^ for 
any mortar and shell, in the same way as was done for die 
baUs in this problem. Thus, for example, to find the great* 
est range and elevation, for the 13 inch shril, when projected 
wkh the velocity <^ 2000 feet per second, being nearly tfi^ 
greatest velocity that balb can be discharged with. Now« 

by the method before used, -^^ = 3*796 ^ opposite to this, 

found in the first column of the table of ranges, corresponds 
34** 49' for the elevation 111 the 2d column, and the number 
2*764 in the 3d column ; this multiplied by the altitude 4340, 
gives 11995 feet, or more than 2^ miles, for the. greatest 
range. 

This however is much short of the distance which it :s saad 
the French have lately thrown some shells at the siege of 
Cadiz, viz, 3 miles, which it seems has been eflfected by 
means of a peculiar piece of ordnance, and by loading 6r flll- 
ing the cavity of the shdl with lead, to render it heavier, and 
tSius make it fitter to overcome the resistance of the air. Let 
us then examine what will be the greatest range of our 13 
inch shell, if its usual cavity be quite filled with lead when 
discharged, with the projectile velodtv of 2000 feet. 

Now the diameter of the cavity, being about -^ of that of 
the mortar 1 3, will be nearly 9 inches. And the weight of 
a globe of lead of this diameter is 139*3 lb 5 which added to 
1 r7'8, the weight of the shell empty, ^ives 3271b, the whole 
weight of the shell when the cavity is hlled with lead, which 
was found 286 when supposed all of solid iroli, their ratio or 
quotient is '8783. Then, as before, the theorem will be 

175*54/-:^=^ = l^T'ZVd for the terminal velocity; which, 
when rf= 12-8, become^ 670 for the terminal velocky; 
therefore its producing altitude » ■*^ =sa 7014. Then, by 
the same method as before, -j:^ =: 2'98.v ; which number 
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found in the first column of the table of ranges, the opposite 
ntnnber in the 2d coL is 37* 15' for the elevation of the piece^ 
and in the 3d column 2*14, multiplied by 7014, gives 15010 
feet, or nearly 3 miles. So that our 13 inch shells, discharged 
It an elevation of about 37^ degrees, would range nearly the 
dBstance mentioned by the French, when filled with lead, if 
they can be projected with so much as 2000 feet velocity, or 
upwards. This however it is thought cannot possibly be 
efiected by our mortars ; and that it is therefore probable the 
French, to give such a velocity to those shells, must have 
contrived some new kind of large cannpn on the occasion. 

4. Having shown in the preceding articles and problems, 
how, from our theory of the air's resistance, can be founds 
first the initial or projectile velocity of shot and shells ; 2dly, 
the terminal velocity, or the greatest velocity a ball can ac-* 
quire by descending by its own weight in the afr ; Sdly, the 
height a ball will ascend to in tlie air, being projected verti- 
cally with a given velocity, also the time of that ascent; 4thly, 
the greatest horizontal ranges of given shot,, projected liirith a 
given velocity ; as also the particular angle of elevation of 
the piece, to produce that greatest j:aui|[e. It remains then 
now to enquire, what laws and regulations can be |^ven re- 
spe^^g the ranges, and times of flight, of projects made at 
ether togles of elevation. 

Relating to this enquiry, the Encyclopedia BritaiAnica 
mentions the two following rules : 1st. ^* Balls of equal (ten- 
sity, projected with the same elevation, and with velocities 
which are as the square roots of their diameters, will describe 
similar curves. This is evident, because, in this case, the 
resistance will be In the ratio of their quantities of motion ; 
therefore all the homologous lines of the motion will be in 
the proportion of the diameters.** But though this may be 
nearly correct, yet it can hardly ever be of any use in prac- 
tice, since it is usual and proper to project small balls, not 
with a less, but with a greater velocitv, than the larger ones. 
Sdly, the other rule is, '< If the initial velocities of balls, pro- 
jected with the same elevation, be4n the imtnt subduplicate 
ratio of the whole resistances* the ranges, and all the homo- 
logous lines in their track, will be inversely as those resist- 
ances.^* This rule will come to the same thing, as having 
the initial velocities in the inverse ratio of the diameters, a? 
distant perhaps from fitness as the former. Two tables are . 
next given in the same place, for the comparison of ranges 
ftnd projectile velocities, the numbers in which appear to be 
niuch wide of the truth, as depending qu very erroneous 
"Hts of the resistance. Most of the accompanying remarks, 

however. 
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however^ are very ingenious, judiciousy and philosophical^ 
and very' josdy recommending the making and recording-of 
good experiments on the ranges and times of flight of pro- 
jects, of various sizes, made with different velocities, and at 
various angles of elevation. 

Besides the above, we find rules laid down by Mr* Robins 
and Mr. Simpson, for computing the circumstances relating 

^ to projectiles as affe^ed by the resistance of the air. Thc^e 
of the former respecuble author, in his ingenious Tracts on 
Gunnery, being founded on a quantity which he calls F, 
(answering to our letter a in the foregoing pages), I find to be 
almost umfbrmly double of what it ought to b^ owing to his 
iinjproper measures of the air^s resistance ; and then^re the 
coiicli»i<»is derived by means of those rules must needs be 
very entmeous. Those of the very ingenious Mr. Simpson, 
contained in his Select-Exercises, being partly founded on 
'experiment^ may bring out conclusions m some of the cases 
net very incorrect ; while some of them, particularly those 
relating to the impetus and the time of flight, must be very 
wide of the truth. We must therefore refer the student^ 
for more satisfiictiori, to our rules and examples before given 
in voL2 pa. 162 &c, especially for the circumstances ofdif- 
fiR'ent ranges and elevations, &c, after having determined, a^ 

' above, those for the greatest ranges, founded on the real 
vieasnre of the resistances. 
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C^^ AB a)id AC j^ /tt'o inclined planes, whose common alii^ 
ruue AD u given = GAfJeet ; and their lengths sttch^ that M 
heavy body is 2 seconds of time longer in descending thromgh 
AB than through ac, bjf the force ofgrcei^ity ; dndiftwd bmsf 
the one 'weighing 3 and the other 2lhf be Connected by » thread 
and laid an the planes^ the thread sliUUig freely over the ver* 
lex A, they will mutually sustain each other. Sucre Me 
lengths of the two planes r ^ 

The lengths of planes of the saxncf het|^ being as ttie 

times of descent down them (art. l93 VoL 2), and also as the 

weights of bodies mutually sustaining each other on them 

(art. 122), therefore the times must be as the weights ; hence 

as 1} the dilTercnce of the weights, is to ^s6c. the difi; of 

I 3 • 6 sec ) 
titaes^ • • 1 o ! A r ^^^ timesof descending down the twa 
1^14* sec* J 

planes. And as v^l6 : v^64' : : 1 sec. : 2 sec. the time of de- 
scent down the perpendicular height (art. 70). Then, by the 

laws of descents (art. 132), as 2 sec. : 64 feet f f*^^* ' ]^l I 

^ x* sec* r iibo y 

feetj the lengths of tlie planes. 

Note. In this solution we have considered 16 feet as the 
space freely descended by bodies in the 1st second of time, 
and 32 feet as the velocity acquired in that time, omitting 
the fractibns ^\ and 7, to render the numeral calculations 
simpler, as was done in the preceding chapter, on projectiles, 
and as we shall do also in solving the following questions, 
wherev^er such numbers occur. 

Another Solution by means of Algebra. 

Put X = the time of descent down the less plane ; then 
will X '\- 2 be that of the greater, by the question. Now 
the wci^lits being as the lengths of the planes, and these 
a^am u^ lh«^ ♦Jmcs, therefore as 2:3::;r:jr+ 2; hence 

2x -f 




,ffim^ ?ffP fr Wd .«s ^ the \^ JRfWytjop ,pf the ftpopfiF 

^iP« <k^ kMfjdlfrm tbefifigitt qf4ofeefMkf^ Mr 
j^(Ene j-g/* the hprixon^ a/ifd i^pirige on the hard surffu^e of a 
plane inclined to it in an angle of* 15 degrees.; it is requirea lo 
/wdwhfltpfrt(f.th^ so ikU after re-^ 

ftectwHy it may fall on the norizontat plane y at the greatest 

poii\t.son:\e where b^ow^tl^e 
Tionzont^plane ; for other- 
wise theoecpuld^teAip xoxdr 

which the bill imDft^g83,after ^ing,fi;ff» A^jpo^t ^^ fig^ 
the parabolic path^ b its vertex, bh a tangent at B, being 
the direction in which ^e^s|^ 4s reflected ; and the other 
lines as are evident in tke fiffure. Now. ,by the laws of re- 
flection, the an^e otincid^ce abc. is equal to .the ap^le of 
reflection JiBM.andtherefore this,latter> ^ well as the fonner. 
is equal to the complement of the Z^c the inclination of the 
two' planes; but the part JBM is = z.,c. -therefore the angle 
of projection hbi i§ =: the comp. of double the Z^c, jSQpp. 
being the comp. of hbk> theref. Z. hbk = 2 ^ c. Now^^P^ 
a = 50 =:^ the -height above the^hpmontal:line9i s.tfing. 
z. DBC or ds^ the ^coii^lemest df the pkne's inclinatiqn, t ^ 
tang. HB^i/Or Z. h =»60° the ft)mp. cif ^ ^C,^ ^ si^ieof 2 Z*«BI 
= l^a® the double elevation, br = sine of ^^^c^alsoo-s^ 
thejii^tu^ or height •fallen through. Th^, 

^i zz 4KR'=£'2irjr,*b]r the']i>rq|eGtiles prop. ^1» 

also, KD = BK -r^ BD =s ^jc ^ x + Hy^and SB =4^ =^SZi 
•then, bjr the parabola^ ' Vb^ : Vdk : : iKE : ^fGT sp u \x 

y^-j;^;5=<V ^.: ^^ ■ ■ ^^ =^V:[-T:y.-rf(T^.r-/1)ig^3gF 

^^ilV — *V**)> pMtt"^g ^ = *^"^ of -^ Ac ^=^ sine qf S0^« 

^.|f?VW4m^> the;fJjjrij5i.Qf j^lljch^ ^>%.^Sa- 

(Vol. 2u. "X "V^^ 
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+ ^9 and the double sign ± answers to the two roots or va- 
Ines of X, or to the two points o, d where the parabolic path 
cuts the horizontal line CG> the one in ascending and the other 
in descending. 

Now^ in the present case, when the Z.c = 15% / 3= tang. 
75'=2+ y/3, t =z tan. 60*= v^3^ s = sin. 60^=4;-/ 3, * = 

sin. 30®=4^n = 5+'/=2+4V'S5then^ = 2a=: 100, and 

= 100 X (1 ±i^^ii|^)=100x(l±-99414)=199'414 

or *586 ; but the former must be taken. Hence the body 
must strike the inclined plane at 149*414 feet below the ho- 
rizontal line 'f and its path after reflection will cut the said 

line in two points ; or it will touch it when x = -jj-. Hence 

also the greatest distance cg required is 826*9915 feet. 

CoroL If it were, required to find cc or tj: — ta + sx ± 
2bV(ax — A*a:*) = g a ^ven quantity, this equation would 
give the value of ;r by solving a quadratic. 

PROBLEM 3. 

Suppose a ship to sail from the Orknof Islands^ in latHude 
59® 3' north y on a if. s. e. course, at tie rate of 10 miles an 
hour ; it is required to determine how Um^ it will be before 
,she arrives at the pole^ the distance she will have sailed^ and 
the d^erence of longitude she will have made when she arrives 
there? _ ^ 

Let ABC represent part of the equator ; 
p the pole ; AmrF a loxodromic or rhumb 
line, or the path of the ^p continued to the 
equator ; pb, pc, any two meridians indefir 
nitely near each other ; nr, or mt, the part 
of a parallel of latitude intercepted between 
them. 

Put c for the cosine, and ^for the tangent 
of the course, or angle nnir to the radius r ; 
Am, any variable part of the rhumb from the equator, = ti; 
the latitude vm = Wi its sine jr, and cosine^ ; and ab, the 
dif. of longitude from A, = 2. Then, since the elementary 
triangle 97inr may be considered as a right-angled plane tri- 

angle, it is, as rad« r : c s: sin. z. mm :ivssmr:w = nm 

: : V : w i theref. cv = rw, or t; = — = '— t by putting 5 

for the secant of the Z. nmr the ship's course. In like man^ 

ner% 
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ner, if w be any other latitude, and v its corresponding length 

^m^^m HV ^^^ 4M 

of the rhumb; then V = -^; and hence v — v = r x » 

c c 

or D = — , by putting D=v— v the distance, and rf==W— w 

the dif. of latitude \ which is the common rule. 

The same is evident without fluxions : for since the l^mrn 
is the same in whatever point of the path Kmr^ the point m 
is. taken, each indefinitely small particle of Amr^f must be to 
the corresponding indefinitely small part of sm, in the con« 
stant ratio of radius to the cosine of the course ; and there- 
fore the whole lines, o«* any corresponding parts of them, must 
^be in the same ratio also, as above determined. In the same 
manner it is proved that radius : sine of the course : : dis- 
tance : the departure^ 

Again, as radius r : t =z tang. 7tmr : : w = 7nn : nr or mff 
and as r :^ : : PB : vm :: » = bc : mt ; hence, as the extremes 
of these proportions are the same, the rectangles of the means 

must be equal, viz, yi = /w = — because w =e — by the 
property of the circle; tberef. i = — =^ fTI^'^ the general 

fluents of these are z s / x hyp. log. y/ — ^ + c ; which 

- corrected by supposing s = when x = a, are z 3= f X (hyp. 

log. v'^ - hyp. log. \/^); butr x (hyp. log, ^/"—^ 

— hyp. log. \/-2r") ^* *^^ meridional parts of the dif. of the 
latitudes whose sines are x and a, which call b\ then is 
^ = — , the same as it is by M creator's sailing. 

Further, putting m = 2*71828 the number whose hyp. log. 
is 1, and w = -^ ; then, when z begins at A, wi" = ~r? *^d 

theref. j: = r x -r— ; = ^ 7—^ » hence it appears that 

as m", or rather n or z increases (since m is constant), that 4* 

approximates to an equality with r, because --^ — r decreases 

or converges to 0, which is its limit ; consequently r fs the 
Hmit or ultimate value of x : but when jr ^ r, the ship will 
be at the pole ; theref^ the pole mu^t be the limit, or eva- 
nescent statef of the rhumb or course : so that the ship may 
be said to arrive at the pole after making an infinite number 

of revolutions round it ; for the above expression — -- va- 

niishes when n, and consequently z, is infinite, in which case 
xiM zz r, 

X 2 ^w^> 
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Now, from Ac leqnftciott i) ac — e= -j-, it fe ftand, thit, 

when d = SO* 5t the comp. of Ibe giTeniat. d9* S', and c^ 
sine of 67° 30' the comp* of the cpurses^ d w^l fce == 20ia 
geographical miles, the required idtimate ^fttanpe ; which, 
at the rate of f mtttfi an dvoar^ will 'bt paB8«4 -ov^r f» Mi 
^oiir« or h^ days* Tli« dif. df iong. is sImiwii 4&€P^ to bje 
. Infinite. Wton the t(hip <]^ niftd^ one ««v«^liMite, ^ftie ^l 
be but afbout a yai^ from l&e<|w^^ c&n&dt^^ig ber as-afoint. 
Wlien the ship hsA corrived mftritttly tieariihe ffte, 4tit w3l 
•go round in the ttianmer of a top, with «n »i6nitv ^ocStji 
which at once accounts for this-paradcKS, vis^5 th#t«tho«igh Aqb 
make an ^faifinlte number ef iwc^utkms around ^Aie ^e> yet 
i^r diftance nm will liave stsi tfltioMte'-iaid de&iite inhie, ss 
above determined : for it i$ evident that h » we ^er p'etft ibt 
immber of i^eirolutioas of a fepp^maybe, fheepace'pMed^ver 
by its pVvot or bottom point, wMe^ it -amtknies <m or 4iei||9y 
on the same pointy mw^tie iiifiMte)y«mfti> ^or Hff thtn^ 
certain assignable ^uantky. 

PHOfiL&M 4. 

Jt fitrrent jsf wate}' is Useh^trgtd hv ikret tpuU openings 
QT sluices f m ikcjdhwiog ^^pes : 4kis first # tr^tuni^, w 
second a semicincle, and the iMrd a tutrabola^ having their 
altitudes equal J and their bases in me same hanizontdl Ibie^ 
aaad the water Ifiod with the 4a[kS4jfthfi arches: -en (hvistqf^ 
position it is required to show what may *fe the proparticfn jf 
-the quantities dvtchargedby these sluices. 

Let VB be'hdlf the parallelogram, avc 
hfilf rtlue mtmmitt^ tand aysd hatf <1u» par 
jabola,-that is, the halves of the rospecUire 
diiicc&or gates. Put a = av the common 
allkude» and c ;:;: "7854 : then 'is -i^* die Sr 

area of each of tho figures ; also ca :5» iPB, ' r^- « V " " i; i > 

i»«= AC, and ^a =' ad ; also put jt = VP 
n»ngr^inu!lRble^jpth,.aiid x e= pp. 0[tei^^he>ifMttridi»ilMH^^ 
at any depth ^r, being as .due velocity rapd-^perture* ^and tb^ 
:ieloatjr bdng in aU the figuires as ^XjiLevelhai icVji^x^tOf 

^«ad;rV^X<ViL, and :iV^x Ps, 'Or ikus^if, ^nd'^A^/pia— tl^), 
'Wid ^^ax J>w,<»e ppopoy|ioftalto-die4tix|on9^^he<[t!tii- 
titjy «f water ^discbsKHged by f^ie -sadd ^gures or ^Kiiees k^ 
^pectiv^ly,; the.correct -fluents of ««hi<^, ^tuufx-^'^*^ «Qe 

4fia% and i^af(^V-^ - 7), wd r|.^^i the :2d fluent fbmg 
found by art. 12 pa. 225 of this vol. Hence the.quantttits 

of 




I 

of water ditckarged fay dxe FectsBgle^ thA saaiicircl^i and th» 
parabolas are FMpaetivtljas^r aad -^(^v^^— 7), aad ^j <» 

as I, «)d ^(«\/2 — 7>, «»d |j w as 1, tmd 1-0M47, and l|. 

TTi^ iiiitial velocity of a ^4li ball of cast tron^ which is pro* 
jtcted in a direction perpcmUcuhtt to the horizon ^ being sup^ 
posed \200 feit per second; and that the resistance of the 
medium is constantly as the square of the velocity ^ and every- 
where <ffthc same density : required the time qfjtighty and 
the height to which it wttl ascend. 

Answer. Bj iproblexxis S aod 6> of the last chapter^ the 
ascent wHS be /onod z: 5337 feet» and tb^ timepf' toe ascent 
2dr seconds. 

4 

PROB|«Eif 6. 

To d^U^rmim the ^am€ asifi the kut futstioHf sHpf$mg 
thf difnsiiy ^th00ittmsfhere U ddcre0i€ im (iHcndrng ^fiter thg 
usual w^? 

Ans. By pt^riii. 7 Md Sy ttie lfei|^ wMl b# 5#I4 fectti 
a^ tk« tkHe M se<$Mids. 

VfiaebEitt 7. 

//6 reptifei t» find the diarneter of a cvrCtdar parachute^ 
by meians ofiSi^kich a fnafi qflSOlb weight may descend on the 
edtth, front a baUoffn at a height in the atr. with the ve- 
heitr/tfonly lO/tet in a second of time, being theveloci^ 
Squired by a bddy freely distending thrifugh a space of oyOp 
1 foot 6i inches J or of a man jumping down from a height (f 
\ 8|. incnes : the parackuU being mwie of such materlab and 
thckne$s, thttt a circle dfit of 50 feet diameter , weighs only 
i Mid, and so ift prdp&tfidti mcrre or less according to the area 
of the circle. 

If a JE^iling body^ clescend with a uif iform veWty, it mu^ 
necesaarily meef with a resistaooe., from the medium it de* 
^cends in| eeual.to the whole weight thait desoefids. liet X 
denote the di^imeter of the parachute^ and a s *7^^4 \ thef 
ax^ wifl be its areas .and as 50^ : x"^ ; : 150 : -^^ the wel^ 
of the same» to which adding iSQikxf the riisoi's weighty tot ^ 
sin -yV^Hh i^O wiH be the whole deiscendine weight. Afpiti^ 
in die table of r^tanoes at pa. 373 near ^ eml at toL ^ 
we £nd that a circle of |^ of a square foot area> moving witb 
10 U^t Telojiity^ meets with a^resistance of *£7 oitaices = 
Ibiil^hi and tte jwistof'fit with tke wune Ftldiciqr^ bei"if 
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as the surfaces, therefore as ^ : •0475 : : ax* : •21375tfT* = 
'16788jr* the resistance -of the air to the parachute, to which 
the descending weight must be equal*, that is, *16788a:^ =9 
.^ + 150 -, hence -107880?* =150, or jc* = 1390-5, and 
hence x = 37y feet, the diameter pf the parachute required. 

mOB^EM 8^ 

To determine the effects of PUe'Engines, 

The form of the pile-engine, as used by the ancients, is not 
known. Many have been invented and described by the 
modems. Among all these, that appears to be the best which 
was invented by Vauloue, as described by Desaguliers, and 
was used at piling the foundations at building Westminster 
Bridge. Its chief properties are, that the ram or weight be 
raised with the least expense of force, or v^th the fewest 
men ; that it fall freely from its greatest height ; and that, 
having fallen, it is presently laid hold of by the forceps, and 
so raised up to- its height a^in. > By which means, in the^ 
shortest time, and with the fewest men, or the least force, the 
most piles can h^ driven to the greatest depth, 

Belidor has given some theory as to the effect of the piler 
engine, but it appears to be founded on an erroneous prin- 
ciple : he deduces it from the laws of the collision of bodies. 
But w^ does not perceive that the rules of collision suppose 
a fr^e motion and a non-resisting medium ? It caqnot there- 
fore be applied in t)ie present case, where a yery great re* 
ustance is opposed to the pile by the ground. We shall 
therefore here endeavour to explain another theory of this 
inachine. 

Since the percussion of the weight acts on the pile during 
the whole time the pile is penetrating and sinking in the 
earth, by each blow of the ram, during which tinie its whole 
force is spent ; it is manifest that the efiect of the blow is of 
that nature, which requires the force of the blow to be esti- 
mated by the square of the velocity. But the square of the 
velocity acquired by the fall of the ram, is as the height it 
falls from ; therefore the force of any blow will be as the 
height fallen through. But it is also niore or less in propor- 
tion to the weight of the ram; consequently the effect or 
force of each blow must be directly in the compound ratio of 
both, viz, as era;, where w denotes the weight, and a the alti- 
tude it falls from ; or it will be simply as the altitude a, when 
the weight w is constant. 

Again, the force of the blow is opposed by the mass of the 
piley said by the ^coxisistence of the earth penetrated by the 
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point o£ the pile/ and also hj the friction of the earth agaidst 
the surface or sides of the pile tlut have penetrated below the 
surface. Consequently the effect of the blow^ or the depth 
penetrated by the pilet will be inversely in the compound 
ratio of these three^ viz» inversely as mt/y where m denotes 
the mass of the pile, / the tenacity or cohesion of the earth, 
andy the friction of the surface penetrated in the earth. But> 
in the same soil and with the same pile* tn and t are both 
constant, in which case the depth of penetration will be in- 
versely only as/ the friction. On all accounts then the i>e- 

netration will be as — -^,, or simply as y only, for the same 

weight and pile and soil. 

749 determine the depth sunk hj/ihe^pile at each stroke of the 

ram. 

After a few strokes^ so as to give the pile a little hold in 
the ground) to make it stand firmly, the blows of the ram 
may be considered as commencing, and causing the pile to 
sink a little at every stroke^ by which small successive sink- 
ings of the pile, the space the ram falls throtigh will be suc- 
cessively increased by these small accessions, and the force of 
the successive blows proportionally increased. But th^se, on 
the other hand, are resisted and opposed by the friction of 
the part of the pile which has been suuk before, and which 
also sinks, at each stroke ; and as the quantities of these rub- 
bing surfaces increase in a greater ratio to each other, than 
the heights fallen through, that is, the resisting forces in- 
creasing faster than the impelling forces, it is manifest that 
the depths successively sunk by the blows must sradually 
decrease by little and little every time \ which is also found 
to be quite conformable to experience. Thus then the stic- 
cessive sinkings will proceed gradually diminishing, till they 
become so small as to be almost imperceptible. 

Now it was found above that -^ is as the penetration by 

any blow of the ram, by the same pile in the same soil, that is, 
as the height fallen directly, and as the resistance or friction 
in the earth inversely. Let A denote any other and greater 
height, by an after stroke, and p its friction $ also p the pene- 
tration by the former blow, and p that by the latter, which 
must be the smaller: then, by the foregoing principle, 

— I — : : p : /) ; hence a : A : :yp : Fp, which is a general 

theorem. 

But 






Btft n&^t ^it& t€if€Ct fO-tM iijthmhy of frkitiofi* fr6nilRQr 

tibn H enioctltf pfopittkm^A to <he ^bjbin]^ patfsii^ tl^efe it 
gt€At reason to bel!i^6 that it mflist bb at tea^ vdrf nearly 
sO : tbe^e i^ also eqti^ fea^n to condudt i3iat t&e tSttn 
or f^^^ane^ fronv that rtibbiyt|; Surface toioiit be fi«a/l]F 
of ^acd[]f tfs the letij^ of ^riee it moves ovet y that is h^ ilkOf 
I*Aw!racioh of th6 plld by atiy Mo\<r. Nov, if d etoiott^ the 
de|>th of the pite iM fh« ^otind Sefofe ae»y lieif biow i^ St^Cftk 
by thfe ^am^ itid b the depth or penetratitm prodtrfed by tte? 
blow> th^n the length of the rubbing slYi^face will be nf-f T^f 
for, the length of the f ubbirig surface is only d at the begin- 
ning of the motion, and it is d + ^ at the ^hd at it; ^h^ me- 
dium of the two, or d + iby is therefore the due length of 
tht' ^fjjcey and the spaefe or depth: it moves b^tt hb^ th^ri- 
fore the whole resistance from the friction is {d + \b)b. If 
D then denote any other .d^pth o^ the pile in the earth} gnd 
V the next penetration, then (d + ih')b' will be jtsi friction^ 
SubsthutiDig now b (or p, and ^' for p, also d + iB for^^' s^nd 
n +• \b' for F, in the «efieral theorem a : a : :fp : Tpi it be- 
comes tf : A : : (^ + \o)b : (d '^.^)h\ for tli^e general relation 
iMween the heights fallen and the resistance and peitetratton^ 
Th^ theorem will very conveniently give tke series of. efr 
ftQts, OcMilccessive sinkipjgs of the piles, by the blows of th^ 
ram« Thus, after the pQe has been pK>perly fixed^ or indeed 
driven to ^ny depth in the earth, denoted by J, then to giy4^ 
a. blow, the ram, falls from the height a + d^ and thereby 
sink$ tae pile the ^ace i suppose ; hence, for the next fctrbkej 
the fall Will be a + d -{- b = Am the theorem ab6ve» and 
D + ii' z^d+ b + iby the next penetration or sinking being 
b'i thtrel a-i-'dia + d+b :i (d + ib)b : (d+ b+ib')b4 
a proportion which l^ives the quadratic equa. *'*-f2i'(d+i)= 

it^ ^ (id^b% m rott rfwluA Js *'= ~ (^+ ^) 4- 

Jli^ + *)* + nni^ X (2« + w = =i£ii X ±^b 

nmttf, erf Mcfedd £: J^A hi^tf, U6iui^ h Is ithiW in thiA^ 
parison with a + d. 

60 Jrithe^y dhiiO, b ^ B, th^t is 4 itt eo the hdght tftfeft 
rstth &b6t6 the top of th« pfle btfO^« this ^fit^s tH^ gf ouVid ^ 
€if^=^ lOy after bemg fixed in the ground; and b ss S tl\6 

sinking by the next blow i then -^^b = -Jr x 3=9^5=x*l 

a •¥ if IJ 

the 
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the 2d stroke. Nelct, substkuting 
// + ^ for ^j-and h' for ^i the same 
t^epriini pveis 2^*'4'i for fhdiiext* 
sinJorig, cic ttie n'ext value ot b\ 
Arid so oh coiitmuallT, by which 
ifieadsr the series of the successive 
coffespohdSng values of thfe fetters 
will be as .in the margin, the last 
coHum* *dwib^ thte s*vel»i! iuc* 
c^rce sWfings 6f thifc JJH^ 6y the 
rei>«ted sfiWceij of f Jitf riiii. 

Siholmni Thus, then h pfpenrs, thjat the efibct of any 
operation of pile-driving may be determined. It is rttacoikPi 
also that the gre^r a i^ or the higlier the' top of the maoMfle 
is wheft-e the ram falls from^ Efbofve the top of the pife M firsfe» 
the' greater wttl be every stk-oke of the ram, and conseqttimdy 
the lewisr the .strokes ra(}uisite to drite thfe jMle to the re^uH 
site depth. But then every stroke will t^e a iang^f i\tbR% 
as the ram will be both longer in falling and longer in rais- 
ing : so that it may be a question whether, on the whole^ the 
business may be effected m the less time by a greater height 
of 6he mafhine) o)r ii^h\3tlrer thiere be^uy Htnii to tke bei§fat^ 
so as to produce the greatest efect in a given time. 

To ate5\^^r tliis qliestiofi, 1«* so tf^btft x\st itfcfetefflriiflte 
height fi^ wfikh any i^rf^t tt; Is to fill, % the thh^ af 
ra?ffri|r it aft* a faft, \rtifelk tttfffe iS sti^^bsed to be ds tfc6 
K«jght jr t6 whith ft is ftlisfed, 4ho in th^ giV^tt tittxe rf pro- 
cfii«Wgatifbpf6)^M^ffett5 thtfi|:v^r =thetiftierfthetwftgltt 
fiffiftg ; ificf^ijfofe \s/S£ ^%^ tiief ti*u6ie tith^' df One strelej 






conseq; -.' /'^ or ^^ ■ ". is the numbter 6f strokes ttMide ta 

the given time rn^ arid hence .. ' = the whole fbroe 6t 

efiecitinthetime^. N^ thb efettor frattidti inutias e B crfgir 
tinually as jt increases, because the numenftb^ iftOf^uei-faafeer 
than the dvsnomtnator^ nnbe the fortncr iirereonies In r, %lifle 
in the latber . thcrc^h the one tcpm z ihcrvases as ^^ ytt -tiie 
other iern^ ^ x o^y kreife^s as the T9ot of <r. ^6 thaly«l| 
th^ whotey ft a jrpeary that the eff^dt, intfiy^ivcJIi tkn^^fi 
crcfases mdre i<nd anfore as the height is incre#sed. 
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S14- ^ROVISCITOUS idCltftCISES. 

PROBLEM 9. - 

To determine hew Jar or man, who pushes with the force 
of lOOlbf can force a sponge info a piece of ordnance y whose 
diameter is 5 inches, and length lO/eet, when the barometer 
stands at 30 inches: the vent, or touch^hole, being stopped, 
and the sponge having no windage, that is, fitting the bore 
fuite close ? 

A column of quicksilver SO inches high, and 5 in diame* 
ttr^is5^ X 30 X -7854 = 589*05 inches | wbicb»at;8*i02oz 
each inch} weighs 4772*48 oz or 298*28 lb, which ia the pres- 
sure of the atmosphere alon^, being equal to the elasticitr of 
the air in its natural state ; to this adding the 100 lb, grvet 
898*28 lb, the whole external pressure. Then, as the spaces 
which a quantity of air possesses, under different pressures, . 
are in the reciprocal ratio of those pressures, it will be, as 
398*28 : 298*28 : : 10 feet or 120 inches : 90 inches neatly, 
the space occupied by the air ; theref. 120— 90=i30 inches, 
it the distance sought. 

PROBLEM 10. 

To assign the Cause of the Deftectuni qf Military Projectiks. 

It having been surmized that, in the practice of artillery, 
the deflection of the shot in its flight, to the right or left, 
from the line or direction the gun is laid in, .chiefly arises 
fronx the motion of the gun during the time the shot is pass- 
mg out of the piece ; it is required to determine what space 
an 18 pounder will recoil or fly back, while the shot is passing 
out ot tlie gun ; supposing its weight to be 48001b, that m 
the carriage 24001b, the quantity of powder 8 lb, the length 
of the cylinder 108 inchesj that of the charge 13 inches, and^ 
the diameter of the bore 5*13 inches ; supposing also that the 
resistance from the friction between the platform and carriage 
is equal to S600lb? 

It is well known that confined gunpowder, when fired, 
immediately changes in a great measure into an elastic air, 
which endeavours to exp>and in all direct ions. Now, in the 
question, the action of this fluid is exerted equally on the 
bottom of the bore of the gun and on the ball, during the 
passaee of the latter through the cylinder ; the two bodies 
therefore move in opposite directions^ with velocities which 
are at all times in the inverse ratio of the quantities of matter 
moved. Now let x be the space through which the gun re- 
coils; then, as the charge occupies 13 mches of the barrel, 
and the semidiameter of the barrel is 2'b65, the space moved 
U through 



through by the ball when it quits the piece^ is 108 — 13 — • 
2*565 — JT = 92*435 — x: and as the elastic fluid expands 
in both directions, the quantity which advances towards the 
muzzle, is to that which retreats from it, as 92*435 — or to jt; 

Sx J 92 435 — « ^ - . . - , 

conseq. - and ■ Q^.^33 x 8 are the quantities of the 

powder which move, the former with the gun, and the latter 
with the ball ; besides these, the weight of ball that moves 
forwards being 181b, and of the weights and resistance back- 
wards 4800 + 2400 + 3600 = 108001b, henice the whole 

weights moved in the two directions are 10800 + rr-T^r and, 

,^ , 9«435-r « 998298 + 8* - , 2403-31 - 8* , 

/^+ 92 4>>5 ^ ^^^'^ 92-436 ^^^ 92»435 > ^ ^ the 

numerators of these only. But when the time and movinjg 
force are given, or the. same, then the spaces are inversely 
as the quantities of matter ; therefore jr : 92*435 — jr : : 
2403 31 — 8jr : 9S8298 + 8x, Or by composition, a: : 92'43S : : 
2403-31 — 8x : 1000701-31 j and by div.a: : 1 : : 2403-31 - 8jr : 
10826, theref. 10826i:'=2403-31-8jr,or 1 0834jr =2403-31, 
and hence jc = '221 8 inch =^ |- of an inch nearly, or the re- 
coil of the gun is less than a quarter of an inch. 

Hence it may be concluded, that so small a recoil, straight 
backwards, can have no effect in causing the ball to deviate 
from the "pointed Une of direction: and that it is very pro- 
bable we are to seek for the cause of this effect in the ball 
striking or rubbing against the sides of the bore, in its passage 
through it, especially near the exit at the muzzle ; by which 
it must happen, that if the ball strike against the right side, 
the ball wul deviate to the left ; if it strike on the left side, 
it must deviate to the right j if it strike against the under 
side, it must throw the ball upwards, and make it to range 
farther ; but if it strike against the upper side, it must beat 
the ball .downwards, and cause a shorter range : all which 
irregularities are found to take place, especially in guns that 
have nrnch windage, or which have the balls too smaH for 
the bore. 

PROBLEM 11. 

J ball of lead, of 4 inches diameter ^ is dropped from ike 
top of a tower, of 65 yards high, and/alls into a cistern fuU 
of water at the bottom of the tower, of 20\ yards deep : it is 
required to determine the times of falling, both to the surface 
and to the bottom of the water. 

The fell in air is 195 feet, and in water 60|. feet. By the 
common rules of descent^ as \/l€ : \fi95 : : 1" : i\^ 195= 

S*49 
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3-49 secondsi tl^e time of deAending ib air. Ami ts y/ 16 y 
s/\Wix S2 : Sv^lj^ afe 11 P'^itfeeCr the Tefockj at the Md 
' of that tiBiei or witk wl^dk- tht baU entefs the watar. 

Ag^,b3rpreb.2f2of'WI.2,aW/2,tliespicti =54 — >^ bj^p. 
log. of ^3i;> o*' rather ^ x hyp. teg, of -^^{Ae velocity 
being decreasiiig and e^ greater thivr «) :±: -^ x coto. bg.«( 
^^ where n ^ IISQS the deask j of kflidt n =a lOGO that 

rf#at«r, a as SSfipil, * « ^, I? i± in-71 tte vel^ 

at ODUrinjf^ the tir^tcr, aad t; the Telocity at any tmie after- 
^Rrard8> also d the diameter o/the ball = 4 incht^^ ^d m = 
2^!^5#5 th6 hyp. fog. of \6. 
Hence thdn ir iii 1 1325, n =? roOD, «r — jr =;= i03^5, rf2«i 

i5 ^ T ^ then «i « -■ l^-^ ^ ' « " - ^g^^jj^^'* =* 30S$, itod 

* " ^ = 1^ * 55600 » W *= io ""''y- Al**oti il-TH - 
therefore 5 = 60^ =^ -^ X log. <rf ^ *= Smx lof-J^^* 

'l!%ls tkedreih wiU giv^ .i when v is ^veii, iind hj reverting 
•it wilt give v in terms at s in the foltewtng in'dllher. 

DilfuKng by 5m, giv^s ^ Si teg. ^^ J55^=^wi|*>ypw**g 

w *k rr- 1 thefcforo, die nitwral muober 13 >0" «fc -i— - 9 

heace v* - « = -^, and v = v^(a + ~?J, Which* by 

swtottcutbig the fiuntburs abdve msAtkbied fertlit iccter% 
gives V :±= i7-iff4 kft the kwt veldehy, wlrea cbe space f m 
60|» ot wfatti the Mi arH^es at the biMttmi of tk» water*. 

Mrt Mrw to lind flire time of paisng dirough the witei'^ 
pottUKg / s any tiifie m ft3K)tiDii9 and s and if the oorMBpmd- 
ittg s)^«Ge aou! vitoi^ity, the general theorem for TariaUelbrcee 

s 1 

gives t zn ~, But the above general value of s being — x 
hyp. log. ;^_ • or 5 x hyp. log. -— - , therefore its fluxion 

i it: -^^^, Ctjme^. if* w — «fc ^^, tftife torrect, fittettt irf 

wWdi isf 4- X hT*» teg. <-^^^ X ^-^r) - ' *^ <***. 

which when v = 17*134, or J = 60|, gives 2/6542 seconds, 
fbrttar tirt^ <*f de*ci*rt thfOtflJS th« waf^. 

PROBLEM 
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raOBIifeM 4'2. 

Required to ^Urmine what must be thfi diamteter of a 
wattr^wlieelj so as to receive the greatest effect fro^ a str^ofit 
0/water qf 12 feet fOtf 

J^Kk^ ica^ Okf aigi JAt\4ershpt ^^hi^t 
jv^ 4}^ iieigkt <if .tl^ m^^/^ AB s= ii 
leoit :;= ^ and ^be Jn^d^us J^ ic^* cd of 
•t^ iwbiieil =c ar« tbe ^ater fa.Uing por- 

iradiuB qp eat p. Then ac or ad =? cjr, 

.wUli wbidi t£e w:9.tctr strifes fJxe wUf^ jit Bb wiB bp .-gs 
^/(a— ;r), and the efifect on the wheel being as the velpatjfr 
and as the length of the lever CDy will be denoted by 
j^x^{a'-x) or -/(tfJT*— ^0> ?«lwlirtUerefore must be a maxi- 
mum, or its square ax* — jt' a maximum. In fluxions, 
Saxxs^Sj^i r=0;-anfljienoejr rr |aaB«8<tet, tkeMiSias. 

Aut jf ^e water 4ie xomiideiied at 
xondiioted so as tto^vtrilEe oa 4d)e ^Mmoim 
of«he^wiieel>.as ia<t^*aiuiea«d£gii9e, 
it ^wili ithon .siidke >ffae wlieel wim 4tB' . 
ffMfitMt <vriociiy, ^mfi ithere ocm be «• 
»mit 49 lAe «iae*of ^fke «kh»el, ^Buretbe 
4gv6Rfeer the radius or lender «c, 4he 
greater will be the effect. , * 

In the case of an ovorsW whael, 
a^2x will be the falLof w^ter, v^(a— i2U]) 
as the velocity, and .rV'dfl -r 2x) /or 
^ {ax*- — ^x^) the egfeqt> ithea 4W* — aiiP* 
is a maximum, and 2(iixJs — 64r*;r ^,Pt| 
hence x = -fa =r 4 ftet as rtl^ xadins/of 

ftliejicb^* 
jBut^all these.ijalciilatiaBs ^ce to 





lept fof :tke«eisistaii9^ •qf 4ie whf^}, ^4 -^f tliet«ieig|ittp£»tNe 
#i^iitar in the rhuGk/etspf it* 

PROBLEM J 3. 

What angle must a projectile make with the plane of the 
horizon^ discharged with ia given v^lpcity t;, so as to describe 
in itsJUght a parabola including the greatest fir^a possible? 

:B|y the set of ,theoren^s in art! 92^a. .156 vol. .8> Jfor j^ 
prqoQsed Ji(]lgl£> there can;be assigri.ed e9pi:esj$ipQs for ^tt^e 
:ha]:izoni^, range and thejpre^test h^ki^t iJie ^pJQotile ri«^s 
10, that iar the ^base and axis of the^ar^Uctx^jt^ctory. .I^up* 
putting ^ and c for the sine and cosine of the angle of eleva- 
tion ; 



^ 



whi<il is also proportioiii)! io ^i> by Ginul4r it,nwj;1ef. Sd 
tttM» »t every point D in tli« 4ei)th, the pressuce.qrtV wpl*)" 
vai tbe resistance gf the soU, by means gf this IriiangKUr 
fiai;fn> increase in the-s^nte proporlioa, aiul the water a^ ilic 
eart^ will everywhei:e mutujilly balaace each Qt4iarj if at imy 
qoe pcnnt, as b, the tlitciuiess fic of e^irth be taken ^cb os-to 
IfjUauce the pressure of the water at Q, and then llieslr^bt 
line AC be drawn, to .deterniine the outer shape of the earth- 
All tixe eavtb Cbat is aftorwarils placed a^^unat the si4e yic, for 
t icojkveuient lireiidth at top for a walking p^Ui, 4^Cj vf^I ql^Q 
^^letbe whole a sufficient security. 

£ut now to adapt those priacipUs to-die:nwneri«l.qalcul^ 
<HKi proposed in tlie question^ t^e prassure qf water a^^inst 
the point J being denoted by the side a£ = S)Eeet,4itd:ii^ 
u:ei^t Qjf wator being to ,earth as JQQO to 19S4,.th«i;ftt(>re ^ 
ay84 : IQTO ::5 :,2'52 = BC, the thickness of .earth .wtwh 
will just Ixdance the preasui:e of the water there j h^nce tl^ 
area,ofitl« -triangle abc = ^ab x bc = Si x 2'52 =,G'^i 
this mult, by the length 300, gi»es 1890 citbic 4egt for -the 
q\ui>Uty of earth in the bank; ^nd -tbis multiplb^ .by Ift^ 
ouncesj the .weight of 1 cubic foot, gives, .fqritl^W^igbtofi^ 
37*9760 ounces = 23't3601bs = 1Q4.'625 tons-, tl;ic expense 
pf which, at 1 shilling the ton, is 51. 4s."' ' 

PROBLEM 16. 

^ ferson standing at the distance of 20/eetJrom tfie iof- 
lovi of a ■wall, which is supposed perfectly sviooth and hatd, 
desires io •knew in what Erection he must throw anelaslic 
ball against it, with a velmitii of 80 feet per second^ so (fiat, 
after reflection from the wm, it may fall at t(te greatest dis- 
iattce possible from the bottom, on tne horizontal plane, wh'di 
it 2ifeet below the hand discharging the ball T 

In (he annexed figure let dr 
be the wall against which the 
ball is thrown, from the pojnt 
A, in such a direction, (hat it 
shall describe the parabolic 
curve AG befooe striking the 
»all, and afterwards be so rcflected-as to dosciibe the curse 

1«F. .Now if BS be the tangent at the pomt E, to thecurse 
AE described bt^re the reflection, and eF (he tangent at die 
lame point to the curve which the hall will describe after .re- 
flection, then will the angle rbe be =ces; vnA if the mxxt 
«£. be produced, ao,as.to have Gpfor it«*^Bg«nt,iuwill.nie« 
^cpioUused intB,iBakan(rac =jicvawi->lie-cu«ve<*B^l.he 
, . ■ . 




I 
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^□lilar and equal to the portion bb of the parabola bep, bat 
tnmed the conti^uy way. Conceiving either the two carves 
AB and EP, or the continued curve bep, to be described by 
a projectile in its motion, it is manifest that, whether the 
greater portion of the curve be described before or after the 
ball reaches the wall dr, will depend on its initial velocity, 
and on the disunce AC or BC, and on the angle of projection. 
The problem then is now reduced to this, viz. To find the 
angle at which a ball shall be projected from B, with a given 
impetus, so that the distance dp, at which it falls, from the 
given point D, on the plane dp^ parallel to the horizon, shall 
be a maximum. 

Now this problem may be p Tl ^x^ c • 

cpnstructed in the following 
manner : From any point £ 
in the horizontal line Dc, 
let fall the indefinite perp. 
BO, on which set off £B = 
the impetus corresponding 
to the given velocity, and bi = 2^ the distance of the hori- 
zontal plane below the point of projection ; also, through I 
draw Ap parallel to do. From the point B set off bp == be 
+ £1, and bisect the angle bbp by the line bh : then will bh 
be the required direction of the ball, and ip the maxhnum 
range on the plane ap. 

For, since the ball moves from the point Bj with the velo- 
city acquired by falling through eb, it is manifest, from p. 156 
vol. 2, that DC is the directrix of the parabola described by 
the ball. And since both B and p are points in the curve> 
each of them must, from the nature of the parabola, be as far 
from the forces as it is from the directrix ; therefore B and 
p will be the greatest distance from each other when the focus 
F is directly between them, that is, when bp = be + cp. 
And when bp is a maximum, since bi is constant^ it is ob- 
vious that IP is a maximum too. Also, the angle fbh being 
= EBH, the line bh is a tangent to the parabola at the point 
B, and consequently it is the direction necessary to give the 
range ip. 

Cor. 1. When b collides with i^ ip will be == bp = 
BE + EI = 2£i> and tire angle ebh will be 45* : as is also 
manifest from the common modes of investigation. 

Gyr. 2* When the impetus corresponding to the initial 
velocity of the ball is very great compared with AC or bc 
(fig. 1), then the part ae of the curve will very nearly coii»- 
cide with its tangent, and the direaion and velocity at a may 
be accounted the same as those at B without any sensible 

Vol. III. Y %xx^x. 
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error. Id this case too the impetus be (fig. 2) will be Tery 
great compared with Bi, and coosequendyy B and i nearly 
coiicidingi the angle ebb will difier faut little from 45^ 

CtdcuL From the foregoing construction the calddation 
will be Teryewy. Thus»Uie&st Telocity being 80 feet &Vy 

then (vol. 2 pa« 156) -^ ^ "ST" = 99'481»6 ;s BEthe im-» 

pttuft } hence bi = fp 3= 101*98186, and bp = bb + Bi sr 
201 *46372. Now, in the right-angled triangle bip, the sides 
Bi and bp are known^ hence IP = 201*4482, and the angle 
IBP =89* 17' 20" : half the suppl. of this angle is 45° 21' 20'' 
= EBH, And, in fig. 1, IP — id = 201*4482 — 10 as 
191 *4482 = DP, the distsmce the ball £Uk fimn the wall after 
reflection. 

PROBLEM 17. 

^ jn^am wht^ height above the gioenpmaU k must an etasHc 
iidM^ be Slivered to descend Jreely 1^ gravity ^ so that, qfte$* 
striking the hfird plane at b, it may be r^cted back again 
to thefomi Af in the least timve possibkjvom the instant of 
iroppwg tit ' 

Let € be the point required ; and put AC ::= x, and 
IlB saj then-^v^ci ^i\^{,a+x) is the time in CB, 
«nd |\/CA ss \y/x is the time in CA; therefore 
^y/{a -(: x) — i\/^x is the time down ab, or the time 
of rising fihom b to A again : hence the whole time of 
felling through cb and returning to A> is -jb v^ (^ + •a^} - 
^ ^^^9 which must be a min. or 2-v/(tf + x)— ^x b 

a minimum, in, fijoxions ^ — j--^ :p 0, ^ni hencf 

MsBsfa, that is, AC » f ab. 

PROBLEM 18. 

Given the height df an inclined plane ; repaired its length, 
90 that a gvoen power acting an a given wetgkt, in a dttec- 
iion poTMlel to the plane, rmy drme it up in the least time 
pomble. 

Let a denote the height of the plane, x its lengthy p the 
power, and xt> the weight. Now the tendency down the plane 

. p •* .*,». 

i$ « ~, hence P — ^ =s the motive force* and — '-i- = 
^^^)g ^ ^6 accderating force/*; h^iG% by the theorems 

for constant forces, psj, 842 vol. 2, f* = -^ =» 7^"^ ^nusfc 

.. be 



be d minimum^ or j " a min.; in flixzions, 2(pjr— ovVrjr 

— px^x = 0, or px = 2a9P, and hence : tt^ : : 2a : jT : : 
doubU the height o£ the plane to its lengtL 

YROBLBM 19. 

A cylinder of oak is depressed m water tiUits top isjnst 
level with the surface^ ana then is suffered to ascend; it is 
required to determine the greatest attUtide to which it wSl 
rise, and the time of its ascent. 

Let a = the length, and b the area or base of the cylinder, 
m the specific gravity of oak, that of water being 1, also X 
any variable height through which the cylinder has ascended 
Then, a — x being the part still immersed in the water, 
(a-^ x)xbxl = (a— x)b is thelbrce of the water upwards 
to raise the cylinder ; and a x b x m ^ abm is the weight 
of the cylinder opposing its ascent ; therefore the efficackms 
force to raise the cylinder is (a — x)b ^ abrn^ and, the mass 
being abm^ the accelerating lorce is 

(a— r)& — aim __^ o — y — am ^___ a«— « ^ - 
abm "^ am "" am *""/* 

putting nzzl — m the difference between the specific gra- 
vities of water and oak. 

Now if V denote the velocity of ascent at the same tMie 
when X space is ascended, then by the theorems for variatdt 

forces, w ac 32/S = — X {onx — xJc), therefore 

V* = — xC^anx — ir*), and v = 8-/ — -^ — : but when 

the cylinder has acijuired its greatest ascent, t; and t;^ =3 0, 
therefore 2anjr — o:^ r:0, and hence ai* s Santhepartof^be 
cylinder that rises out of th^ water^ being ^ '\5a or -^ of 
its length. 

To find when the velocity is the greatest, the factor 2anx 

— JT* in the velocity must be a max. then Qianx — 2;r^ =: 0^ 
and x.'zi an, being the bright above the ¥rater when the ve* 
locity is the greatest, and whiG^i k appears is just equal, to the 
half of 2afi above found for the greatest rise> when the lu^ 
ward motion ceases, and the cylinder descends again to toe 
same depth as at first, after which it again returns ascending 
as before ; and. so on^ continually playing up and down to 
the same highest and lowest points, like the vibrations of a 
pendnhm, the motion ceasing in both cased fai a similar man- 
ner at the extreme points, tnen returning, it gradually acce- 
lerates: tilt arriving at the middle Doint, where it is tity 
greatest, then grMuafly wtarding^sm: tfce way to the next 

Y 2 extremity 
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extremity of the vibration, thus making all the vibrations in 
equal times, to the same extent between the highest and 
lowest points, except that, bj the small tenacity and friction 
&c. of the water agsunst the sides of the cylinder, it will be 
gradually and slowly retarded in its motion, and the extent 
of the vibrations decrease till at len^h the cylinder, like the 
pendulum, come to rest in the middle point of its vibrations, 
where it naturally floats in its quiescent state, with the part 
0a of its length above the water. 

The quathtity of the greatest velocity will be found, by 
.substituting na for a:, in the general value of the velocity 

8 v^ — ^— — , when it becomes 8w-v/— = -Jv/a very nearly, 

the value of m being '925, and consequently that of n =: 1 ~ 
m = -075. 

To find the time t answering to any space x. Here 

• • • 

i=~= — ~ ;=v'^ X -TTTT- — -;x>andbythcl3th 

form the fluent is / = ^'^Qma x i, where a denotes the 
circular arc to radius 1 and versed sine ^. Now at the mid- 

die of a vibration x is = ?7j, and then the vers. — s= — = 1 

na fia 

the radius, and a is the quadrant al arc s 1*5708 ; then the 
flu. becomes ^^/^ina x 1-5708 = 'Yl^/a x 1*5708 =^ -267 v^« 
for the time of a semivibration; hence the time of each whole 
vibration is •534\/a = T?rVa, which time therefore depends 
on the length of the cylinder a. To make this time = 1 
second, a must be = ( y )* very nearly = %\ feet or 42 inches. 
That is, the oaken cylinder of 42 inches length makes its 
vertical vibrations each in I second of time, or is isochronous 
trith a common pendulum of 39-|. inches long, the extent of 
each vibration oi the former being 6-j9^ inches. 

PROBLEM 20. 

Sequired to determine the quantity of matter in a sphere^ 
the density varying as the nth power of the distance from 
the centre ? ■ 

Let r denote the radius of the sphere, d the density at 
its surface, a = 3*1416 the area of a circle whose radius is 1, 
and X any distance from the centre. Then 4ax* will be the 
surface oi a sphere whose radius is jt, which may be consi- 
dered by expansion as generating the magnitude of the solid $ 
therefore 4aa^x will be the fluxion of 3ie magnitude; but 

as 
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as f* : X* : : d : the density at the distance x^ therefore 

» - . « ti + 2 • 

Aax^x X = —n — ^ = the fluxion of the mass, the. 

* J M + 3 

fluent of which , .on.., > when x = r, is -, the quan* 

(n + 3)r" ' n + 3 * 

tity of the matter in the whole sphere. 

Carol. 1. The magnitude of a sphere whose radius, is r, 
being ^j^tr^, which call m ; then the mass or solid content will 

be — r X m, and the mean density is -—r. 

n+3 n+J 

£bra/. 2. It having, been computed, from actual experi- 
ments, that the medium density of the whole mass of the 
earth is about 5 times the density d at the surface, we can 
now determine what is the exponent of the decreasing ratio 
of the density from the centre to the circumference^ sup* 
posipg it to decrease by a re^^ular law, viz, as r" ; for then it 

will be .5rf = — rj and hence w = — V* So that, \n this 

n + 3' * 

case the law of decrease is as r"" t-, or as — , that is, inversely 
as the *yths power of the radius. 

FROBLEM 21 • 

Required to determine where a bodyy moving down tht 
convex side of a cydoid^ will fly off arid quit the curve. 

Let AVEB represent the cy- 
cloid, the properties of which 
may b^ seen at arts. 146 and 
14^7 vol. 2, and vdc its generat- 
ing semicircle. Let e be the 
point where the motion com- 
mences, whence it moves along the curve, its velocity in- , 
creasing both on the curve, and also in the horizontal direc- 
tion DF, till it come to such a point, F suppose, that the 
velocity in the latter direction is become a constant quantity^ 
then that will be the point where it will quit the cycloid, and 
afterwards describe a parabola FO, because the horizontal ve- 
locity in the latter curve is always the same constant quantity^ 
by art. 76 vol. 2. 

Put the diameter vc=sd^ VHs:^, vi=jrj then yD:=i\/dx, 
and ID = V{dx — jt*). Now the velocity in the curve at F 
in descending down ef, being the same as by falling through 
fii or X— fl,byart. 139, vrillbe = Sy/(x^a]\ b\jit\m'^^- 




lodty in the curve at F, is to the horizontaL velocity therey 
at TD to ID, because vd is parallel to the curve or to the 
taogent at f, that is v^dr ; ^/{dx: — ;r*) :: 8v^(x' — a) : 

/d ^* * which is the horizontal velocity at p, 

where the body, is supposed to have that velocity a constant 
quantity ; therefore also ^{x ^ a) x y/{d -^ x)^ as Veil as 
{x — a) X (d - jr) = iw + Ar — ad— j^ is a constant qusffl- ' 
tity, aiul also ax ^ dx — x^\ but the fluxion of a constant 
qmntity is equal to nothing) that is ax + dx '^ 2xx ss 8« 
a + d — 2x, and hence x szia + id=: vi, the arithmetical 
mean between vh and vq. ^ 

' If the motion should commence at T, thm x otyi would 
ht zzidf and i would be the centre of ^e semicircle. 

PROBLEM 22. 

Jjf a body begin to m&ve/rom Xy withagioenvelMhff ahng 
the quadrant rf a circle ja\ it is required to show at whi$ 
point it wUlfly off from the curve. 

Let D denote the point where the 
body quits the circle adb, and then de- 
scribes the parabola S£. Draw the or- 
dinate DF, and let GA be the height 
producing the velocity at 4. Put ga =a, 
AC or CD = r, AF as a;* J then the ve- 
locity in the curve at D will be the same. 
as that acquired by falling through of 
or fl + ^> which is, as before, 8 V{ a; + 4:) ; 
bqt die velocity in the curve is to the horizontal velocity as 
vn to mn or as cd to cf by similar triangles, that is, as 

r ; T-'X : : 8v^(jr + a) ; S^{x + a) x ^-^^, which is to 

be a constant quantity where the body leaves the circlet 
therefore also (r— jr)v^(jr+tf) and (r— jr)* x {x+ d) ac<»i- 
stant quantity *, the fluxion of which made to vanish^ gives 

' Hence,, if a = 0, or the body only commence motion at A, 
then X = -fr, or af ^ ^ac when it quits the circle at d. But 
if a or Ga were == -}r or ^ac, then r — 2a = 0, and the body 
would instantly quit the circle at the vertex A, and describe 
n parabola circumscribing it, and having the same vertex a. 
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PRdftLBM S3. 

To determine the p0siti$nofa bar or hedmAM, hting «^ 
ported in equilibria by two €ords ac, bc, having ttieir tW9 
^nds fixed m the bcam^ at a and b. 

By art. 210 vol. 2^ the position 
will be such, that its centre of .gra- 
Tity G trill be in the perpendicular 
■or plumb line cg. 

CoroL I. Draw oo paralldi to 
the cord ac. Then the triangla 
CGD, having its three sides in the 
directions o^ or parallel to, the three 
forces, viz, the weight of the beam, and the tensions of the 
two cords AC, BC, these three forces will be proporuoaal to 
the three sides CGy CD, cd> respectively, by'art. 44; that it, 
C6 is as the weight of the beam, <ii> is the tension or forc^ 
of ACj and CD as the tension or force of bc. 

CoroL 2. If two planes eap, hbi, perpendicular to the 
two cords, be substituted instead of these, the beam will be 
still supported by the two planes, just the same as before by 
the cords, because the action of the planes is in the direction 
perpendicular to their surface; and the pressure on the planei 
will be. just equal to the tension or force of the respective 
. cords. So that it is the very sam^ thing, whether the body 
is sustained by the two cords ac, B^, or by the two planes 
SF, HI ; the directions and quantities of the fortes acting at 
A and B being the same in both cases.— Also, if the body be 
made, to vibrate about the point c, the points A, B will de- 
scribe circular arcs toinciding with the touching planes at A* 
B ; and moving the body tip and down the planes, will b^ 
just' the sattie^hing as making it vibrate by the cords; con- 
sequently the body can only rest, in either ' case^ when the 
, centre of gravity is in the perpendicular CG« 

I 

PflOBLEM 24« 

To determine the position of the beam ab, hanging by one 
cord ACB, having its ends fastened at a and b, and sliding 
freely over a tack or pvlley fixed at €« 

o being the centre of gravity of the bcfim, td will be jpet^ 
pendicular to the horizon, as in the last pf obleto. Kow as ' 

tka' 
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the cord ACB moves freely about the point 
Cy the tension of the cord is the same in 
everjpart, or the same both in AC and bc. 
Iksw GD parallel to AC : then the sides of 
die triangle cgd are proportional to the 
three forces, the weight and the tensions 
of the string ; that is, cd and do are as 
the forces or tensions in CB and ci. But 
these tensions are equal ; therefore cd = do, and conseq* 
. the opposite angles dcg and dGc are also equal : but the angle 
DGC IS = the ^temate angle acg ; theref. the angle ACG = 
BcG } and hence the line cg bisects the vertical angle ACB, 

Imd conseq. ic : cb : : AG : gb. 

• ' ' . i • 

PROBLEM 25. 

To determine the position oftJie beam ab, moveable about 
the end b, and sustained by a given weight gy hanging hy a 
'€ord Acg, going over a puUey at c, and fixed to the other 
end h. 

Let W =s the weight of the beam, 
and G denote the place of its cen- 
tre of gravity. Produce the direc- 
tion of the cord ca to meet the 
liorizontal line be in p ^ also let 
fall A£ perp. to bb : then AX is the 
direction or the weight of the beam, and da the direction of 
the weight g^ the K>rmer acting at g by the lever bg, and 
the latter at a by the lever ba ; theref. the intensity of the 
former isw x bg^ and that of the latter g x B A ; but these 
are ^Jsd proportional to the sines of their angles of direction 
-'with AB, that is, of the angles bae, and bad ; therefore the 
Hlirhole intensity of the former is se; x bg x sin. bae, and of 
the latter it is jgf x ba X sin. bad. But, since these two 
forces balance each other, they are equal, viz, w x BG x sin, 
BAE =? ^ X BA X sin. BAD, and therefore wi g :xek x sin, 
bad : BG X sin. bae, ot w x bg : ^ X ba : : sin. BAD ? 
sin. BAE. 



^ PROBLEM 26. 

To determine the position of the beam ab, sustained by the 
given weights m, n, by means of the cords Acm, bdw, going 
eifer the fixed puUeys c^i>. 

Let 
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Let G be the place of the centre 
of gravity of the beam. Now the 
effect of the weight m, is as ni^ 
and as the lever ag, and as the 
sine ef the angle of direction a ; 
and the efiect of the weight n, is 
as 9t, and as the lever bg, and as 

the sine of the angle of direction b'; but these two efiects 
are equal, bcfcause they balance each other ; that is, m K AG 
X sin» A = n X BG X sin» b j theref. tw x AG : n x bo : : 
sin. B : sin. a. 





PROBLBM 27. 

To detennine the position of the two posts ad and be, 
supporthig the beam ab, so that the beam may rest in 
equUibrio. 

Through the centre of gravity 
G of the beam, draw co perp. to 
the horizon; from any point c 
in which draw cad, cbe through 
the extremities of the beam; then 
AD and BE will be the positions 
of the two posts or prpps re- 
quired, so as AB may be sustained 
in equilibrio ; because the three 
forces sustaining any body in such a state, must be all directed 
to the same pomt c. 

CoroL If GF be drawn parallel to cd ; then the quantities 
of the three forces balancing the beam, will be proportional 
to the three sides of the triangle cgf, viz, CO as the weight 
of the beam, cf as the thrust or pressure in be, and fg as the 
thrust or pressure in ad. 

Scholium. The equilibrium may be equally maintained by 
the two posts or props ad, be, as by the two cords AC, BC, 
or by two planes at A and b perp. to those cords. — It does not 
always happen that the centre of gravity is at the lowest pboe 
to which it can get, to make an equilibrium ; for here when 
the beam ab is supported by the posts da, eb, the centre* of 
gravity is at the highest it can get *, and being in that posi- 
tion, it is not disposed to move one way more than another, 
and therefore it as truly in equilibrio, as if the centre was at 
the lowest point. It is true this is only a tottering eqnitt- 
brium, and any the least force will destroy it ; and then, if 
the beam and posts be moveable about the angles a^ b^ d^ b^ 
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ndiich is all along supposed^ tht besun will detcend till it ii 
bdow the points □, E, and gun such a position ai is described 
,iA prob. S6, supposing the cordi fixed at c and s, in the Gg- 
10 that prob. and then g if ill be at the lowest point, coming 
there to «n eqailibrium again. In planes, the centre of gra- 
•nty o may be either at its highest or lowest point. And 
that are cases, whra that centre is nather at its highest nor 
iowett point, as mxj happen in the caM of prob. 3t4. 

rBOBLBH 28. 

Supposing the beam ab hanging bj/ a pin ai b, and iying 

on the VaU ic ; it is required to determine the Jorces err 

pressures at the points t. and h, and their directions. 

Draw IV pern, to ab, and through 
G| the centre of gravity of the beam, 
draw OD perp. to the horizon ; and 

join SD. Then the weight of the 
beam, and the two forces or pres- 
sures at A and b, will be in the di- 
rections of the three sides of the 
triangle aog ; or in the directiom 
of> and proportional to, the three 
sides of th^ triangle odh, having 
dnwn GH parallel to bd ; viz, the wei^t of the beam as OD, 
the pressure at a as bd, and the pressure b as gh, and In 
these directions. 

For, the action of the beam is in the direction gd; am} 
the action of the wall at A, is in the perp. ad ; coEKeq. the ., 
stress on the pin at B must be in the directioa bd, because 
all the three forces sustainijig a body in equHibrio, must trad 
to the same point, as o. 

Carol. 1. If the beam were tnppoited by a pin at A, and 
laid upon the wall at fi ; the like conMnfction most be made 

jtt B, as has been done at A, and then the forc«s and their • 
directions will be obtained. , 

Carol. S. It is all the same thing, whether the beam is 
•ustained by the pin b and the wall AC, or by two cords v*% 
ASt acting in the directions db, da, and with 'the forces 
na, HD. 

PROBLEM 29. 

To determine the Quantities and Directions t^tke Forces', 
txerted by a htaxy beam ab, ai its tttt Extremities and its 
Centre ff Gravity, bearing against a perp. wall ai its upp& 
mdif, . 

From 
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• From B draw ic perp- to the face of 
the wall BBy which will be the direction 
of the force at b ; also through g, the 
cefttre of gravity, draw cod pferp. to 
the horizontal line ab, then cd is the 
direction of the weight of the beam ; 
and because these two forces meet in 
the point c, the third force or push A, must be in CA, directly 
from c ; ao that the three forces are in the directions cd, bc, 
CA, or in the directions cd, da, ca ; and, these last three 
forming a triangle, the three forces are not only in those di- 
rections, but are also proportional to these' three lines ; viz, 
the weight in or on the beam, as the line cd ; the push against 
the wall at b, as the horizontal line AD *, and the thrust at 
the bottom, as the line ac. 

Some of the foregoing problems will be found useful in 
different cases of carpentry, especially in adapting the framinjj 
of the roofs of buildings, so as to be nearest in equilibrio in 
all their parts. And the last problem, in particular, will be 
very useful in determining the push or thrust of any arch 
against its piers or abutments, and thence to assign their 
thickness necessary to resist that push. The following pro- 
blem will also be of great use in adjusting the form of a 
mansard roof, or of an arch, and the thickness of every part, 
so as to be truly balanced in a state of just equilibrium. 

PROBLBM 30. 

Let there be any number of lines, or bars, or beams , ab, 
bc, CD, DB, Sfc, all in the same vertical plane, connected to- 
gether and freely moveable about the joints or angles a, b, 
c, D, E, Xc, and kept in equilibrio by their tmn weights, ot by 
•weights only laid on the angles : It is required to assign tne 
proportion of those weights ; as also the force or push in the 
direction of the said lines ; and the horizontal thrtist at every 
angle. 

Through any 
point, as d, draw 
a vertical line 
anngf &:c : to - 
which, from any 
point, as G, draw 
lines in the direc- 
tion of, or paral- 
lel to, the given lines or beams, viz, ca parallel to ab, and cb 
parallel to 8C> and ccr toDS, and ^to bf, and qf tora»^ 
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ibo CH paralld to the horizon, or perpendicular to the ver- 
tical line angf in which also all theie parallels terminate. 

Then will all those lines be exactly proportional to the 
Ibrces actinia or exerted in the directions to which they are 
parallel, and of all the three kinds, vizy vertical, horizontal, 
and oblique. That is, the oblique forces or thrusts in direc- 
tion of the bars ab, bc, cd, db, f.p, fo, 

are propo r tional to their paralleb co, cb, co, c^, cf^cgi 
and the vertical weights on the angles B, c, d^ £, f, &c, 
are as the parts of the vertical • . ab, bj%, ixr, efj fg^ 
and the weight of the whole frame A b c d £ fg, 
is proportional to the sum of all the verticals, or to ag ; also 
the horizcHital thrust at every angle, is every where the same 
constant quantity, and b expressed by the constant horizon- 
tal line CH. 

Dcf^iomiration. All these prop<Mtions of the forces derive 
and follow immediately from the general well-known pro- 
perty, in Statics, that when any forces balance and keep each 
other in equilibrio, they are respectively in proportion as the 
lines drawn parallel to their directions, and terminating each 
other. 

Thus, the point or angle B is kept in equilibrio by three 
forces, viz, the weight laid and acting vertically downward 
on that point, and by the two oblique forces or thrusts of the 
two beams AB, CB, and in these directions. But ca is parallel 
to AB, and c^ to Bc, and ab to the vertical weight; these 
three forces are therefore proportional to the thres lines ab, 
ca, cb. 

In like manner, the angle c is kept in its position by the 
weight laid and acting vertically on it, and by the two oblique 
forces or thrusts in the direction of the bars BC» CD : conse- 
quently these three forces are proportional to the three lines 
fot cbp CD, which are parallel to them. 

Also, the three forces keeping the point D in its portion, 
are proportional to their three parallel lines Df, CD, ce. And 
the three forces balancing the angle e, are proportional to 
their three parallel lines ef, ce, cf. And the three forces 
balancing the angle f, are proportional to their three parallel 
lines ^, c/J eg. And so on continually, the oblique forces 
or thrusts in the directions of the bars or beams, being al- 
ways proportional to the parts of the lines parallel to them, 
intercepted by the common vertical line ; while the vertical 
forces or weights, acting or laid on the angles, are propor- 
tional to the parts of this vertical line intercepted by the two 
linsi parallel to the lines of the corresponding angles. 

Agriii, with regard to tlie horizontal force or thrust: since 

the 
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the line DC represents, or is proportional to the force in the 
direction dC| arising from the weight or pressure on the angle 
D ; and since the oblique force dc is equivalent to> and re- 
solves into, the two dh, hc, and in those directions, by the. 
resolution of forces, viz, the vertical force dh, and the hori- 
zontal force HC ; it follows, that the horizontal force or thrust 
at the angle d, is proportional to the line xh ; and the part 
of the vertical force or weight on the angle d, which pro- 
duces the oblique force dc, is proportional to the part ot the 
Vertical line dh. 

In like manner, the oblique force c^, acting at c, in the 
direction CB, resolves into the two in, hc ; therefore the 
horizontal force or thrust at the angle c, is expressed by th^ 
line CH, the very same as it was before for the angle d ; and 
the vertical pressure at c, arising from the weights on both d 
and c, is denoted by the vertical line bn. 

Also, the oblique force ac, acting at the angle B, in the 
direction 24) resolves into the two an, HC ; .therefore again 
the horizontal thrust at the angle B, is represented by the line 
CH) the very same as it was at the points c wd D j and the 
vertical pressure at b, arising from the weights on B, c, and 
D^ is expressed by the part of the vertical line au* • 

Thus also, t^e oblique force cr, in direction de, resolves 
into the two ch, hc, being the same horizontal force with the 
vertical ue ; and the oblique force cf, in direction ef, re* 
solves into the two CH, nfi and the oblique force eg, in 
direction fg, resolves into the two cH, ug ; and the oblique 
force cg^ in direction fg, resolves into the two CH, H^; and 
so on continually, the horizontal force at every point being 
expressed by the same constant line ch i and the vertical 
pressures on the angles by the parts of the verticals, viz, an 
the whole vertical pressure at b, from the weights on the 
angles b, c, d : and bu the whole pressure on c from the 
weights on c and d ; and dh the part of the weight on d 
causing the oblique force dc ; and ue the other part of the 
weight on d causing the oblique pressure D£ ; and h/* the 
whole vertical pressure at e from the weights on d and e i 
and H^ the whole vertical pressure on f arising from thei 
yreights laid on d, b, and f. And so on* 

So that, on the whole, an denotes, the whole weight^on 
the points from d to A ; and h^ the whol^ weight on the 
points from d to o ; and ag the whole weight on all tho ^ 
points on both sides ; while ab^ 6d, d^, ef, fg express the 
several particular weights, laid on the angles b, c, d, e^ f. 

■ Also, the horizontal thrust is ^^^xj where the same con- 
stant quantity, and is denoted by the line ch. 
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Lastly, the several oblique forces or thrusts, in the dired-^ 
tioDs AB> BCy CD, DE| £F, FO, are expressed 1^, or are pro* 
poftional to> their corresponding parallel lines, ca» cb, CD, cf, 

Coral. 1 • It is obvioos, and remarkable, that the lengths 
of the bars ab, bc, &c, do not affect or alter the proportions 
of any 0f these loads or thrUstS ; since all the lines ca, c&, ak, 
&c, remain the same, whatever be the lengths .of AB, bc, &c. 
The positions of the bars, and the weights on the angles de-- 
pending mutually on each other, as well as the horizontal 
and oblique thrusts. Thus, if there be given the position of 
l>c, and the weights or loads laid on the angles D, c, B ; set 
these on the vertical, dh, d6, ba, then c^, ca give the direc* 
tions or positions of CB, ba, as well as the qutotity or pro^ 
portion CH of the constant horizontal thrust. 

CaroL 2, If ch be made radius ; then it is evident that 
tsa is the tangent, and ca the secant of the elevation of ca or 
AB above the horizon ; also Hb is the tangent and cb the se^ 
cant of the elevation of cb or cb ; also hd and cd the tangent 
and secant of the elevation of cd ; also h^ and ce the taimnt 
and secant of the elevation of ctf or de *, also nf and ^the 
tangent and secant of the eleviation of bf $ and so on ; alto 
the parts of the vertical ab, ^d, efj/g^ denoting the weights 
laid on the seteral angles, are the differences of the said 
tangents of elevations. Hence then in general, 

1st. The oblique thrusts, in the directions of the bars, are 
to one another, directly in proportion as the secants of their 
angles of elevation above the horizontal directions; or, which 
is the sapie thing, reciprocally proportional to the cosines of 
the same elevations, or reciprocally proportional to the sines 
of the vertical angles, a, i, d, e, f, g^ &c, made by the ver* 
tical line with the several directions of the bars \ because the 
secants of any su^gles are always reciprocally in proportion as 
their cosines. 

2. The weight or load laid on each angle, is directly pro* 
portional to the difierence between the tangents of the ele« 
vations above the horizon, of the two lines which form the 
angle. 

3. The horizontal thrust at every angle, is the same con- 
stant quantity, and has the same proportion to the weight on 
the top oflthe uppermost bar, a?^ radius has to the tangent of 
the elevation of diat bar. Or, as the whole vertical ag^ is to 
die line CH, so is the weight of the whole a»emUage of bars, 
to the hori^ontsd thrust. Other properties also, concerning 
the weights and die thrusts, might be pointed out, but -they 
are less siikiple and elegant than the above, and are therefita^ 

omitted;, 



mnitted ^ th^ following only excepted^ which are inserted 
here on account of their usefulness. 

Cbrel, ,9. It may hence be deduced alsoj that the weight 
or pressure laid on any angle, is directly proportional to the 
continual product of the sine of that angle and of the secants 
of the elevations of the bars or lines which form it. Thus, 
in the triangle bcD, in which the side ^D is proportional to 
the weight laid on the angle c> because the sides of any tri- 
angle are to one soiother its the sines of their opposite angles, 
therefore as sin. jy : cb :: sin. bcD : bo 'y that is, bry is as 

■ .' ■■■■ X. cb i but the sine of angle D is the cosine of the 

^ sin. D ' ® 

eTevation dch, and the cosine of any angle is reciprocally 
proportional to the secant, therefore on is as sin. 6cd x sec. 
DCH X c^ ; and cb being at the secant of the angle ben of 
the elevation of be or bc above the horizon, therefore to is 
as sin. ^cD x sec. ^ch x sec. dch; and the sine of ben 
beiag the same as the sine of its supplement bcd ; therefore 
the weight on the angle c, which is as bu, is as the sin. bcd 
X sec. DCH X sec. &ch,. that is, as the continual product of 
the sine of that angle, and the secants of the elevations of its 
two sides above the horizon. 

Corol. 4. Further/ it easily appears also, that the same 
weight on any angle c, is directly propcnrtional to the sine of 
that angle bcd, .and' inversely proportional to the sines of 
the two parts BCP, dcp, into which the same angle is divided 
by the vertical line CP. For the secants of angles are reci- 
procally proportional to their cosines or sines of their com- 
'plements : but bcp = c6h, is the complement of the eleva- 
tion bcH, and dcp is the complement of the elevation dch ; 
therefore the secant of 6ch x secant of dch is reciprocally 
as the sin. bcp x sin. dcp ^ also the sine of bcD is = the 
' tine of its supplement bcd ; consequently the weight on the 
angle c, which is proportional to sin. bcD X sec. bcu x 

sec. DCH, is also proportional to -r- ' — : , when the 

' t!^ r . 810. icji X 8ia. dcf' 

whole firame or series of angles is balanced, or kept in equt« 
. librio, by the weights on the angles j the same as in die 
preceding proposition. 

Scholium. The foregoing proposition is verr fruitful itt 
its praaical consequences, and contains the whole theory of 
arches, which mafy be deduced from the premises by sup* 
posing the constituting bars to become very sh6rt, like aroi 
stones, so as to form the curve of an arch. It appears too, 
that the horizontal thrust, which is Constant or umfonsiy the 

same 
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same throughout, is s propar measuring unit, by means of 
which to estimate the other thrusts and pressures, as they 
are all determinable fix>m it and the given positions } and the 
value of it, as appears above, may be easily computed from 
the uppermost or vertical part alone, or from the whole as- 
semblage together, or from any part of the whole, counted 
from the top downwards. 

The solution of the foregoing proposition depends on this 
consideration, viz, that an assemblage of bars or beams, being 
connected together by joints at their extremities, and freely 
movable about them, may be placed in such a vertical posi- 
tion, as to be exactly balanced, or kept in equilibrio, by their 
mutual thrusts and pressures at the joints i and that the effect 
will be the same if the bars themselves be considered as with- 
out weight, and the angles be pressed down by laying on 
them weights which shall be equal to the vertical pressures 
at the same -angles, produced by the bars in the case when 
they are considered as endued with their own natural weights. 
And as we have found that the bars may be of any length, 
without affecting the general properties and proportions of 
the thrusts and pressures, therefore by supposing them to 
become short, like arch stones, it is plain that we shall then 
have the same principles and properties accommodated to a 
real arch of equilibration, or one that supports itself in a per- 
fect balance. It may be further observed, that the conclu- 
sions here derived, in this proposition and its corollaries, 
exactly agree with those derived in a very different way, in 
my principles of bridges, viz, in propositions 1 and 2, and 
their corollaries. 



PROBLEM 31. 

If the whole figure in the last problem be iiwerted, of 
turned round the horizontal line ag as an axis, till it be corn- 
pleteb/ reoersedj or in the same vertical plane below the first 
position^ each angle b, </, fife, being in the same plumb tir^; 
and if weight si, A, /, m, 7J, which are respectively equal to 
the weights laid on the angles b, c, d, b, p, of the first figwre^ 
he now suspended by threads from the cor respotiding angles 
by c, dy e,f of the lower figure ; it is required to show thai 
those weights keep this figure inexact equilibrwy the same as 
the former, and all the tensions or forces in the loiter case, 
whether vertical or horizontal or oblique, will be exactly eqiud 
to the corresponding f of ces of weight or pressure or thrust 
in the like directions of the first figure. 
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This necessarily happens, from the equality of th< weights, 
and the similarity of the positions, and actions of the whole 
in both cases. Thus, from the equality of the corresponding 
weiffhts, at the like angles, the ratios of the weights, a^^ My 
dh,ney &c> in the lower figure, are the very same as those, ab^ 
bj>f DH, H^, &c, in the upper figure ;. and from the equality 
of the constant horizontal forces ch, ch^ and the similarity 
of the positions, the corre^onding vertical lines, denoting 
the weights, are equal, namely, ab at: dby bo =r ^(/, dh 2= dn^ 
&c. The same may be said of the oblique lines alio, Ctf, cb^ 
&c, which being parallel to the beams a6, bcy &c, will denote 
the tensions or these, in the direction of their length, the 
9ame as the oblique thrusts or pushes ih the upper figures 
Thus, all the corresponding weights and actions, and posi* 
tions, in the two situations, being exactly equal and similar^ 
changing only drawing and t^ision for pushing and thrust- 
ing^ the balancet and equilibrium of the upper figure is still 
preserved the same in the haqging festoon or^ lower one« 

Scholium. The same figure, it is evident, will ako arisey 
if the same weightis,- i, k^ ^ m, », be suspeiidt^d at like dis^ 
tarnces, A&, Ac, &c, on a thread, or cord, or chain, &c, having, 
in itself little or no weight. For the equality of the weigfats>< 
and their directions and distances, will put the whole lihe^ 
wh^ they come to eqiiilibrium, into the same festoon sha|)9 
of figure. So that, whatever properties arc? inferred in^ tW 
corollaries to the foregoing prob.. will equally apply to tb#* 
festoon or lower figure hanging in equilibrio. 

This is a most useful principle in all cases of eqoilibriuia^ 
especially to the mere practical mechatlist, and enables hini 
in an experimental way to resolve proUems, which the bes( • 
mathematicians ham found- it nO easjrmflittcv tlO'dGScrl 



3SB PROMISCUOUS BX£RCISBS. 

mere computation. For thus, in a simple and easy way he 
^ obtains the shape of an equilibrated ^rch or bridge j and thus 
also he readily obtains the positions of the rafters in the frame 
of an equilibrated curb or mansard rpof ; a single instance of 
which may serve to show the exten't and uses to which it 
may be applied. Thus, if it should be required to make a 
curb frame roof having a given 
width AE, and consisting of four ^^^S^^^^^ 

rafters ab, bc, cd, de, which shall l^i^^^^"^ ^^"^^ 

either be equal or in any given pro- / \ 

portion to each other. There can / \ 

be no doubt but that the best form ^ E 

of the roof will be that which puts 

all its parts in equilibrio, so that there may be no unbalanced 
. parts which may require the aid of ties or stays to keep the 
frame in its position. Here the mechanic has nothing to do, 
but to take four like but small pieces, that are either equal 
. or in the same given proportions as those proposed, and con- 
nect them closely together at the joints a, b, c, d, e, by pins 
or strings, so as to be. freely moveable about them; then 
suspend this from two pins a^e^ 
fixed in a hprizontal line, and the 
chain of the pieces vrill arrange 
itself in such a festoon or form, 

abcdCy that all its parts will come' / \ \ 

to rest in ^quilibrio. Then, by 
inverting the figure, it will ex- 
hibit the form and frame of a 
curb roof a^y^e, which will also 
be in equilibrio, the thrusts of 
the pieces now balancing each 

other, in the same manner as was done by the mutual pulls 
or tensions of the hanging festoon abcde. By varying the 
distance ae^ of the points of suspension, moving them nearer 
to, or futher off, riie chain will tak€ different forms ; then 
the frame abcdb may be made similar to that form which 
'has the most pleasing or convenient shape, found above as a 
model. . 

Indeed this principle is exceeding fruitful in its practical 
consequences. It is easy to perceive that it contains the 
^ whole theory of the construction of arches : for each stone of 
an arch may be considered as one of the rafters or beams in 
the foregoing frames, since the whole is sustained by the 
mere principle of equilibration, and the method, in its appli- 
cation, will afford some elegant and simple solutions oi the 
most difficult cases of this important problem. 

PROBLEM 
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PROBLEM 32. 

Of all HoUaw Cylinders^ whose Lengths and the Diamej^ 
ters qfthe^ Inner and Outer Circles continue the same^ it is 
required to show what will be the Position of the Inner 
Circle when the Cylinder is the Strongest Laterally. • 

Since the magnitude of the two circles are.co'nstant, the 
area of the solid space> included between their two circum- 
ferences, will be the same^ whatever be the position of the 
inner, circle, that is, there is the same number of fibres to be 
broken, and in this respect the strength will be always the 
same. The strength then can only vary according to the 
situation of the centre of gravity of the solid part, and this 
again will depend on tlie place where the cylinder must first 
break, or oh the manner in which it is fixed. 

Now, by cor. 8 art. 25 1 v. 2, 
the cylinder is strongest when 
the hollow, or inner circle, 
is nearest to that side where 
the fracture is to end, that is, 
at the bottom when it breaks 
first at the upper side, or when 
the cylinder is fixed only at 
one end as in the first figure.. 
But the reverse will be the 
case when the cylinder is 
fixed at both ends ; and con- 
sequently when it opens first below, or ends above, as in the 
2d figure annexed. 

PROBLBM 33. 

I 

To detennine the Dimensions of the Strongest Rectangular 
Beam that can be cut out of a Given Cylinder. 

Let AB, the breadth of the required 

beam, be denoted by 6, a d the d^pth by 

//, and the diameter ac of the cylinder 

by D. Now when ab is horizontal, the 

lateral strength is denoted by bd^ (by art. 

248 vol. 2), which is to be a maximum. 

But AD* = AC* - AB% or d"" = D"; - A*; 

theref. bd^,=:(T3^'-b^)b=ji*b-b^ is a maxi- 

• • • 

mum : in fluxions u'b — SbH) =r rr d* - 3i% or D* =.3i* | 
also U^ = p* — 6* = 34* — 6* = 2b\ Conseq. 6* : i/* «; d^ : :: 
1:2:3, that is, the squares of the breadth, and .of the* 
depth, and of the cylinder's diameter, are to one another 
respectively as the tlidree numbers J, 2, 3* 

, ' 2r2 ^ Cvrcl 
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CoroL 1 . Hence resuks this tuj prac- 
tical cDfistructioo : divide th^diameter AC 
into tbree equal paitSf at the points £, f i 
erect the perpendiculm bb^ fD ; and join 
the points Bf D to the extremities of the 
diameter; so shall ABCoJ^e the rectangu- 
lar end of £he beam as required, ]l^r« 
hecause az, aBj ac are in continued pro- 
portion {theor. 87 Geom.)^ theref. ae : ac : : ab^ : ac* i and 
ip like manner af : ac : : AD* : AC*; hence ae : af : ac :: 
AB* : AP* : AC* ;: 1:2:3. 

Corel. 2. The ratios of the three ^^ d^ x>, being as the 
tbree x/l, ^2^ V3,or as 1, 1'414, 1*7 32, are nearly as the 
three 5, 7, 8'6, or more nearly as 12, 17, 208, 

Cord. 3. A square beam cut out of the same cylinder, 
DTould have its side =Dv^i9-^D<v/2« And its solidity would 
be to that of the strongest beam, as ^d* to ^vP-^/%^ or as S 
to 2 V'2, or as 3 to 2*828 $ while its strength woiild be to that 
of the strongest beam, as (Dv^t)* to D^/yX \xy\ or as ^v'2 
to -l-v/S, or as dv'2 to 8-v/S, or nearly as 101 to 1 10. 

CoroL 4. Either of these beams will exert the greatest 
lateral strength, when the diagonal of its end is placed verti-> 
cally, by art. 252 vol. 2. , 

CoroL 5. The strength of the whole cylinder will be to 
that of the square beam, when placed with its diagonal ver-« 
tically, as the area of the circle to {hat of its inscribed square. 
For, the centre of the circle will be the centre of gravity of 
both beams, and is at the distance of the radius from the 
lowest point m each of them ; conseq. their strengths will 
b^ ai their areas, by art. 243 voL %. 

PBOBLEM 54. 

' To determine the Difference in the Strength ef a Trian^ 
gtUar Beamy according as it lies with the Edge or with the 
Flat Side Upwards. 

In the same beam, the area is the same, and therefore the 
strength can only vary with the distance of the centre of 
gravity from the highest or lowest point; but, in a triangle, the 
distance of the centre of gravity from an angle, is double of 
its distance from the opposite side ; therefore the strength of 
the beam' will be as 2 to 1 with the different sides upwards, 
under different circumstances, viz, when* the centre of gra* 
vitj is farthest from the place where fracture ends, by art. 245 
wmL 2 1 ihat is, with the ang^« upwaxds when the tM»m is 
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^pported at both ends ; but with the side upwards, when it 
is supported only at one end, (art. 252 vol. 2), because in the 
former case the beam breaks first below, but the reverse in 
the latter case. 

PRO&LBIf S5. 

Gio9n the Ltngth and Weight of a Cylindej* or Prism^ 
fiaced Hortxontaify with one end Jirmfy fixed, and mlljkst 
support a given weight at the other end without breaking; it 
is required to find the Length of a Similar Prism or (^nt-^ 
der which, when supported in like manner at one end, shall 
just hear without breaking another given weight at theun-- 
supported end^ 

Let I denote the length of the given cylinder or prisoo, d 
the diameter or depth of its end, w its weight, and u the 
weight -hanging at the unsupported end ; ;dso let the like 
capitals i^ d> w« i]p denote the corresponding particulars cf 
the other prism or cylinder. Then, the weights of similar 
solids of the same matter being as the cubes of their lengths, 

as /^ : l' : : AT : -^tt^ the weight of the prism whose length 

is £u Nowr :^wl wiH be the stress on the fivst beam by its own 
weight zer acting at its centre of gravity, or at half its length; 
and lu the stress of the added weight u at its extremity, their 
snm {iw + u)l win therefore be the whole stress on the given 
beam : in like manner the whole stress on the other beam, 

whose weight is w or — w, will be (|:W+ u)l or [-^w -h u)l. 

But the laterd. strength of the first beam is to that of the 
seeond, as <f*to d^ (art. 246 vol. 2), or as /* to l'j and the 
strengths and stresses of the two beams must be in the saiaaie 
ratio, to answer the conditions of the problem ; therefore as 

ffW 4 Vf)l : {^w + u)i. : : /* : l''; this analogy, turned into 
an equation, gives l' — ^ /l* H /^u = 0, a> cubic equa- 



ls to 



tion from which the numeral value of l may be easily deter* 
mined, when those of the crtlker ktlers are known. 

CoroL 1. When u vanishes, the equation gives h^ = 

^ ' ^ ^l h\ Qth =* "~^^ whence w : w H^ 2i^ :: I : i^ilar ihe 

tength' of the bearn^ wfikh will bnt just support te owh 
weight. 

€orol, 2. If a beam just only support iti own weight, 
w6en fixed at one end ^ then a neam of dbuble its ten^, 
fixed at both ends, will also just sustain itsetT: or if dee on« 
just break, the other will do the sa^e« 
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Givm the Length and JVeight of a Cylinder or Prisin^ 
jixed Horizontally as in the foregoing problem^ and a weight 
which J when hung at a given pointy Breaks the Prism : it 
is required to determine how much lon<rer the Prism^ of equal 
Diameter or of equal Breadth and Depth, may be extended 
before it Breaks either by its own weight, or by the addition 
of any other adventitious weighty 

Let / denote the length of the given prism, w its weight, 
and u a weight attached to it at the distance d from the fixed 
end } also let l denote the required length of the other prfsm, 
and u the weight attached to it at the distance D. Now the 
strain occasioned by the weight of the first beam is iwl^ and 
diat by the weight u at the distance d, is ^i^, their sum iwl 
+ du being the whole strain. In like manner ^wl -{- du is 

the strain on the secpnd beam ; but / : l : : zj; : — =: w th^ 

weight of this beam, theref. -^ + du =z its strain. But the 
strength of the beam, which is just sufficient to resist these 
strains^ is the same in both cases j therefore -^7 + du = 
{wl + du^ and hence, by redqction, the require4 length 

L = ^/{l X -). 

W 

CoroL i. When the lengthened beam just breaks by its 
own weighs, then u == or vanishes, and the required length 

becomes l = ^{l x ^^-i — -), 

Carol, 2. Also when u vanishes, if d become t= /, tEi&n 
f- = / v^ is the required length. 



PROBLEM 37. 

Let An be a beam moveable about the end a, so as (o 
make any angle bac with the plane of the horizon ac : it is 
required to deterniine the position of a prop or supporter pe 
of a given length, which shall sustain it with the greatest ease 
in any given position ; also to ascertain the angle bac when 
the least force which can sustain ab, is greater thqn the least 
forc^ in any other position. 



Let 
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Let G be the centre of gravity of the ' 
beam ; and draw Q,m perp. to ab, on to 
▲c, nm to cm/ and afh to db. Put 
r = AG, p = DE, w = the weight of the 
beam ab> and An =: or. Then, by the 
nature of the parallelogram of forces, 
Gn : Gtn, or by sim. trianglesi AG = r : 

Kni=^ X \\w\ — , the force which acting 

at G in the direction TnG, is sufficient to sustain the beam ; 

and, by the nature of the lever, ae : AG =^ r : : — the re* 

quisite force at G : — , the force capable of supporting it at E 
in a direction perp. to ad or parallel to mo ; and again as 

AF : AE : : — : — , the force or pressure actually sustained by 

the given prop de in a direction perp. to af. And this latter 
force will manifestly be the least possible when the perp. af 
upon DE is the greatest possible, whatever the angle bac may 
be, which Js when the triangle ade is isosceles, or has the 
side AD = AE, by an obvious cofol.,from the latter part of 
probi 6 pa. 171 of this volume. 

Secondly, for a soliition to the latter part of the problem, 

we have to find when — is a maximum ; the angles D and 

B being always equal to each other, while they vary in mag«t 
nitude by the change in the position of ab. Let af produced 
meet Gn in h : then^ in the similar triangles adf, AHn, it 

will be AF : An = X : : df = i« : Hn, hence — = t-, and 

*^ AT ip^ 

conseq. — x w =:^^ x w. But, by theor. 83 Geom. and 
comp. AG + An = r + or, : An = .r : : en = v^(r*— a;*') : 

Hn =x a/(^'* — ^^) = ^-s/ ' consequently the force 

-7— X Wf acting on the prop, is also truly expressed by 

??- a/ ^^-^. Then the fluxion of this made to vanish gives 
ip ^ r + X ® 

r the cos. angle bag = 51 ''50', the inclination 



X = 



— V^-^ 



2 



required. 



v\^Q^\:tt^A 
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PBOJBJLEM 9^. 

Suppose the Beam ab» instead ofhidng nuwesbk ahut ike 
centre a, as in the last probiemy to he supported in a gioen 
position by means of the given prop d^: it is required to 
determine the position (f tltat prop, so that the prismatic 
heam kc, on which it stands, may be the least liable to breaks 
ingj this latter beam being only supported at its too ends A 
(tnd c. ~ 

• 

Put the base ac as b, the prop db rr p9 
4^ s r, the weight of ab =: ;!t;, ^ and c the 
fine and cosine of Z. A) a: = sin. Z. e^ 
y =1 sin. ZL D| and z = ab. Then> by 

trigon. % : y : : p : 93 or — = -^, and 

AD == — s also ,cxO = the force of the beam 

at G in direction cm. Let p denote the force sustaining th|^ 
beam at £ in the direction gD : then, becausje action and rer 
action are equal and pppositei the same force will be exerted 
at D in the direction D£ : therefore ao . cto ^ fj&t, an4 

W = • Againi the vertical strjess at D, will be as f x sine 

px AD.pc=s ry, AD . DC = ^^^^ X — (i - — ) = (sub- 
•titutmg— tor Its equal --) x ^-- X ^ = reto X 

* ' *" ■ = ■— X (~ — jr) = a puniroum by tjie problem. 

bs , ' • 

Conseq. a: is a minimum, or r a maximum, that is, 

or = 1, and the angle e is a right angle. Hence the point E 
1$ easily foijmd by this proportion^ sin. A : cus. A : : £P. : Ei^p 

FBOBLBM 39. 

To explain the Disposition of the Parts qf Machines^ 

■• 

When several pieces of timber, iron, or any other materials, 
are employed in a machine or structure of any kind> ,all tbe 
parts, both of the sapie piece, and of the different pieces in 
the fabric, ought to be so. adjusted with respect to magnitude, 
that the strength in every part may be, as near as possible, isi 
a constant proportion to the stress or strain to which they 
will be subjected. Thus, in the construction of any engine, 
the weight and pressure on every part should be investigated, 
and the strength apportioned accordingly. All levers, for 
instance, should be made strongest where they are most 
strained : viz^ levers of the first kind, at the fulcrum j levers' 

of 
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^cSthe second kind, where the weight actts; and those of the 
third kind, where ihe power is appUed. The axles of wheels 
-sdA pulleys, the teeth of wheels, also ropes, &c, must be made 
atixmger or weaker, as they are to be more or less acted os. 
The ^xength allotted should be more than £uUy cooiipetent 
to the stress to which the parts can ever be liable i but with- 
out allowing the surplus to be .extravagant: for an over ex- 
cess of strength in any part, instead of being serviceable, 
wonid be very injurious, by increasing the resistance the iofia- 
chine has to overcome, and thus encumbering, impeding, aad 
seven preventing the requisite motion ; while, on the other 
•hand, m defect of strength in any part will cause a failure 
diene, and either render the whole useless, or demand very 
frequent repairs. 

PROBLEM 40. 

To ascertain the Strength of Various Substances. 

The proportions that we have given on the strength and 
stress of materials, however true, according to the principles 
assumed) are of little or no use in practice, till the compara- 
tive strength of difi^erent substances is ascertained : and even 
then they will apply more or less accurately to different sub- 
stances. Hitherto they have been applied almost exclusively 
to the resisting force of beams of timber 5 though probably 
no aiateriais whatever accord less with the theory than timber 
of all kinds. In the theory, the resisting body is supposed 
to be perfectly homogeneous, or composed of parallel fibres, 
equally distributed' round an axis, and presenting uniform re- 
sistance to rupture. But this is not the case in a beam of 
timber : for, by tracing the process of vegetation, it is readily 
seen that the ligneous coats of a tree, formed by its annual 
growth, are almost concentric ; being }&Jke so many hollow 
cylinders thrust into each other, and united by a kind of me- 
dullary substance, which offers hut litc'e resistance : these 
hollow cylinders therefore fnrnish the chief strength and 
res].itance to the force which lends to breik them. 

Now, when the trunk of a tree is squared, 'n order that it 
may be converted into a beam, it is plain that all the ligneous 
cylinders greater than the circle inscribed in the square or 
rectangle, which is the transverse section of the beam, vak 
cut off at the sides ; and therefore ahnost the whole strength 
ojt resistance arises from the cylindric trunk inscribed in the 
solid part of the beam y the portions of the cylindric coats, 
situated towards the angles, adding but little comparatively 
to the strength and resistance. df the beam. Hence it fcXLeivn 
that we cannot, by le^imate compupiscrtv, accumtely deduce 
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the strength 6{ a joist^ cat from a small tree, by expertmenti 
on another which has been sawn from a much lareer tree or 
block. As to th£ concentric cylinders above nmtioned> they 
are evidently not all of equal strength : those nearest the 
centre^ being the oldest, are also the hardest and strongest ; 
which again is contrary to the theory, in which they are sup- 
posed uniform throughout. But yet, after all however, it is 
stiU found that, in some of the most important problems, the- 
results of the theory and well-conducted experiments coin- 
cide, even with regard to timber : thtis, for example, the ex- 
periments on rectangular beams afibrd results deviating but 
m a very slight degree from the theorem, that the strength 
is propcntional to the product of , the breadth and the square 
of the depth. 

Experiments on the strength of different kinds of wood, 
are by no means so numerous as might be wished : the most 
useful seem to be those made by Muschenbroek, Buffbn, 
Emerson, Parent, Banks, and Girard. ^But it will be at all 
times highly advantageous to make new experiments on the 
same subject ; a labour especially reserved for engineers who 

ness skill and zeal for the advancement of their profession, 
as been found by experiments, that the same kind of 
wood, and of the same shape and dimensions, will bear or 
break with very different weights : that one piece is much 
stronger than another, not only cut out of the same tree, but 
out of the same rod ^ and that even, if a piece of any length, 
planed equally thick throughout, be separated into three or 
four pieces of an equal length, it will often be found that 
these pieces require different weights to break them. Emer- 
son observes that wood from the boughs and branches of trees 
is far weaker than that of the trunk or body.; the wood of 
jthe large limbs stronger than that of the smaUer ones ; and 
the wood in the heart of a sound tree strongest of all ; though 
some authors differ on this point. It is also observed that a 
piece of timber which has borne a great weight for a short 
time) has broke with a far less weight, when left upon it for 
a much longer time. Wood is also weaker when green, and 
strongest when thoroughly dried, in the course of two or 
three years, at least. Wood is often very much weakened by 
knots in it ; also when cross-grained, as often happens in 
sawing, it will be weakened in a greater or less degree, ac- 
cording as the cut runs more or less across the grain. From 
all which it follows, that a considerable allowance ought to be 
made for the various strength of wood, when applied to any 
|ise where strength and durability are required. 

Iron is much more uniform in its strength than wood. Tet 

experiments 
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Experiments show that there is some difference arising from 
different kinds of ore : a difference is also found not only in 
iron from di^rent furnaces^ but from the same furnace, and 
even from the same melting ; which may arise in a great 
measure from the different degrees of heat it has when 
poured into the mould. 

Every beam or bar, whether of wood, iron, or stone, is 
more easily broken by any transverse strain, while it is also 
suffering any very great compression endways ; so much so 
indeed that we have sometimes seen a rod, or a long slender 
beam, when used as a prop or shoar, urged home to such a 
degree, that it has burst asunder with a violent spring. Se- 
veral experiments have been made on this kind of strain : a 
• piece of white marble, j- of an inch square, and S inches long, 
bore 3 8 lbs ; but when compressed endways with 300 lbs, it 
•broke with 14Ylbs. The effect is much more obs^rvabte 
in timber, and more elastic bodies ; but is considerable in alb 
This is*a point therefore that must be attended to in all ex- 
periments ; as well -as the following, viz, that a beam sup- 
^rted at both ends, will carry almost twice as much when 
the ends beyond the props are kept from rising, as when the 
beam rests loosely on the props. 

The following list of the absolute strength of several ma- 
terials, is extracted from the (Collection made by professor 
Robison, from the experiments of Muschenbroek and other 
experimentalists. The specimens are supposed to be prisms 
or cylinders of one square inch transverse area, which are 
stretched or drawn lengthways by suspended weights, gra- 
dually increased till the bars parted or were torn asunder, by 
the number of avoirdupois pounds^ on a medium of many 
^ials, set opposite each name . ' 



1st. Metals. 

lbs. lbs. 

22,000 Tin, cast 5,060 

4^,000 Lead, cast ... 860 

34,000 Regulus of Antimony 1,000 

50,000 Zinc 2,600 

70,000 Bismuth .... 2,900 
135,000 



Gold, cast . 
Silver, cast • 
Copper, cast 
Iron, cast 
Iron, bar . • 
Steel, bar 

It is very remarkable that almost all the metallic mixtures 
are more tenacious than the metals themselves. The change of 
tenacity depends much on the proportion of the ingredients; 
and yet the proportion which produces the most tenacious 
mixture, is d^rent in the different metals. The proportion 

' Of 



u» 
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of ingredients h«re sriected» is that which prodn^ thf 
greatest strength. 

3 parts gold with 1 
silver . • • • 

5 pts gold, 1 copper 
is silver, I copper • 

4 silver, I tin • • 

6 copper, I tin • . 



ibi. 

28,000 
50,000 
49,^00 
41,000 
60,000 



VbfL 

Br«ss^ofcoaper&tia 51,Q0Q 

a tin, I le^ . • iO,2O0 

8 tin, 1 zmc . . lO^OOO 

4 tin, 1 re^ul. antim. lifiOO 

8 lead, 1 zinc • . 4^00 

4 tin» I lead, 1 aunc 13,000 



These numbers are of cmsiderable use in the arts» The 
mixtures e£ copper and tin are particularly interesting im the 
tabric of great guns. By mixing copper, whose greatest 
strength does not exceed S7,000, vrith tin which does^not. 
eoceeed 6000, is produced a metal whose tenacity is almoait 
doubk, at the same time that it is hauler and more eeflily 
WTongfat : is is however more fusible- W^ see also that h 
wry small addition of ziac almost doubles the tenacity of 
tin, and increases the tenacity of lead 5 dmea; and a small 
addition of lead doubles the tenacity of ti& These are eeoiT 
suxmical mixtures; and afibrd valoaUe inibrmation to plumb- 
ers far augmenting the strength of water-pipes. Abo^ by 
having recourse to these tables, the enj^eer am preportk m 
the thickness of his pipes, of whatever mcta^ ta the prcosures 
Aey are to suffer. 

2d. Woods, &c. 

lbs. 



tiocusttree • 


t 


■ 


. 20,100 


Jujeb • . . 




t < 


. 18,500 


Beech, Oak 




• 


. 17,300 


Orange . . 


1 


1 1 


. 15,500 


Alder . ; . 


» 4 


» < 


> 13,900 


£hn . . . 




• < 


» 13,200 


Mulberry 


1 


1 < 


. 12,500 


Willow , \ 


> < 




. 12,500 


Ash . • . 


1 i 




12,000 


iPlum . . . 


t 




. 11,800 


Elder 


1 




. 10,000 


Pomegranate 




9,750 


Lemon . . 


t 




9,250 



Ibfl. 

7,€f5p 
5,750 
6,000 



Tamarind . . « • 
Fir . . , • . . 
Walnut . • . . 
Pitch pine • . • 
Quince . . • • 
Cypress . . . • 

Poplar 5,500 

Cedar 4,880 

Ivory . . . . • \6^210 
Bone • . . » • 5,250 

Horn 84,150 

Whalebone . . . l,50O 
Tooth of sea-calf . 4,015 

It is to be observed that these numbers express something 
more than the utmost cohesion;, the weights bewg such as 
will very soon, perhaps in a minute qr two, te^u: the rods 
asunder. It may be ssu4 '^ generals diat f of these weights 
will s^sibly impair the strenf^h after actiiag a ONisid^r^ble 
ffJule, $nd that one-hajf i§ thje.i^tffl^l.ai^ ^IW r^ipw pey- 

tnanentlY 
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XDMemly suspended at the rods with safety ; and it is this 
last allotment that the engineer should reckon upon in hit 
constructions. There is however considerable difierence in 
this respect : woods of a very straight fibre, such as fir, will 
be less impaired by any load which is not sufiicient to break 
them immediately* According to Mr. Emerson, the load 
which may be safely suspended to an inch square of various 
materials, is as follows. 



lbs. 

Iron 76,400 

Brass •...•, 35,600 

Hempen rope . . 19,600 

Ivory .^ . , . . 15,700 
Oak, box, yew, plum 7,850 

Elm, ash, beech . 6,070 

Walnut, jlum • • 5,360 



Red fir, holly, elder, 
plane • • • • 

Cherry, hazle , ,. 

Alder, asp, birch, 
willow • • • • 

Freestone . . , • 

Lead * • . ^ • 



Ibi. 

^,000 

Veo 

4,290 
914 
430 



cwts. 
Iron . . . , I35i* 
Good rope • 22d*^ 
Oak .... I4fd^ 
Fir 9d* 



He ^es also the practical rule, that 
a cylinder whose diameter is d inches, 
loaded to j.. of its absolute strength, 
will carry permanently as here an- 
nexed. 

Experiments on the transverse strength of bodies are easily 
made, and accordingly are very numerous, especially those 
made on timber, being the most common and the most in-* 
teresting. The compfetest series we have seen is that given' 
by Belidor, in his Science des Ingenieurs, and is exhibited in 
the following table. The first column simply indicates the 
number of the experiments ; the column d shows the breadth 
of the pieces, in inches ; the column d contains their depths'^ 
the column / shows the lengthy ; and column lbs shows the 
weights in pounds which broke them, wheii suspended by 
their middle points, being the medium of Sr trisus of each 
piece; the accompanying words, ^^^ and kase denoting 
whether the ends were firaily fixed down, or simply lay loosf 
on the supports. 



N\ 


1 


d 


^~7~ 


Us. 


1 


1 


1 


18 


406 loose. 


3 


1 


1 


18 


608 fixed. 


8 


2 


1 


18 


805 loose. 


4 


1 


.-3 


18 


1580 loose. 


5 


1 


I 


36 


187 loose. 


S 


I 


I 


86 


283 fixed. 


7 


2 


£ 


86 


1585 loose. 


9 


- HXH. 


. 36 


1^60 loose. 
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By comparing experiments 1 and S, the strength appears 
proportional to the breadth. 

Experiments S and if show the strength to be as the breadth 
multiplied by the square of the depths 
* Experiments 1 and 5 show the strength nearly in the in- 
verse ratio of the lengths, but with a sensible deficiency in 
the longer pieces. 

Experiments 5 and 7 show the strength to, be proportional 
to the breadth and the squire of the depth. 

Experiments 1 and 7 show the same thing, compounded 
with the inverse ratio of the length ; the deficiency of #hich 
is not so', remarkable here. 

Experiments 1 atid 2, and experiments 5 and 6, show the 
increase of strength, by fastening down the ends, to be in the 
proportion of 2 to 3 ; which the theory states as 2 to 4, the 
difference being probably owing to the manner of fixing. 

Mr. BuSbn made numerous experiments, both on small 
bars, and on lar^e one.^ which are the best. The following 
is a specimen of one set, made on bars of sounci oak, clear of 
knots. 



Lf^v.gth. 


Weight. 


Broke 

ivitb 

lbs. 


Bent. 


Time. 


feet. 


lbs. 


ioch. 


min. 


7 


j 60 
( 56 


5350 


3-5 


29' 


5275 


4-5 


22 


8 


j 68 
( 63 


4600 


3-75 


15 


4500 


4-7 


13 


9 


j 77 
\ 71 


4100 


4-85 


14 


3950 


5-5 


12 


10 

1 


i 84 


3625 


5-83 


15 


\ 82 


3600 


6*5 


15 


12 


( 100 

( 98 


3050 


7 




^925 


8 





Column 1 shows the length of the bar, in feet, clear be- 
tween the supports. — Cqlumn 2 is the weight of the bar in 
lbs, the 2d day after it was felled. — Column 3 shows the 
number of pounds necessary for breaking the tree in a few 
minutes. — Col. 4 is the number of inches it bent down before 
breaking.— Col. 5 is the time at which it broke.— The parts 
next the root were always the heaviest and strongest. 

The following experiments on other sizes were made in the 
same way i .two at least of each length being taken, and the 
table contains the mean results. The beam^ were all squared, 
and their sides in ihches are placed ,at the top of th^ columns, 

their 
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their lengths in feet being in the first column. The <iumbers 
in the other coluipns, are the pounds weight which broke the 



pieces. 





4 


5 


6 


7 


- 8 


A 


1 


5312 


11525 


18950 


32200 


47649 


11525 


8 


4550 


9787 


15525 


26050 


39750 


10085 


9 


4025 


8308 


13150 


22350 


32800 


. 8964 


10 


3612 


7125 


11250 


19475 


27750 


8068 


in 


2987 


6075 


9100 


16175 


23450 


6723 


14 




5300 


7475 


1 3225 


19775 


5763 


16 




4350 


6362 


11 000 


16375 


5042 


18 




3700 


5562 


9245 


13200 


4482 


20 




3225 


4950 


8375 


11487 


4034 


22 


• 


2975 




\ 




3667 


24. 




2162 








3362 


28 




1775 








2881 



Mr. Bufibn had found, by many trials, that oak timber 
lost much of its strength in the course of seasoning or drying; 
and therefore, to secure uniformity, his trees were all felled 
in the same season of .the year, were squared the day after, 
and the experiments tried the 3d day. Trying them in this 
green state gave him an opportunity of observing a very cu- 
rious phenomenon. 'When the weights were laid quickly 
»on, nearly sufficient to break the beam, a very sensible smoke 
was observed to issue from the two ends with a sharp hissing 
sound ; whidi continued all the time the tree was bending 
and cracking. This shows the great efiects of the compres- 
sion, and tl^at the beam is strained through its whole length, 
which is shown also by its bending through the whole 
length. 

Mr. Buffon considers the experiments with the 5-inch bars 
as the standard of comparison, having both extended these to 

freater lengths, and also tried more pieces of ^ch length, 
low, the theory determines the relative strength of bars, of 
the same section, to be inversely as their lengths : but most 
of the trials show a great deviation from this rule, probably 
owing) in part at least, to the weights of the pieces them« : 
selves. Thus, the 5-inch bar of 28 feet long should have 
half the strength of that of 14 feet, or 2650, whereas it is 
only 1775 ; the bar of 14 feet should have half the strength 
of that of 7 feet, or 5762, but is only 5300 ; and so of 
others. The column ▲ is added, to show the strength that 
each of the 5.inch bars ouj^t to liave bjr the theory. 

Mr. 



Mr. Bfloksy aui iageaious lecturer en matxsnl phSoeophy^ 
htd made muiy ezperinaentsoo die strength of oak^ deal^ and 
iron. He found that the worst or weakest piece of dry heart 
of oak, 1 inch squarej and 1 foot long, broke with 602lbs, 
and the strongest piece with 974libs ;^ the worst ^ece of deal 
broke with 4MUis, and the best with 690lbs. A like bar of 
the worst kind of caat iron 2i90lhs. Bars of iron set up in 
positions oblique to the horizon, showed strei^lhs n&xAj 
proportiooal to the sines of elevation of the pieces* Equal 
bars placed liorizDOtally, on supports 3 feet distant, bore 6} 
cwt ; the same at 2^ feet distamce broke only with 9 cwt. — 
An arched rib of S9( feet span, and 1 1 indies hi^ in the 
centre, sapported 99^^ cwt ; it sunk in the middle S^ inches,, 
and rose againr ^ on removing the load. The same rib tried 
without abutments, broke with 55 cwt. — Another rib, sr seg- 
ment of a circle, 29 j- feet span, and 3 feet hi^ in the middle, 
bore 100i> cwt, and sunk 1^ in the middle. The ssune rib 
without abutments, broke with 64|^ cwt. 

Mr. Banks made also experiments at another faundry* on 
like bars of 1 inch square, each yard in length weighing 9lbs, 
theprops at 3 feet asunder. 

The 1st bar broke with , . 963 lbs. 

The 2d ditto . ^ ,..,...,.. 958 

The 3d ditto 994 

Bar made from the cupola^ broke with . .8^4 
Bar equally thick in the middle, but the ends 
shaped into a parabola^ and weighed 6^1bs, 
broke with ........ ... S74 

From these, and many other experknents, Mr. Banks cont 
dudes, that cast iron is from 3^ to 4^ times stronger than 
oak of the same dimensions, and from 5 to 6^ times stronger 
than deal. 

Scni^ Examples for Practice* 

The theQry> as has been before mention)^, is. That the 
strength of a bar, or the we^^t it will bear, is directly as^ 
the breadth and square of the depth divided by the length. 
So that, if b dienote the breadkh oS a bar, d the^ depth, / the 
length, and ^a^ the weight k will bear ; and the capitals s^ i^ 
l,f w denote the like quaaiittes in another bar ; then^ by the- 

rule — ^ze? :: -— : vr> which gives this general equation 

b£pvw zz Jij>Hw, from which ai^ one of the letters is easily 
founds when the rest are giveik. 

Now, if we takcj for a standard of comparison^ this expe^ 
riment Qi Mr. Banksj^ that a, bar of oak aja iadi square and a 

foot 



foot in length, iTing oa a prop at each end, and its strength^ 
or the utmost weig& it can bear, on its middle, 6^0 lbs : her^ 
b = 1,,^==1, / = 1, w = 660 ; these substituted in the abo^ 
equation^ it becomes lw = 66OB0*, from which any one df 
th^ four qiiantities l, w, b> d, may be found^ whqn the.pther 
three are given , when the calculation respects oak timber. 
But for fir the like rule will be lw = 440bd* j and for iron 
LW = 2640bd\ 

Exam, \. Required the utmost strength of an oak beam, 
of 6 inches squa,re and 8 feet long, supported at each end, or 
the weight to break it in £he middle r 

Here are given b = 6, d = 6, l = 8, to find w ^ . — j— 

= 55^i« = 660 X 3 X 9 = n820lbs. 

Exam. 2. Required the depth of an oak beam, of tbe 
same length and strength as above, but only % inches , 
breadth? ^ • 

Here, as 3 : 6 : ^ 36 : d* = 72, theref. p =y"72 == 8*495 
the depth. . ^ 

l^is last beam, thou^ as strong as the former^ is;but littTe 
more than \ of its size or quantity; And thus, 1^ makufig 
joists thinBerj a ^eat pajct of tl^ expense ijs ysaved^ a^ in the 
modern style of flooring, j&c. 

Exam, 3. To determine the utmost strength of a deal 
joist of 2 inches thick and 8 inches dec^^ t^e beting ^ 
breadth of the room beinjg 12 feet ?-^Here b = 2, d =: 8, 

L = 12; then the rule Lw = 44?Obd* gives w = = 

^40x2x64 _ 440x32 _ ,^o«« 

jExam. .4*- R^ired tljie .4^th x>f a har of ,V^n Q \^hes 
bi^d and Z Jfe^ jlqng, tp su8ta(pa.loadof'^Q,OW^bs.?-:r-:flfei^e 
.B = 2, t == 8, smd w = %QfiO0, tp ^d p jfron(i .y\e ^cji^uIot 

LW = 2640bd% viz, d^ :^ 5^ = -.^^^^ ^^- ^3> 

and D = V30*3 = 54 inches, the depth. 

Exam. 5i To find the length pf a bar of oak, an inch 
square, so that when supported at both ends it may just break 
by its own weight ? — Here, according to the notation and 
calculation in prob. 36, / =? 1, w = 4 of a lb, the weight of 

1 foot in length, and/M = 6601bs. llien L tz l^ f'^ t =s 

^3301 = ^'J-^^ fcjet, Jftearjy. 

^irofn.^ To^d4iie4engi&<3^anik^m4»ar^minQii^qi^ 
that it may break by its own weight, when it is suppout^-iit 
Vqu Jn, A A \j^" 
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both ends. — ^Here as before / = 1, w = Slbs ntwrlfthe 
weight of 1 foot in length, also u = 2640. Therefore L ^ 

IV-^i^ = 41.97 feet nearly. 

' Note. It might perhaps have been supposed that this last 
result should exceed the preceding one : but it must be con- 
sidered that while iron is only about 4 times stronger than 
oak, it is at least 8 times heavier. 

Exam. 7. When a weight w is suspended from e on the 
arm of a crane abcde, it is required to find the pressure at 
the end D of the spur, and that at b against the upright 
post AC. 

Here, by the nature of the lever, " w= 

' ' CD 

the pressure at d in the vertical direction 
DF : but this pressure in df is to that in db 

— ^ ^ . CE CE . DB 

tS DF to DB, VIZ, DF : DB : : — w : w 

' .CD DP . CD 

the pressure in db ; and again, db : fb or 

CS DV CE CB 

CD : : — 1— w : — w = ~w the pressure against b in di- 
rection FB. 
Thus, for example, if cs = 16 feet, bc == 6, cd = ^> 




ID = 10, and w = 3 tons : then '° w 



te.io 



BC .CD 



X 3 = 10 



6.8 

tons, for the pressure on the spur db. Also — w = — x 
S = 8 tons, the force tending to break the bar ac at b. 



PROBLEM 41. 



To determine the circumstances of Space, Penetration, 
Vdocitv, and Time, arising from a BaU mooing with a 
Gioen Tdocity, and striking a Moveable Block of Wood, or 
other substance. 




Let the ball move in the direction ae passing through the 

cei:ttre of gravity of the block b, impingmg on the pomt c ; 

^md when the block has moved through the space cd in 

consequence of the blow^ let the ball have penetrated to the 

depth VM» 

tftt 



itnguiacvow vxEmeuuL tj^K 

tiet B ss the mass or matter in the Uocky 
b =s the same in the ball^ 
^ =: CD the space moved hj the blocfe, ^ 
^ = DS the penetration of the ball^ and thWef. 
i + JT = CE the space described by th6 ball/ 
a = the first velocity of the baU, 
V == the velocity of the ball at e, 
u = velocity of the block at the same instant, 
t = the time of penetratipn, or of the motion, 
r :±t the r6siiting force of the wood. 

Then shall — be the accelerating force of the Uock, 

and — the retarding force of the ball. 

Now because the momentum B2(, communicated to di«. 

block in the time /» is that which is lost by the ball, namely 

• • • . 

— bv^ therefore Bw r= — bvy and bw = — bv* But when 

iy = fl, M = ; therefore, by correctinjg, bu = b{a — v) ; or 
the momentum of the block is every where equal to the mo^ 
mentum lost by the ball. And when the ball has p^etrated 
to the utmost depth, or when u = v, this becomes Bii == b 
{a — u\ or flA = (b + b)u ; that is, the momentum before 
the stroke, is equal to the momentum after it. And the ve- 
locity communicated wilF be the same, whatever be the re« 
sisting force of the block, the weight being the same. 

Again, by theor. 6, Forces, vol. 2, it is u* as ^^, and 
*- «^* = ~- X {s -\r x)yOr rather, by correction, a* — v* ps. 

'Y'(s + x). Hence the penetration or jr = ' ""L;*" * 
And when v zz u^ by slibstitiiting u for v, and bu* for 4grSf 

the greatest penetration becomes ¥ ; and this agam, 

by writing db for its value (b + fr)«, gives the greatest pene-- 
tration a; = — ,>^ ,, :a= r— x (I 7^/. Which is barely 

4gr{i + If) A^r ^ m + b' ' 

equal to r-^ when the btdck is fixed, or infinitely gre^;- atid' 

IS always very nearly equal to the same j^ when b is very 
great in respect of h. 

TT , *•—«», ' (b 4- i)«r. b^+2b6 a^i 

Hence 5 + x :=: -7 — b =5 . ' b = -. — r^ x t—. 

AA9 kbA 



$50 fttoMicrcvoM' nmcinsw 

And there£ b + * : » + 2* :: ^ : ^ + or, or B+b : b i: gf x s, 

and J — ^ ^ ^ =t ^(B + lyr ^ 

ExanL When the jball is iron, and weighs 1 pounds it' 
penetrates eltn about 13 inches when it moves with a vela- 
city of 1500 feet per second, in which case, 

r a« •_ Ii00« 9()00« . . _ t>tu^A i 

T* =^ 7 — — T — .g ' l ",t ^ rrs — TTi ^^ 2>i»D4 nearlv, 

h 4^x 4 X i6jt X Ij 193 X 13 * 

"Vfrlien B = 5001b, and A = 1 ; then u = -^, = --— = 3 

' ' B + fr 501 

feet neariy per second, the velocity of the block. 

Abo * = 5P = j^Pi^j^^^gj = 5^ part of a foot, or ^ 

of an inch, which is the space moved by the blotk when the 
ball has completed its penetration. 

And / = ^ = jjj|^ = -^ part of a second, or 

g 26 

gf +8i? _ 46H "^ 12 6 » 1 3 . 231 __ _1^ - 

w "" 1500 *^ 6^«3T7i3oo "^ 692 pa^-ot a fle- 
cond, the time of penetration. 

PROBLEM 4^. 

To find the Velocity and T^vs of a Hemy Body desieni^ 
in^ down the Arc of a Circle ^ or vibrating in M^ Arc hy a 
Line fixed in the Centre. 

Let D be the beginning of the descent, 
C the centre, and A the lowest point of the 
circle ; draw de and pa perpendicular to 
AC. Then the velocity in p being the same 
ai» in a by falling through £a, it will be 
V = 2-v/(g'X EQ)=8V'(a— or), whena=AE, 

X SZ ACU 

— A P . • ' T3t 




But the flux, of the time ^ is = — ^, and ap= 

where r = the radius ac. Theref. ^ = ~ x — , . 

where c? = 2r the diameter. 



^^:zV^ ^ i, /I . » . 1.3x« . 1.3. 5*3 

*/ derelopia^ -/(l - -j-) « a series. ^ 



Or^=::^X 2S (i+± + h^A.hl^^8rcY 
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But the fluent of -rr — rrr is — x arc to radius i^ and 

▼ers. X. or it is the arc whose rad. is 1 and vers. — : which 

call A. And let the fluents of the succeeding terms, without 
the coefficients, be B, c, d, e, &c. Then will the flux, of any 

one, as q, at n distance from A, be q = a?*A = orp, which 

suppose also ~ the flux, of bp — dx*''^*J{ax — ;r*) = Jp — 

d{n - l);r^»-V(^ - •«'*) - rf^^-* X J^J1^.. = ip- 

//;r X "" '', ■ '' — ^^^ =: ip — flf(w — -1)^? + ^l^nxP. 

Hence, by equating the coefficients of the like term^ 

n ' 8n ' ^ ^. ■ 2n • 

Which being substituted, the fluential terms become -^fr- x 

I - A - 55 . 5—; 2TT7' \ — 4 

^ ^ g^ • '■'-^^'^ &c). Or the same fluents will 

be found by art. 32 pa. 238. 
But when jt = a, those terras become barely ^'^^^^V^ x 

(-i-sS " 5rS - irS^ -««^)5 which being' 

subtracted, and x taken =0, there arises for the whole 
time of descending down i>A, tat the corrected value tXt isi 

16 ^ C^ + 2«rf '^ 22.4«i« ^ 2«.4«.6MJ "^ ^^'' 

WhM the arc is small, as in the vibration of the pendii- 
lum of a dock, jail the terms of the series may be omitted 
after the second, and then the tim^ of a semi-vibx^tion t is ' 

aoarly ss ^^-^V-j- x (1 +5;). And theref. the tiiees 

of vibration of a pendulum, in diiFerent arcs, are as 8r -(* ^ 
OP'S tinles the radius added to the versed sine of the arc. 

If i) be the degrees of the pendulum's vibration, on each 
side of the lowest point of the small arc, the radius being r, 
the diameter </, and 3*1416 = /> } then is the length of that ' 

arc A = -—^ = ^r. But the versed sine in terms of the 

180 ^ 360 

arc is a =,^ - -— + &c = ^ - ^ + &c. Therefore 

T =1F - 55; + *^ = 360J ~ ZM^ + «<=> ^ <»"y = 560i 

Aft 
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the first term, by rejecting all the rest of the terms on ac-« 
count of their smallnes^, °^ T ^ ^ nearly = Jsjgj* This 
value then being substituted for — or ~ in the last near 

yalue of the time, ife becomes t == —^ V^ "^ X (1^ + 52524' 

nearly. And therefore the times of vibration in different 
small arcs, are as 52524 + d*, or as 52524 added to the 
square of the number of degrees in the arc. 

Hence it follows that the time lost in each second, by vi- 

bntting in a circle, instead of the cycloid, is ■ ; and con- 
sequently the time lost in a whole day of 24 hours, or 24 x 
60 X 60 seconds* is j-D^ nearly. In like manner, the seconds 
lost per day by vibrating in the arc of A degrees, is J- A^ 
Therrfore, if die pendiuum keep true time in one of these 
arcs, the seconds lost or gained per day, by vibrating in the 
other, will be 4.(d* — A*) . So, for example, if a pendulum 
' measure true tune in an arc of 3 degrees, it will lose 1 If se- 
conds a day by vibrating 4 degrees ; and 26^ seconds a day; 
by vibrating 5 degrees ^ and so on. 

And in like manner, we might proceed for any other curvei 
SB the ellipse, hyperbola, parabola, &c. 

Schotium. By comparing this with the results of the pro- 
Uems 13 and 14 in vol. 2, it will appear that the times' in 
the cvdoid, and in the arc of a circle, and in any chord of 
Ihe circle, are respectively as the three quantities 

l,l+^&c,and^^ 

or nearly as the three quantities!, 1 + ^, 1*27924; the 

first and last bein^ constant, but the middle one, or the time 
in the circle, varying with the extent of the arc of vibration. 
Also the time in the cycloid is the l^ast, but in the chord the 
greatest \ for the greatest value of the series, in this prob. 
when a =: r, or the arc ad is a quadrant, is 1*18014; and 
in that case the proportion of the three times is as the num- 
bers 1, M 80 14, 1 •27824. Moreover the time in the circle 
approaches to that in the cyclpid, as the arc decreases, an^ 
ihey are very nearly equal when that arc is very small* 
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PROBLEM 43. 

c To find the Time and Velocity (fa Chain ^ consisting of 
verysrnall links y descending from a smooth horizontal plane ; 
the Chain being 100 inches long^ and 1 inch of it hakging 
off the Plane at the Commencement of Motion. 

Put a = J inchy the length at the beginning \ 
I =z [00 the whole length of the chain ; 
X = any variable length off the plane. 

Then x is the motive force to move die body, 

and — =y the accelerative force. 
Hence vt; =: 2gfs :=z 2g x — x x := -^. 
The fluents give v* = /^* ^^^ v = when x =z a^ 

theref. by correction, v*= 2gx -—-f and v= y^{2g X — j^^ 

the velocity for any length x. And when the chain just 
quits the plain, jp = /, and then the greatest velocity is 

196*45902 inches, or 16*371585 feet, per second. 

Again /or — 'j= ^^ x —jn — :r:; the correct fluent of 
which istzz^Y ^ ^^g* ^^ / "^^ i the time for any 

100 

length X. And when x = / = 100, it is / = ^—^ X log. 



100+ /9999 

p = 2*69676 seconds, the time when the last of the 

<:h«n just ^uits the plan?* 

PROBi^EM 44. 

To find the Time and Velocity of a Chain, of very smflU 
Links, quitting a PuUey, by passing freely over it : the 
whole Length being 200 Inches, arid the one End hanging 
2 Inches below the other at the Beginning. 

Put a 3= 2, / ss 200, and x xz bt> any variable /^ 
difference of the two parts ab, ac. Then n> 

■J- =y; and w or 2gfs zz 2g . — . ix z=: -^^ 



Hence the correct fluent is v* = g x T '> ^^^ 



D 



v=z ^{g X -— y— )> the jgenef al expression for the 



'^€ssii^'. 
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yeloc. And when ^ = /, or when c arrives at A, it A 



z« - a«, 



200« — 2« 



) = 



/f^fia V W!zl^ _ , 386 X 9999 ^ 

inches, or 16*371^85 feet, for the greatest velocity 
when the chain just quits the pulley. 



200 

196^45902 



O 



D 



J 



Again, ^ or - - = o;: = \/7r x 






/ 



a 



And the cor- 



rect fluent is / = \/t- x log; "'^'^^"^ — — ^, the general ex 
pression for the time. And when ;r = /, it becomes / =: 

• 4^ X log.— ^— -^^ X log. — = 

100 
V^ 986 



X log. - — --^ = 2-69676 seconds, the whole 



lime when the chain just quits th^ pulley. 

So that the velocity and time at quitting the pulley in this 
prob. and the plane in the last prob, are the sanpie ; the dip- 
tance descended 99 being the same in both. For, though: 
the weight / mCrved in this latter case, be doubU of what it 
was in the former, the moving force x is also double, because 
here the one end of the chain shortens as mtith as the other 
end lengthens, so that the space defended ior is doubled, 

and becomes x j and hence the accelerative force — or y is 

the same in both ; and of course the velocity and time thb 
same for the same distance descended. 

PROBLEI^ 45. 

To find the Number of Vibrations made by two Weights^ 
connected by a very fine Thready passing freely over a Tack 
or a Pulley^ while the less Weight is drawn up to it by the 
Descent of the heavier Weight at the other End, 

Suppose the motion to conunence at equal disr 
tances below the pulley at b \ and that the weights 
are 1 and 2 pounds. 

Put a = AB, half the length of the thread ; 
b = ^9\ inc. or S^ feet, the sfecond*s pend. 
;r s bzk; =5 BW) any space passed over ; 
% = the number of vibrations. 



^ 



if* 



w— w 






^ Then ^ = y = |. is the accelerating force. 
An4 hence v or <\/^gfs = i/^gfxi an4 tor -^ siz ■ * 



But, 



*■ 
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But, by the nature of pendulums, ^/(a ± x): ^/b : : 1 vibr. : 
V -^T" Ae vibrations per second made by either weight, 

namely^ 'the longer or shorter, according as the upper or 
under sign is used, if the threads were to continue of that 
length for 1 second. Hence^ then^ as 

the fluxion of the number of vibrations. 

Now when the upper sign + takes place^ the fluent is 

Z = 2^/— X 1 V^^^-v^^''-*-^^ == ^_L X 1. ••'•°* + ^V^(^ + «') 

And when s ±1 a, the same th6h b^cdrfttt;' i: = -/— x log. 

1 + ^/2 = v^^ X log. l + ^«=^M X log. 1 + ^2 =r 

*68d511, the whole number of Tibrations made by the de« 
scending weight* 

But when the lower sign, or — , takes placej the fluent is 

V'cj. X arc to rad, 1 and vers. ~. Which, when ^ ±z'a^ 

^ 1^ / ^ fli^,/> ^ .3x394 3' 1416 ,117* . 

gives Tp\/-r = 8*1416 X a/i — rr| = r— X 4/-~ = 

° gf ^ 4 X 193 2 ^ 193 

l*2i7091, the whole number of vibrations made by the lesser 
lor ascending weight. 

SckoL It is evident that the whole number of vibrations, 
in each case, is the same, whatever the length of the thread 
is. And that the greater number is to the less, as 1'5708 to 
the hyp. log. of 1 + \/2. 

Farther, the number of vibrations performed in the same 
time /, by an invariable pendulum, constantly of the same 

length a, is v'-y = '781190. For, the time of descending 
the space a, or the fluent of / = -TaT^j when j;* = a, is / =« 
V^-^. Arid, by the nature of pendulums, Va : Vh : : 
1 vibr. : -/ — the number of vibrations performed in 1 se« 

cond; hence l" xt x\ y^— : t^— = ^tf* ^^ ccHistant 

number of vibration^* 

So that the three numberlj tX vibratibiis, namely, of the 
ascending, ccmstant, arid descending pendulums, are propor- 
tioQal to die numbers 1-5708, li and hyp. log. 1 + i/2, or 
is l*570d| l> arid *88Jt37^ Wluflevcf* be the leiif^ of the 
thread. 
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PROBLEM 46. 

To determine the Circunistaifices qfthe Ascent and Descent 
t^ two unequal Weights^ suspended at the two Ends of a 
Thread pasnng over a PulUy : the Weight of the Thremi 
0md qfthe PuUey being consu&red in the SobiHon, 

Let / = the whole length of the thread 5 ^Q* 

a =s the weight of the same ; 

b =i AW the dif. of lengths at first ; 

d = w — w the dif. of the two weights ; 

^ = a weight applied to the circumference, 
such as to be equal to its whole wt. ai^d 
friction reduced tq the circuihference ; 

s c=w+a;+a+c the sum of the weights moved. 

Then the weight of i is -jp-, and d — — is the moving force 

mt first. But if x denote any variable space descended by w, 
or ascended by w, the difference of the lengths of the thread 
will be altered 2x ; so that the difference will then be ^ — 2ar, 

and its weight —. — a ; conseq. the motive force there will b^ 

• Y"-a = J , and theref . - — -j s: / the ac^ 

celerating force there. Hence then w =: 2gfx = 2gx x 

J •, the fluents of which give tr =: ^gx x -. » 

or V = 2-/-^ X V{ex + x*) the general expression for the 

velocity, putting e = -^ — . And when 4:= A, or w becomes 
as far below w as it was above it at the beginning, it is barely 
1; SB 2>v/--S for the velocity at that time. Also, when «, 
die weight of the thread, is nothing, the velocity is only 
2-v/"> as it ought. 

* X si i 

Again, for the time, ^ or -^ =: i^^/ — x ,, ■ ,, ; the 

fluents of which give t = ^— x log. "^ * ^ - the ge- 

neral expression for the time of descending any space r. 

And if the radicals be expanded in a series, and the log., 
of it be taken, the same time will become 

^ = -/^x ^srr^ X - 67 + 4o?-*'=>- 

Wluch tiierefore becomes barely \/^ when a, th^ we%h^ 
^f the thread, is nothing j. as it ought. . 

-' . PROBLBM 



PROMISCUOUS BXBI^CISBS. 563 



PROBLEM 47. 

To find the Velocity and Thne qf Vibration of a small 
Weight, fixed to ike middle of a LiriCy or fine Thread void 
£f Gravity, and stretched by a given Tension ; the Extent 
of the Vwration being very small. 




Jjist / ;= AG half the length of the thread ; 
a = CD the extent of the vibration ; 
;r p: CE any variable distance from C ; 
. w = wt. of the small body fixed to the middle ; 
vr'= a wt. which, hung at each end of the thready 
will be equal to the constant tension at each ^nd^ 
acting in the direction of the thread. 
Now, by the nature of forces, ae : CE : : w the force ia 
direction £A : the force in direction EC. Or, becaim AC is 
nearly =: ae, the vibration being very small, taking ac in- 
stead of AE, it is AC : CE : : w : — the force in eg arising • 
from the tension in ea. Which will be also the same for 
that in eb. Therefore the sum is -y- =: the whole motive 
force in eg arising from the tensions on both sides. Conse« 
€fVLsnt\j -T-^ ^f the accelerative force there, ^ence the. 

equation of the fluxions w or 2gfs zz -"— — ; and the flus. 

<i^ = — -^-. But when ;r=^j this is — ^^-> suid should 

be =: ; theref. the correct fluents are v* = 4gvr x — ^^» 

and hence v = V(4}gw X -j^) the velocity of the little 

body n; at anypoints. And when x = 0, it is v = 2a^^ 

for the greatest velocity at the point c. 

Now if we suppose ti; = 1 grain, w = 5 lb troy, or 28800 
grains, and 2 1 = ab =s 3 feet ; the velocity at c becomes 

,8x16,1x28800 ,,,,, r. ^i 

^V' ^ = llllfa. So that **v 

if ii =r .^inc. the greatest veloc. is 9-/^fr. per sec 
if a sc 1 inc. the greatest veloc. b 92||^ fr. per sec. 
if a s 6 inc* the greatest veloc. is Sisrs^ft. per sec. 
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To find the time t, it is i or — = iV— x ,, - _.,. 
Hence the correct fluent is f =: i v^ — x »c to cosine^ ^ and 

^ wg a 

radius i,£or the time in db. And when x = 0, the whole 

vol 

time in do, or of half a vibration^ is •7854-v/ — ; and conseq. 
the time of a whole vibration through Dd is I'5708y^ 

Using the foregoing numbers^ nameljr w ^ 1, w = 
23800, and 2/ = 3 feet ; this expres^on for the time gives 

rrrh = 353|., the number of vibrations per second. But if 

w := 2, there would be 250 vibrations per second; and if 
w = lOOj there would be 35^ vibrations per second. 

FROBLEM 48« 

To determine the sarne as in the Ust Problem, when the 
Distance cd tears sorne sensible Proportion to the Length 
ABi the Tension qf the Thread however being still supposed 
a Constant Quantity, 




Using here the same notation as in the last pfoUemj and 
taAikifttht true variable length A& fer A€y k is Afi or £B i cs ^: 

«*r 2. -^ = ^ thd vrholte motive fcWce firctti the i^0 

«4usd tensions w in ab and bb 5 and theref. 22 x * ^, J' JJi ="/ 
is the accderative force at £. There£i the fluxional equation 
R w or 2g/3r = -^ x ■ .^ ^ ■ j and the fluents v* = -^ X 
— ^(/* + 0?*). But when 4r s a^ these are » — ^ x -^ 
V^* + «*) I therefore the correct fluents are v" = -^ x 
[V(? + a") -^(/^ 4- 4'^)] = ^ X (AB - ^}. And 

hence t> =s v' [-^ x (ab ^ Afi)] th6 g^ttfcid expression for 

tjie yehckjr al jb. And wliea b amvM at €| it gives the 

f f greatest 



greatest ^locity there «v^[i^ x (ad - Ac)]. Whidh, 
when w =b 28800, a? = 1, 2/ = 3 feet, ^nd cd = € inched 
or i a foot, is V(8 x 28800 X 16;^^ x ^^V." ) =548f feet 

per second. Which came out J56-^ in the last probleip, hy 
using always Ac for ae in the value off. But when the ex- . 
tent of the vibrations is very small, as -i^ of an inch, as it 
commonly is, this greatest velocity here will be v'8 x 28800 
X 16t^ X 43J[d>6 = ^T nearly, which in the last problem 
\<ras 9-^ nearly. 

To find the time, it is ^ or — == s/-^ X — ; — ^^. , 

making c = ad = ^/(?+a*). To find the fluent the easier, 
multiply the numer. and denom, both by -v/[r+ \/(f*+^)], 

so sbaU/= ^^.x~^^^ X ./[c + v^(/* + x«)]. 
Expand now the quantity v/ [c + v/(/* + x*)3 in a series, 
andputrf=.+/,soshalU-=,/^ x -^^(l + £^-. 

3255 . "^ 1285515 -^ 2048d«/7 :^-^ ^^^ -WOW 

the. fluent of the first term -77-7 — 7: is = the arc to sine ~ 

and radius 1 , which arc call a ; and let p, a be the fluents of 
any bther two, successive terms, without the coefiicients, the 
distance of a from the first term a being n 5 then it is evi- 
dent that a = x^^ = ^r'^'A, and p =.r*'»'"*A. Assume thercff. 
a=Ap — e^*»~/^(a*— o:^); then is q or 4r*p = 6p — (2»— 1) 

^^tn-^i' ^y/ 1 x\ . ^^^"^ l' (271— Ijeaaoc^'-'x . 

esy V V[a^-x^) + -^^^-^^ = iP - ^;._^) + 

ex^p = b? — (271— 1 )€a^p + 2nea:^p, Then, comparing the 
coefiicients* of the like terms, we find 1 =^ 2^n, and b c: 

(27i— 1 Va*; firom which are obtained ^ == j^* and A = -^^a*. 

Consequently a =: ^^ — -^ — ^ 3 — -— ^^Li ^^ the general 

equation between any two successive terms, and by means of 
which the series may he continued as far as we please. And 
hehce, neglecting the coe^ients, putting A = the first tenny 

namely the arc whose^swe is -^^ and !B) c, p, &Ct the fellow* 



% 
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ing terms> the series is as follows, a H ^ " '2 ""'* *** 

*^^ — ^7-^ H ~ ^ &c. Now wien x = O, 

4 o 

this series = ; and when x =^ a, the series becomes ip -f 
"5" + "^ + "^ &c, where p =: 3-1416, of- the series h 

+K1 + i«* + l^a* + i^-l-a* &c.) 

So that, by taking in the coefficients^ the general time of 
passing over any distance de will be 

And hence, taking Jr 0= 0, and doubling, the time of a 
whole vibration, or double the time of passing over CD will 

be equal to -Ivy-^ — =^ x 0-4 • 4-^x — -~r- • tf + 

I2Srf»/»~ * 2 . 4 . 6 ^ 2048^*^ '2.4.6. 8 ^^*'' 

Which, when a = 0, or c = /, becomes only ipy/ , the 

same as in the last problem, as it ought. 

Taking here the same numbers as in the last problem, 
iz, / = 4, a =^^, a; = 2, ^ = 28800, § = 16tV; then 



VIZ 



iPx^^j^ = -0040514., and the series is 1 + -006762 ~ 

•000175 + -000003 &c = 1-006590; therefore -0040514 x 
1 -006590 = -0040965 =s jr^ is the time of one whole vi- 

Z4o^ 

bration, and consequently 245^- vibrations are performed in 
a second ; which were 250 in the last problem. 

PROBLEM 49* 

// is proposed to determine the Velocitjf^ and the Time of Vi- 
bration, of a Fluid in the Arras of a Canal or bent Tube. 

Let the tube abcdef have its two 

branches ac, ge vertical, and the lower 

»»n CDE in any position whatever, the 

*>!€ being of a uniform diameter or 

% throughout. Let water, or quick- 

^f or any other fluid, be poured in, N^^^"" — ""^y 

K.jitsiiKl in equiUbrio, at any hori- ^^^"""''^ 

zontal 
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zxmtal Ijae KP. Then let one surface be pressed or pushed 
down by shaking, from b to c, and the other will ascend 
throu^ the equal space F6 ; after which let them be per* 
mitted freely to return. The surfaces will then continually 
vibrate in equal times between ac and eg. The velocity 
and times of which oscillations are therefore required. 

When the surfaces are any where out of a horizontal Imej 
as at p and a, the parts of the fluid in odr, on each side^ 
below aR> will balance each other; and the weight of the 

r: in PR, which is equal to 2pf, gives motion to the whole, 
that the weight of the part 2pf is the motive force by 

wfc of ^PP 

which the whole fluid is urged, and therefore -~-; — -• is th« 

° ' wbule wt. 

accelerative force. Which weights being proportional to 
their lengths, if / be the length of the whole fluid, or axis of 

the tube filled, and a = fg or Be ; then is — the accelera- 
tive force. Putting theref. x = gp any variable distance, v the 

2<i — 2x 

velocity, and / the time ; then pf = fl — ^, and — - — =/ 

the accelerative force ; hence w or 2gfs = -- (a^— jtx) ; 

the fluents- of which give v* =: y {^av — :r*), and v = 

Vi^S^ X -Sipf-) is the general expression for the velocity 

at any term. And when x = a^it becomes v*c: 2a-v/-|- for 
the greatest velocity at b and f. 

Again, for the time, we have / or -f =4r\/ j X ^^g^^^^ ; 
the fluents of which give / = ^ ^-~ x arc to versed sine -' 
and radius i, the general expression for the time. And 
when x = a,it becomes t = ^jp v'— for the time of moving 

from o to p, p being = 3*1416 ; and consequently ipy/ — 

the time of a whole vibration from G to e, or from c to A. 
And which therefore is the same, whatever ab is, the whole 
length / remaining the same. 

And the time of vibration is also equal to the time of the 
vibration of a pendulum whose length is il, or half the length 
of the axis of the fluid* So that, if the length / be 78} inches, 
it will oscillate in 1 second. 

ScboUuvu t This reciprocation of the water in the canal, is 
nearly 4n)ilar^to the motion of the w^ves of the sea. For 
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the time of vibr^on is the same, however short ihe iMaiiches 
are, {nrovided the whole length be the same. So that when 
the height is small^ in proportion to the length of the canal» 
^ the motion is similar to that of a wave, from the top to the 
bottom or hollow, and from the bottom to the top of the 
next wave ; being equal to two vibrations of the canal ; the 
whole length of a wave, from top to top, being double the 
length of the canal. Hence the wave will move forward by 
a space nearly equal to its breadth, in the time of two vil»*a- 
tions of a penduluofi whose length is (4/) half the length of 
the canal, or one-fourth of the breadth of a wave, or in the 
time of one vibration of a pendulum whose length is the 
whole breadth of the wave, since the times of vibration are 
as the square roots of their lengths. Consequently, waves 
whose breadth is equal to 39^^ inches, or 3|^ feet, will move 
over 3|4 feet in a second, or 195|- feet in a minute, or nearly 
2 miles and a quarter in ah hour. And the velocity of greater 
or less waves will be increased or diminished in the subdu- 
plicate ratio of their breadths. 

Thus, for instance, for a wave of 18 inches breadth, as 
^S9i : S9i : : a/IS : V'(S9| X 18) =r 4^/313 = 265377 
the velocity of the wave of 1 8 inches breadth. 

PROBLEM 50. 

To determine the Time of emptying anvDitch^ or Inun- 
datioriy SCc, bij a Cut or Notch^from the Top {ojhe Bottom 
of it. 

Let X .= AB the variable height of water at 
any time 5 
b = AC the breadth of the cut 5 
d = the whole or first depth of water ; 
A = the area of the surface of the water 

in the ditch; 
g = 16-rV feet. 
Th<^ velocity at any point d, is as \/£d, that is, as.the or'dt- 
i^ate D£ of a parabol^i bjec, whose base is:AC, and altitude ab^ 
Therefor^ the velocities at all the jppints in ab, are as all'th6 
ordinates of the parabola. Conseqvj^tly the quantity 6f 
>vater running tlirouffh the cut A^c, in .any t.i9ie> is to the 
qu^tity whidi wqqla run ttwpugh an .^ual^s^pei^tu^^^ placjBd , 
jftl.at the bottom in the same timej as the ^Bi^a pt;the para- 
bola ABC, to the area of the paraU^ogram ^ABpc^ tliat .is, as 
2 tp 3. • ' , 

.;put V!g* : Vjt :: 2g I 2Vg'^t*^he vdocljjjr at Acj;riherefore 
4 X 2'/gx K bx = ^bx »/gx is the quantity disfergiS per 

second 
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second through abgc ; and conseq;Liently "^^ is the ve- 
locity per Second of the descending surface. Hence then 

— ^^ : — ^ : : 1' : ^~ JT^ = / the fluxion of the time of 

descending. 

Now when a the sur£ice of the water is constant, or the 
ditch b equaUy broad throughout, the correct fluent of diis 

fluxion gives / = jr^ x Z/^' ^^ the general time of 

sinking the surfiice to any depth s. And when r = 0, this 
expression is infinite ; which shows th^t the :time of a com- 
plete exhaustion is infinite* 

But if £{ =: d feet, b=:2 feet, A = 21 x 1000 $: 21000, 
and it be required to exhaust the water down to -^^ of a 
foot deep ; then x = -^ and the above .expression becomes 

3x81000 3— i ,^^/v/x/^ • ^ ^ I. r ^i_ ^ ^ 

. X '—' = 14400 , or just 4 hours for that tu^e. 

And if it be required to depress it 8 feet, or till 1 foot depth 

of water remain in the ditch, the time of sinking the water 

•to that point will be 4S' 38*'. - ^ 

: Again, if the ditch be the same depth and length as be* 
'] ifqare, but 20 feet broad at bottom, and 22 at top ; then the 
\ descending surface will be a variable quantity, and, by prob. 

^ .* . 1$ vol. 2. it will be -T^rr* X 20000 ; hence in this case the • 

/'•.••i. r i_ .• — 3Air ; —500 90 + » . - 

••.•i..Jux. of the tune, or ■ . , becomes jr-r x — 7-* 5 the 

' correct fluent of which is / = rr-r: x (— ; 77-) W 

the time of sinking the water to any depth x. 

Now when Jr =: 0, this expression for the complete ex- 
haustion becomes infinite. 

But if ., . X ^ 1 foot, the time th 42' 56"^ 
And when jt sc -^ foot, the time is S* 50'28''f . 

PROBLEM 51. 

To determine the Time of filing the Ditches of a Farti/U 
€iaiqn 6 Feet deep with Wifter, through the Sluice of a Trunk 
^3 Feet Square^ the Bottonf, of which is levef with the Bot^ 
torn of the Vitchp and the ffeight of the supplying Water is 
9 Feet above the Bottom of the Ditch. 

Let ACDB represent the area of the vertical sluice, being a 
square of 9 square feet, and ab level with the bottom of me 
ditch. And suppose the ditch filled to any height AE, the 
surface being then at ef. 

ypi«iii. BB Put 
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Fottf s 9dieheigfatoftheliesKiorsi9plj; 

& =^ 3= AB =: AC; 

^=16^; 

A = the area of a horizootal section of 

tbe dkches; i 

;r = « — Ai., the height td the head A 
above ev« 
Tbn vV ' %/^ '-^g ' ^\/6' the Tdodtj wid^ which tbe 
water pre^^es throogh the part aefb ; and there£ ^^ gx x 
AEFB =5 ^-ib^ f[x[a — x) is the quantitj per second nmning 
throueh AEFB Also, the quantity nmnii^ i^er ^ecbiia 
thr^*ugh iCDF b ^\' gx X ^^fFCDF = *^iVgx(P — a + x) 
nea* If. For the real quantitj b, by proceeding as in the last 
prob. the difference between two ps^^. segs. the alt. of the 
oae being x, its base b^ and the alt. of the other a -* & ; and 
the medium of that dif. between its greatest state at ab^ 
where it b -^ad, and its least state at CD, where it b 0, is 
nearly -f-iED. Consequently the sum of the two, or ^Vg^ 
(c.-^. 1 1^ -^ x) b the quantity per second running in by tthe 

wliole sluice acdb. Hence then ^^^gx x - — — ^^ = v b 
the rate or velocity per second with whith tibe water nses in 

the ditches \ and so v: —*::!":/ = = '^—r x ' ' 



t^e fluxion of th^ time of filling to^my height ab, pti^ii^ 
r = a + llA. 

Now when the ditches are of equal width thr^mghon^ Jl 
b a constant quantity, and in that case the correct fluent of 

thb fluxion b ^ 2= tA- ^ loR« ( m^ ^ x ^7-^~)thege- 

neral ez{>re9si0n lor the time of filling to any height a«, or 
a — jr, not exceeding the height AC of the duice. And. 

when xszACz^a—bzzd suppose, then i = ^ log. 

( ^/ ^ V . ^/""^J is the time of filling to CD the top of 

the sluice. 

' j^gain. for filling to any height gh above the ^sluice, x de- 
noting a« before a — i^o the height of the head above oi^ 
^^ gx will be the velocity of the water through the whole 
sluice AD : and therefore ^b^^/gx the quantity pex* second^, 

and ^w^C5=it; the rise per second ofthe water in die ^ches; 

coftsequently v : -i : : ^ : /= - -j- = ~^^ X -;Jj th» 

general fluxion of the time \ the cc^ect floiiil Hi which, 

btiog 
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being when x =: a — b = dy is i = ir^ix^^^ V^) the. 

time of filling from cd to gh. 

Then the sum of the two times, namely, that of filling 
from AB to CD, and that of filling, from cd to gh, is 

* ^dll-^ + 4_ log. {^f±^ . -^^^5 ] iot the 

whole time required. And, using the numbers in the prob^j- 

this becomes -i- [^^5^:^ + -^ x I r^^^-t-V^ ^-^Lz^^)l 
tms Decpmes 3^^ L 3 + ^4^ ^ A- i^^^ - ^9 ' ^^42 + v^^J 

= 0'03577277a, the time in terms of A the area of th^' 
length and breadth, or horizontal section of the dtches. 
And if we suppose that area to be 200000 square feet, the 
tiaiei.rec]^ired will be 7 1 54', or 1^ 59 u;'. 

And if the sides of the ditch slope a little, so as to be a 
little narrower at the bottom than at top, the process will be 
nearly the same, substituting for a its variable value, as in 
the preceding problem. And thetime of filling will be very 
nearly the same as that above determined. 

PROBLEM 52, 

But if the Water y from which the Ditches are to beJUled^ 
be the Tide, which at Low Water is below the Bottom' of the 
Trunk y and rises to 9 Feet abpve the Bottom of it by aregu^ 
lar Rise of One Foot in Half an Hour ; it is required to 
ascertain the Time of Filling it to 6 Feet, high y as before in 
the last Problem. 

Let acdb represent the sluice ; and when the tide has risen 
to any height gh, below cd the top oT the sluice, without 
the ditches, let ff be the mean height of the water within. 
And put ^ = 3 =: AB = AC ; 

g^xe^i : I 

A = horizontal section of the ditches; : 

— ID 



;r = AG; ;,. 

% s= A£. J. 
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Then y/g : -/eg : : 2^ :.2A/g{x - 2) the velo- 
city of the water through aefb ; and 
VS • V^EG : : 1^ : 4^v^g'(^— «) the mean vel. through eghp^ 
theref. 2b%'/g\x—z) is the quantity jper sec. through aefb; 
and fA(jr — 2) ^g{jc — 2) is the same through eghf j 
co^^eq. |J\/j? X (2a:+ a)v/(jr — 2) is th^ whole throiigfii 
iGl^B per second. This quantity divided by the sur&ce a, 

gives -j^ X {2x 4- 2)v'(a:-2) = vthe velocillypersiiCQSid 

BB2 ^^V. 
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with which ef» or the surface of the water in the ditches^ 
rises. Therefore 



v : « : : 1 : r =: — = 



• 



3a s 



X 



2Vt (to+fV(*-«)' 

But) as OH rises uniformly 1 foot in 30' or ISOO^, there* 
fore 1 : AO : : 1800" : 1800jr =: / the timi of the tide ri»jig 

through AG; conseq. /= ISOOi = ^^ >^^ (2x^,Mr^,) > ""^ 
mk s= (2jr+ z)v'(x— 2) . X is the fluxional equa« expressing 
the relation between x and s ; where m =b ^^J"^ ^ = —— - 
or 13^ when A = 200000 square feet. 

Now to find the fluent of this equation^ assume % ^m 

Ajt* + bjt* + cx^' + lyx^ &c. So' shall 

// \ ^1- * ^4 a« + 4b I. a3-i-4ab + 8c V • 

s « I 1 

2jr + 2 = 24: + AX^ + Bjr^ + ex "^ &c, 

/« I \ // \« « i- 3a» 9r A3-f6AB »*•© 

(2jr+«)-v/(x— a)* =s 2jr*4f • j**^^* 4 — ^ ^ *&c> 

and wi* = \mKx^X'{- 4mBjr^<*+ ¥ wcx^i+ V^*d* ^ * &<^ 
Then equate the coefficients of the like terms, 

so shall and consequ^atljr 

|mB = 0, B = 0, 

24 
VWC =s ^ ^A% C = — 



l^^mT> = - iA' - 4AB, D = - 5^,. 

&c; &c. 

Which values of Aj b, c, &c, substituted in the assumed 
value of », give 

45 34 II 16 14 o 

* — 5»it 275m3* 875m4^ ^^ » 

or z r= r— JT^ Very nearly. 

And when jr == S r: ac, than% ^. *S86 of a foot, or 10| 
inches, = ab, the height of the water in the ditches wha:i 
the tide is at CD or 3 feet high without, or in the first hour 
j^nd half of time. 

Again, 



t 
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Again, to find the tii)[ie, after the above, when 
Kf arrives at CD, or when the water in the ^ 
ditches arrives as high as the top of the sluice. 

The notation remaining as before, 
then 2bzVg{JC—z) per sec. runs through af» 
and 4*(3— 2)-v/g"(*^-"2) per sec. thro' ed nearly; 
therefore jby/g x ( 1 2 -f z)-v/ (a: — 2) is the whole per secoiUi 

through AD nearly. 

conseq. -^ x (12 + z)x/{x — z) = v is the velocity per 
second of the point B ; and therefore 

»p : i : : 1" : / = — = -^ x „^ .* 1 - 1800;r, or 

i!ni5=(12 + z)v'(a:— 2) .;r, where m = -^jj-^=23^nearly. 
Assume z = ajt^ -f rt^ + cx^ 4- dx'' &c. So shall 

-/(.r — «j =S 47^ — —j^T ^•^^ fg *^ &c I 

3 4 ' 5 

12 + « = 12 + Ax^ + BX^ + cx^ &c; 

(12+z). V(^-5;) .X = 12a?*^-6Ax*;r-(|A*+6B):r*i&c; 

■ «^ 3 

miss ImAx^x +^mBx^x + ^mcx^x &c. 

Then, equating the like terms, &c, we have , 

s 24 96 _ 64 - ^ 

TT 6 J. 24 ^ , 96 JL , 64 . ^ 

Hence « = -:ri - ^x* + -j;;^:r* + —*» &c. 

Or 2 = — ^^ nearly. 

But, by the first process, when i;* :=: 3, 2 =r *886; which 
tubstituted for them, we have z ;= -886, and the series s 
1*63 i therefore the correct fluents are 

z — •886 =3 - 1-63 + —x^ - -^x^ &c, 

8 3 24 , A ' 

or K + '744 = —x^ — *-7-jr* &c. 

And when z = 3 as ac, it give? x = 6*369 for the height 
of the tide without, when the ditches are filled to the top rf 
the sluice, or 3 feet high; which answers to 3** 11' 4". 
■ Lastly, to find the time of rising the remaining^ 3 feet 
idx>ve the tqp of the sluice ; let 

s sscQ 
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j: = CG the. height of the tide above CD, 

s s= CB ditto in the ditches above C0 ; 

and the other dimensions as before. 

Then »^g : -x/eg : : 2g \ 2^g(x — %) = the 

Telocity with which the water runs through the 

whole sluice ad ; conseq. ad X 2\/g{x--z) = 

l^\/^('^~%) is the quantity per second running through the 

sluice, and -^^(x j^ 2) = v the velocity of z, or the rise 

of -the water in the ditches,^ per second; hence v : i : : l" t 

• • . 

/ s= ™ = —p X ;,/ , = 1800^ and mk = x^ix-z) is 

Ihe fluxional equation ; where m = "1557;^ = 2ot9* 
To find the fluent, 

Assume 2 = a^* -f kr^ -f cjr* + pjr^ &c. 



Then 4: — z = or — aj:^ — b^^ — cr^ &ci 

A a. A« + 

■T-*r * jp 

8 8 



;r-v/(jr— z) =c x^^r — r-.r »jp — x"^x &c. 



1 i 3 

mx = IwAx'^;? + 4nBx^te + ^ncr^i &c. 

Then equating the like terms gives 

. / — 3n» • — e;?' ^ — "9oSr» ° — sTo^' ^^* 

Mence z ^ — jr * — — x A x* x^ &c. 

But, by the second case, when z z= 0, a: = 3*369, which 
being used in the series, it is 1*936 5 therefore the corr^t 

* 2 3 1 

fluent is 2 =r — 1 936 + « ^* — r-j*^* &c. And when 

% = 3, 4: = 7; the heights above the top of the sluice; 
answering to 6 and 10 feet above the bottom of the ditches. 
That is, for- the water to rise to the height of 6 feet within 
the ditches, jt is necessary for the tide to rise to 10 feet with- 
out, which just answers to 5 hours.; and so long it would 
take to fill the ditches 6 feet deep with wat^r, their horizon- 
tal area being 200000 square feet. 

Further, when or = 6, then z = 2*117 the height above 
the top of the sluice; to which add 3, the heigh^of the sluice^ 
and the sum 6*1 H, is the depth of water in the ditches in 4 
hours and a half, or when the tide has risen to the height of 
9 feet without the dit,c]^es. 

Note. In the foregoing problems^ concerning the efflux 

of 
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of water, it is taken for granted that the velocity is the same 
as that which is due to the whole height of the surface <3i 
the supplying water : a supposition which agrees with the 
principles of the greater number of authors : though some 
make the velocity to be that ^^'hich is due to the half height 
only: and others make it still less. 

Also in some places, where the difference between two - 
parabolic segments was to be taken, in estimating the mean 
velocity of die water through a variable orifice, I have used 
a near mean value of the expression \ which makes the ope- 
ration of finding the fluents much more easy, and is at the 
same time sufficiently exact for the purpose in' hand. 

We may further add a remark here concerning the method 
of finding the fluents of the three fluxional forms that occur 
in the solution of this problem, viz, the three forms mk = 
{2x + z)^{x - z)xy and mz = (12 + «)v''('^ - ^)*> and 
tw« = V'(jr — 2);r, the fluents of which are found by assum* 
ing the fluent mz in an infinite series ascending in terms of 
r^ with indeterminate coeflicients A, b, c, &c, which coeffi- 
cients are afterwards determined in the usual way, by equat- 
ing the corresponding terms of two similar and equal series^ 
the one series denoting one side of the fluxional equation, 
and the other series the other side. By similar series, is 
nleant when they have equal or like exponents; though it 
is not necessary that the exponents of all the terms should 
he like or pairs, but only some of them, as those that are not 
in pairs will be cancelled or expelled by making their coeffi^ 
dents s£ or nothing. Now the general way to make the 
two series similar, is to assume the fluent z equal to a series 
.in terms of jt, either ascending or descending,, as here 
2 = 3?'' +\r'*+' + .T^+*' &c for ascending, 
or « == a;f + jr^~' + jr*"""*' &c for a descending 
series, having the exponents r^ r ± s, r ±, Qs, &c in arithr 
.metical progression, the flrst term r^ and common difierence 
f; .without the getaeral coefficients A, b, c, &c, till the values 
of the exponents be determined. In terms of this assumed 
series for z, find the values of the two sides of the given 
fluxional equation, by substituting in it the said series instead 
of z 'y then put the exponent of the first term of the one side 
equal that of the other, which will give the value of the first 
.t^ponent r; in like manner put the exponents of the two 
ad. terms equal, which, will give the value of the common 
.difl[^rence s 5 and hence the whole series of exponents /*, 
^ ± ^, r ± 25, &c, becomes known. 

Thus, for the la^t of the three fluxional equations above 
ineot)0)Qed,'viz, mk 5= %/ (or -?«);«> or only « = v'(jr— 45)^; 
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haTOig assumed as abov« 
Suxio 



I then i 



:x' + j"' 



' &c, and taking the 



' the 



I 



J omitting 

coefficients; and the other side of the equation ^(x—z)x = 
■i/{x — x'—.t'-^' &c) = x\x — x'~ix &c. Now the expo- 
nents of the first terms made equal, give r — 1 = i, theref. 
r=\-\-\-=^; and those of the 2d terms made equal, 
give r + s— I=r— ^, theref.5— 1 = — -J, and* = I -i = t> 
conseq. the whole assumed series of exponents T, r + », 
r -f- 2s, &c, become \, }, 4^, &c, as assumed above in pa. 37*. 

Again, for the 2d equation »»i or i = (l2 + z)v^(:r— «)* 
= {a ■\-z)y/{x — z)x% assuming E = of + a^+'&c as before, 
then k=.v'-' X + x'+ — ^ i Sec, vnA ^/ {x- z)x=:xix— x'-^x 
&c, both as above; this mult, by a + c or a+jr^+ *'^+' &c, 
gives BJ'jt — ax'~\x&c: then equating the iirst exponenta 
gives r'— I =^ orr=4, and r + j— l=r— i, orj=l —4=1; 
hence the series of exponents is 4t it ii &(^> the same as the 
former, and as assumed in pa. 373. 

Lastly, assuming the same form of series for s and k as in 
the above two cases, for the 1st fluxional equation also, viz, 
'mi. = {2x + z)^ {X- i)i: thm^f' (x~i)i = xix- x'~ix &c, 
which mult, by2j + e, gives 2xjx~j'' + »i &c: here equat- 
ing the first exponents gives r — 1 = ^ or 7" = ■!:, and equat- 
ing the 2d exponents gives r + j— 1 =r-|-^, or5 = 4» 
hence the series of exponents in this case is i, |, V» Stc, as 
used for this casein pa. 372. Then, in every case, the gene- 
ral coefficients a, b, c, &c, are joined to the assumed terms 
x', j-'+', &c, and the whole process conducted as in the 
three pages just referred to. 

Such then is the regular and legitimate way of proceeding, 
to obtain the form of the series with respect to the expon- 
ents of the terms. But, In many cases we may perceive at 
sight, without that formal process, what the law of the ex- 
ponents will be, as I indeed did in the solutions in the pages 
above referred to ; and any person with a little practice may 
easijy do the same. 

PROBLEM S3. 

To deterviine the fall of the Water in the Arches of a Bridge. 

The effects of obstacles placed in a current of water, iuck 
as the piers of a bridge, are, a sudden steep descent, and an 
increase of velocity m the stream of water, just under the 
arches, more or less in proportion to the quantity of the ob- 
struction and velocity of the current : being very small and 
kardly perceptible where the arches are large and the peti 

few 



I 



I 
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few or small, but in a high and extraordinary degree at 
London-bridge, and some others, where the piers and the 
sterlings are so very large, in proportion to the arches. This 
is the case, not only in such streams as run always the same 
way, but in tide rivers also, both upward and downward, but 
much less in the former than in the latter. During the time 
of flood, when the tide is 'flowing upward, the rise of the 
water is against the under side of the piers ; but the differ^' 
ence between the two sides gradually diminishes as the tide 
flows less rapidly towards the conclusion of the flood. When 
this has attained its full height, and there is no longer any 
current, but a stillness prevails in the water for a short time, 
the surface assumes an equal level, both above and below 
bridge. But, as soon as the tide begins to ebb or return 
again^ the resistance of the piers against thq stream, and the 
contraction of the waterway, cause a rise of the surface above 
and under the arches, with a full and a more rapid descent in 
the contracted stream just below. The quantity of this rise, 
and of the consequent velocity below, kefep both gradually 
increasing, as the tide continues ebbing, till at quite low 
.water, when the stream or natu^l current being the quick;- 
est, the fall under the arches is the greatest. And it is the 
quantity of this fall wluch it is the object of this problem to 
determine. 

Now, the motion of free running water is the consequence 
of, and produced by the force of gravity, as well as that of 
any other falling body* Hence the height due to the yelo- 
dty, that is, the height to be freely fallen by any body to 
acquire the observed velocity of the natural stream, in the 
river a little way above bridge, becomes known. From the 
same velocity also will be found that of the increased current 
in the narrowed way of the arches, by taking it in the rieci- 
procal proportion of the breadth of the river above, to the 
contracted way in the arches; viz, by saying, as the latter is 
to the former, so is the first velocity, or slower motion, to 
the quicker. Next, from this last velocity, will be found 
the height due t^ it as before, that is, the height to be freely 
fallen through by gravity, to produce it. Then the difier- 
ence of these two heights, thus freely fallen by gravity,^ to 
produce the two velocities, is the required quantity ot the 
waterfall in the arches ; allowing however, in the calculation 
for thet:ontraction, in the narrowed passage, at the rate as^ 
observed by Sir I. Newton, in prop. 36 of the 2d book of the 
F^rincipia, or by other authors, being nesirly in the ratio of 25 , 
to 21. Such then are the elements and principles on which 
liye.solutiqn of the problem is esisily nji^de out as follows* 

Let 
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Let b = the breadth of the channel in feet ; 

V = mean velocity of the water in feet per second ; 
c = breadth of the waterway between the obstacle* 

21 

Now 25 : 21 : : c : grC, the waterway contracted as above* 

And — c:b::v: oT7^> ^^^ velocity in the contracted way. 
Also 32* : t;* : : 16 : ^v*, height fallen to gain the velocity v. 
And 32* : {^vY : : 16 : @* x ^i;% ditto for the vel. "ffv. 

Theo (oT.)* ^ 64 "" 64 ^^ ^^^ measure of the fall required. 
Or [(oj^)* — 1] X g^ is a rule for computing the fall. 
Or rather — tt-^ — x v* very nearly, for the fall,. 



Exam. 1 . For London-bridge, 

By the observations made by Mr. Labelye in 1746, 
The breadth of the Thames at London-bridge is 926- feet ; 
The sum of the waterways at the time of low- water is 236 ft. ; 
Mean velocity of the stream just above bridge is 3^ ft. per sec 
But under almost all the arches are driven into the bed great 
numbers of what are called xlripshot piles, to prevent the bed 
from being washed away by the fall. These dripshot .pilts 
still further contract the waterways, at least { of their mea- 
sured breadth, or near 39 feet in the whole; so that the 
waterway will be reduced to 197 fpet, or in round numbers 
suppose 200 feet. 

Then b = 926^ c = 200, v = 3^. 
Hence ^'^^^-"' - iwm^A wm _ 



And v* = i^ ss lO/y. 



19^ 

Theref. '46 x lO^^siA^I^ ft. =4 ft. 8| in. the fall required; 
By the most exact observations made about the year 1736, 
the measuf e of the fall was 4 feet 9 inches. 

Exam. 2. ty)r Westminster-bridge. 

Though the breadth of the river at Westminster-bridge ii 
1 220 feet ; yet, at the time oi the greatest fall, there i* water 
through only the TS large, arches, which amount to but SfiO' 
feet ; to which adding the bteadth of the -1*2 intermediate* 
piers, equal to 174 feet, gives 994 fof the breadth of the 

river 
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river at tbat time ; and the velocity of the water a little above 
the bridges firom many experiments, is not more than 2^ ft. 
per second. 

Here then * = 994, c = 820, v = 2|. = f. 

„ l-4«ft»-«!« 1403011-672400 ^,„^^ 

^^^ 64c« = 64x672.00 = *^1^22. 

Theref. -01722 x .5tV = 0872 ft. =rl in. the fall required} 
which is about half an inch more than the greatest £dl 
observed by Mr. Labelye. 

And) for Blackftiar's-bridgej the (all will be much the 
same as that of Westminster. 
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